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PREFACE. 


In recent years investigations of the torsional vibration 
characteristics of shaft systems transmitting pulsating 
torques have become an important part of the designer's 
responsibility. 

Indeed,, satisfactory operation of high-duty trans¬ 
mission systems may be said to depend to a large extent 
on successful handling of the vibration problem. 

Whilst many failures of shafting have been traced 
to abnormal vibration at critical speeds, satisfactory 
operation implies more than freedom from actual me¬ 
chanical breakdown. The ideal system should exhibit 
no perceptible vibratory disturbance throughout the 
normal operating speed range, a requirement which 
is now an important consideration in the design of 
automobile transmission systems. 

The rapid development of the internal combustion 
engine for marine propulsion is another factor which 
has brought the torsional vibration problem into such 
prominence that a definite guarantee of a smooth 
operating speed range is becoming a feature of many 
high-class marine specifications. 

In electrical engineering practice, the heavy rotating 
masses necessary for satisfactory electrical operation of 
generating sets direct-coupled to internal combustion 
engines render this type of installation particularly 
susceptible to disturbing vibrations, and it is necessary 
to make sure that no critical or disturbing amplitude 
occurs near the operating speed. 
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In this book an attempt has been made to set down 
the principles and computation details of the subject 
in a manner suitable for everyday reference. The 
selection and arrangement of the subject-matter is 
based on several years' practical experience in carrying 
out torsional vibration investigations on many different 
types of installation; and the methods which are de¬ 
veloped have been found reliable in practice. 

It is hoped that the reader in search of specific 
information will be able to select data appropriate to 
his particular problem, and from this build up a set of 
standard forms suitable for rapid reference. 

Acknowledgment is due to the reference works listed 
in the Bibliography; and to the firms whose names 
appear in the text for permission to reproduce diagrams 
of their specialities. 

W. K. W. 

Sunderland, 

October , 1934. 


PREFACE TO SECOND EDITION. 

A review of engineering progress during the past four 
or five years reveals in no small measure the tonic 
influence of applied vibration study with the out¬ 
standing importance of torsional Vibration phenomena 
well established. 

This period has been notable for a steady accumula¬ 
tion of contributions to the literature dealing with both 
practical and theoretical aspects of the subject, whilst 
at the present time there is undoubtedly an increasing 
tendency towards regarding vibration study as a neces¬ 
sary accompaniment of sound fundamental design. 
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The particularly insidious nature of torsional vibra¬ 
tion is due to a capacity for destructive action without 
displaying the external symptoms which are usually 
very noticeable with other forms of vibration. In 
addition, torsional critical zones invariably occupy 
lower positions in the speed range than those corre¬ 
sponding to flexural modes, since the moduli of rigidity 
of most structural materials are less than one-half the 
moduli of elasticity. 

Furthermore, the fatigue limits for alternating tor¬ 
sion are invariably about one-half the fatigue limits 
for alternating flexure; torsional excitations are more 
numerous; and, finally, whereas flexural excitations 
can in many cases be neutralised by simple means such 
as balance weights, torsional excitations usually require 
a change of fundamental design to bring about even 
partial cancellation. 

In reviewing the progress made since the first edition 
of this book was published the following items are of 
special interest. 

More general application of the art of tuning oscil¬ 
lating systems so that severe critical zones do not 
occur in the operating speed ranges. For example, the 
use of stiff connecting shafts where it is expedient to 
place the severe-critical zones above the operating range 
or the use of very flexible shafts or couplings when the 
better solutionis to place these zones below the operating 
range. There are indications that the trend towards 
higher operating speeds is exhausting the possibilities 
of high-frequency tuning as a method of solving tor¬ 
sional vibration problems, and on this account there 
is considerable interest in the future development of 
couplings employing rubber spring elements. 
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Considerable progress has been made in accumulating 
data relating to fatigue phenomena with particular 
reference to the influence of structural discontinuities 
in causing zones of high-stress concentration. The 
valuable work carried out at the Institution of Auto¬ 
mobile Engineers Research Laboratories in this country, 
and at the German Institute for Aeronautical Research, 
on full-scale crankshaft elements to determine the 
influence of crank form and material deserves special 
attention. 

There appears to be a general tendency to employ 
vibration absorbers instead of energy destroying 
dampers where a completely satisfactory solution can¬ 
not be obtained by tuning methods alone. Outstanding 
achievements in this direction are detuning flywheels 
and couplings, and the rotating pendulum absorber. 

The rotating pendulum absorber was first used in 
quantity on radial aero-engines, and in a paper read at 
a meeting of the Institute of Aeronautical Sciences in 
1936, Mr. Arthur Nutt, Vice-President of Engineering 
of the Wright Aeronautical Corporation, said that without 
question the development of the rotating pendulum 
absorber was one of the most valuable contributions to 
aircraft engine design in many years. 

Since the installation of these absorbers service 
experience over extended periods shows an appreciable 
reduction in wear not only of engine parts but also of 
the operating mechanism of variable pitch air-screws. 
In the latest engines the absorbers have permitted 
a higher take-off speed with an actual decrease of air¬ 
screw stress due to reduction of torsional vibration. 
This latter point indicates that a satisfactory solution 
of the torsional vibration problem may also be bene- 
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ficial throughout the power plant. Indeed, recognition 
of the possibility of sympathetic response of all parts 
of an oscillating system to appropriate excitations has 
explained certain apparent discrepancies between prac¬ 
tical results and theoretical predictions in cases where 
the theoretical treatment did not take into account the 
influence of all parts of the system. 

Aero-Engine/Air-screw installations are particularly 
important examples of this aspect of the torsional 
vibration problem. Until quite recently it was cus¬ 
tomary to carry out a torsional vibration analysis by 
regarding the air-screw as a rigid flywheel having the 
same polar moment of inertia and then treating the 
simplified system as a normal multi-mass system capable 
of oscillating in various modes of torsional vibration, 
i.e. the influence of air-screw blade flexibility was 
neglected. It is now known, however, that this par¬ 
titioning of the engine and air-screw assemblies is 
liable to yield gravely misleading results, and that a 
true solution can only be obtained by methods which 
take into account the characteristics of the combined 
engine and air-screw systems simultaneously. Un¬ 
fortunately oscillating systems which contain com¬ 
plicated structural elements, such as air-screw blades, 
do not yield easily to mathematical treatment alone, 
although this method of attack provides a useful 
physical conception of the dynamic principles involved. 
This difficulty has been overcome by the development 
of suitable experimentalmethods, and these are described 
in an Appendix to Volume I of the present edition. 

The introduction of flexible mountings for engines 
is another factor which has complicated the study of 
torsional vibration phenomena, especially in geared 
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engines where there is a particularly strong coupling 
between crankshaft and crankcase motions, whilst 
in a recent paper entitled “ Strength of Marine Engine 
Shafting" ( N.E . Coast Instn. of Engs. & Shipbuilders, 
1939), Dr. Dorey has drawn attention to the possibility 
of crankshaft failure through axial or longitudinal 
vibration probably initiated by torsional excitations. 
The existence of a relationship between axial and tor¬ 
sional modes has not yet been definitely established, 
however, and is one of the items for future investigation. 

Damping of torsional vibrations, especially in engine 
systems, has received considerable attention during 
the period under review, without however disclosing 
any better method for assessing the probable vibratory 
amplitudes and stresses in resonant zones than the 
empirical or semi-empirical formulae commonly em¬ 
ployed for this purpose. This work has served to 
emphasise the complex nature of engine damping, and 
has drawn attention to its non-linear character which is 
undoubtedly a powerful check on the growth of vibra¬ 
tory amplitudes. The rapid increase of hysteresis 
damping at stresses in the neighbourhood of the fatigue 
limit of the material, for example, probably accounts 
for absence of trouble in many an otherwise risky 
adventure in crankshaft design. 

The assessment of torsional vibration stresses in 
resonance remains, therefore, a matter for establishing 
reliable empirical formulae based on test results. This 
has naturally led to the development of accurate in¬ 
struments for measuring torsional vibration frequencies 
and amplitudes. Apparatus is now available for all 
classes of installation, including high-speed automobile 
and aero-engine systems. 
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In preparing this edition an attempt has been made 
to bring the text and illustrations thoroughly up-to-date. 
This has necessitated re-writing a considerable part of 
the original text and the introduction of several new 
chapters. In addition to the inclusion of a large amount 
of new practical design data and a more comprehensive 
treatment of high-speed engine systems, the following 
important changes will be found :— 

More comprehensive treatment of flexible 
couplings, including the use of rubber as a struc¬ 
tural material with special reference to rubber-in¬ 
shear couplings. 

The addition of material relating to the choice 
of crank sequence and firing order of various engine 
aggregates, including single and multi-row radial 
engines with articulated connected rods, and Vee- 
type in-line engines. 

Considerable additions to the subject-matter 
relating to geared systems, including the treatment 
of geared engines supported on flexible mountings. 

The material relating to vibration measuring 
instruments has been brought up-to-date and 
includes the latest types of electrical measuring 
instruments and a full discussion of instrument 
theory and calibration. 

The subject-matter relating to engine damping 
has been completely revised. 

Comprehensive treatment of the properties of 
materials used in transmission systems, including 
a study of fatigue phenomena with special reference 
to the influence of discontinuities in causing stress 
concentrations. 
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The material relating to damping devices has 
been brought up-to-date and includes a separate 
chapter dealing with the rotating pendulum vibra¬ 
tion absorber. 

The inclusion of a simple practical treatment of 
air-screw blade vibration and its influence on the 
vibration characteristics of aircraft power plants. 

The Bibliography has been expanded consider¬ 
ably, and a list of British Patents relating to tor¬ 
sional vibration has been added in Volume II. 

In conclusion the author desires once again to make 
acknowledgment to the reference works listed in the 
Bibliography and to the Firms whose names appear in 
the text. In addition, grateful thanks are due to many 
readers for helpful criticism and encouragement and to 
those of the author’s colleagues who cheerfully under¬ 
took the task of checking portions of the manuscript. 
Special acknowledgment is due to Mr. R. Clink for his 
careful checking of proofs and 'for many valuable 
suggestions. 

W. K. W. 

London, 

June, 1940. 
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CHAPTER i. 


TORSIONAL VIBRATION. 

Introduction— Since no material is perfectly rigid, the 
effect of applying an external force or load to a body is to 
produce a change of size or of shape or of both. These changes 
are termed strains. The internal equal and opposite reactions 
which are the result of the external force or load, and which 
resist deformation, are termed stresses. 

That property of matter which enables it to resist deforma¬ 
tion is termed elasticity, and in a perfectly elastic material the 
strain disappears after removal of the stress, i.e. the body then 
returns to its original configuration. Whilst no material is 
perfectly elastic, metals are almost perfectly elastic within 
certain limits of loading. 

Within those limits the strain is proportional to the stress 
producing it. Beyond those limits the deformation is partly 
elastic or temporary, and partly plastic or permanent. 

The point beyond which stress and strain cease to be pro¬ 
portional is commonly called the elastic limit of the material, 
although the modem tendency is to term it the limit of pro¬ 
portionality, since the metal still possesses some elasticity after 
this limit is passed. 

The laws governing the elastic deformation of a shaft when 
an externally applied twisting moment or couple is transmitted 
from one end to the other are well known, and are contained 
in the following expression 
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where M = the external couple in lbs.-rns., 

I„ = the polar moment of inertia of the cross-section 
of the shaft in inches 4 units 


d = the diameter of the shaft in inches, 


f s — the shear stress in lbs. per sq. in., 

G = the modulus of rigidity in lbs. per sq. in. 

= 12,000,000 for steel, 

6 = angular deflection or twist of shaft in radians, 
L = length of shaft in inches. 


This expression shows that the strain or angular deflection 
is directly proportional to the stress, provided the limit of 
proportionality is not exceeded. 

Elastic Vibrations.—When a shaft, fixed at one end, is 
twisted by applying an external couple at the free end, the 
work done against the internal elastic forces which resist 
deformation is termed strain energy , and in common with other 
elastic bodies the shaft possesses the property of restoring this 
energy when the couple is removed. 

This property is termed resilience. 

In a perfectly elastic material the whole of the strain energy 
is restored when the load is removed, but in the case of a shaft 


twisted by an external couple a proportion of the work done is 
absorbed in overcoming internal molecular friction, and appears 
as heat in the material strained. 


A similar amount of energy is absorbed by frictional resist¬ 
ances when the shaft returns to its original configuration after 
the load is removed. 


Within the limit of proportionality, however, only a very 
small proportion of the strain energy is absorbed in this way, 
the greater proportion being stored in the shaft. This stored 
energy is termed potential energy of strain or resilience, and very 
nearly the whole of it is restored when the load on the shaft is 


removed. 


Beyond the limit of proportionality a progressively greater 
proportion of the strain energy is expended in overcoming the 
internal friction of the material to produce permanent defor¬ 
mation. 
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Fig. i shows a simple torsional pendulum, consisting of a 
length of shafting fixed at one end and carrying a heavy disc 
at the free end. 

If the disc is disturbed from its position of equilibrium by 
the application of an external couple, strain energy is imparted 
to the shaft, and this energy is available for expenditure when 
the load is removed, assuming that the material is not stressed 
beyond the limit of proportionality. 

The lower portion of Fig. i shows the disc and shaft dia- 
grammatically. In this diagram -f a represents the circum¬ 



ferential distance an imaginary point on the surface of the 
shaft at end B moves when the external couple is applied. 

The corresponding angular deflection in radians is 1 9 = 

and since Equation (i) shows that the deflection at any other 
position along the shaft is directly proportional to the distance 
from the fixed end, the elastic deflection curve AD is a straight 
line of constant slope. The stress induced in the shaft which 
is proportional to 0 /L (Equation i) is the same at all positions 
between A and B. 

When the external couple is removed the shaft commences 
to untwist. During this process a small proportion of the 
potential energy of strain is absorbed by frictional resistances, 
the greater proportion being expended in imparting motion to 
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the disc. This energy of motion is termed kinetic energy. The 
kinetic energy imparted to the disc attains a maximum value 
when the whole of the available potential energy is absorbed, 
i.e. when the shaft is completely untwisted and the system 
has regained its original configuration. At this instant the 
kinetic energy of the disc is equal to the potential energy of 
strain diminished by the small amount of energy' absorbed by 
frictional resistances. The disc therefore continues to move 
beyond the original unstrained position of the system until a 
strain nearly equal to the original strain, but in the opposite 
direction, is induced in the shaft. At this instant the potential 
energy of strain is once more equal to the maximum kinetic 
energy acquired by the disc diminished by a small amount of 
energy absorbed in frictional resistances, and the disc comes to 
rest. 

It is evident that in passing from one extreme position 
towards the other the disc gradually acquires kinetic energy 
until it reaches the original position of equilibrium, now the 
central position of its movement, and thereafter gradually 
loses kinetic energy. If the energy dissipated in doing work 
against friction during the motion of the disc is neglected, 
the kinetic energy of the disc at the instant it reaches the 
central position must he equal to the potential energy of strain 
at each extreme position of its movement. At any intermediate 
position the sum of the kinetic and potential energies must be 
constant, and this constant quantity of energy is termed the 
energy of the miration. 

Tn this example the energy of the vibration is equal to the 
strain energy imparted to the system hy the initial displacement 
of the disc. 

If none of this energy is absorbed in doing work against 
friction, the vibratory motion of the disc would continue 
indefinitely, the motion being shown diagrammatically in 
Fig. i by the lines AC and AD, with maximum displacements 
of H -& und — a at the free end of the shaft, or, in circular 

measure, + 8 and — 8 , where 8 — 

ct 

In practice, however, there is always a gradual dissipation 
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of energy by work done against internal and external resistances 
which oppose the vibration. In consequence the system 
gradually loses its energy of vibration, until finally the whole 
has been absorbed and the disc comes to rest at its original 
position of equilibrium. 

Vibration may therefore be regarded as the process whereby 
an elastic system dissipates the potential energy of strain 
imparted to it when its equilibrium is disturbed. 

The process can easily he verified experimentally by attach¬ 
ing a fairly heavy disc to one end of a fairly long piece of 
wire. If one end of the wire is held rigidly, with the disc 
suspended below, and the latter is given a twist and then re¬ 
leased, it will vibrate through gradually decreasing angles until 
finally it comes to rest at its original position of equilibrium. 

Simple Harmonic Motion.—This is the simplest type of 
periodic motion. 

In Fig. 2 a, 0 is a fixed point, and OC is a radius rotating 
with uniform angular velocity round 0 . AB is any diameter of 
the circular path described by C, and CQ is the perpendicular 
from C to AB for any instantaneous position of the radius OC. 
As the point C rotates round O with uniform angular velocity 
the point Q vibrates along the diameter AB about the centre 
0 with simple harmonic motion. A single vibration is com¬ 
pleted when the point C has moved once round the circle, i.e. 
when the motion of Q is the same as it was at the commence¬ 
ment of the cycle. Thus, if the cycle is assumed to commence 
at point D in the circular path of C or at point O in the path of 
Q, and the rotation of C is assumed to be counter-clockwise, 
then the initial movement of Q is upwards towards B. At B 
point Q comes to rest, its motion along AB is reversed, and 
it travels downwards from B to A. At A it comes to rest 
again, its motion is once more reversed, and it travels upwards 
towards 0. 

When it reaches 0 it has the same motion as at the com¬ 
mencement of the cycle, i.e. upwards towards B, and the cycle 
is therefore completed. 

The time required to complete one cycle is termed the 
periodic time of the vibration, and the reciprocal of the periodic 
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time is termed the frequency of the vibration, since it is the 
number of complete cycles which are executed in unit time. 

Let P = periodic time in seconds, 

F — frequency of vibration in cycles per second, 

(a — the uniform angular velocity of point C (usually 
termed the phase velocity of the vibration) in 
radians per second. 


fa) Disolacement Diagram. 



Fig. 2.— Simple harmonic motion.. 


Then, since each cycle is completed in one revolution of C, i.e. 
when the angular movement of OC is 2. tt radians, 


2 . it __ 6 * 2832 

OJ co 


secs., 
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or F = ~ — = 0*1591. (jo vibs./sec. 

— 9*55 • vibs./min. 

From the geometry of Fig. za, 

y — a sin a>. t, . (2) 

where y = OQ = the displacement of Q from the centre of 
vibration 0, 

a — OC = the radius of the circle described by C, 
e — co.t — the angular displacement of C from the 
initial position D, 

t = the time in seconds, assumed to be measured 
from the instant C is at D. 

The motion of Q can be shown conveniently by the ordinates of 
a displacement diagram on a time base (Fig. 2 a). The maximum 
displacements of Q from the centre of vibration 0 are +■ a and 
— a, and a is termed the amplitude of the vibration. The curve 
of displacement is a true sine curve when the point is executing 
simple harmonic vibrations. 

In Fig. 2 a the radius OC — a may be regarded as the dis¬ 
placement vector ; the displacement diagram being obtained by 
projecting the successive instantaneous positions of C on to the 
corresponding ordinates in the displacement diagram. 

The velocity of Q is greatest at the instant Q passes through 
O in either direction, being then equal to the uniform velocity 
of C, viz. <o. a. At A and B, Q is at rest. 

At any intermediate position, therefore, the velocity of Q is 
equal to the velocity of C resolved along AB, and from the 
geometry of Fig. zb , 

v = ct>. a cos o>. t, . . * . (3) 

where v — the velocity of Q along AB. 

In Fig. zb, OV — to .a may be regarded as the velocity 
vector for vibration of Q along AB, and the velocity diagram is 
obtained by projecting the successive instantaneous positions 
of V on to the corresponding ordinates in the velocity diagram. 
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The velocity vector is a quarter of a cycle, or 77/2 radians 
ahead of the displacement vector. 

The acceleration of Q along AB can be obtained from the 
acceleration of C, since the latter is merely the acceleration of 
a point moving in a circle with uniform angular velocity, viz. 
a) 2 . a, acting always along the radius OC towards O. 

The acceleration of Q along AB is then the acceleration of 
C resolved along AB, and from the geometry of Fig. 2 c, 

S = — a) 2 . cl sin o). t, . . . (4) 

where S = the acceleration of Q along AB, which is seen to 
be proportional to the displacement of Q from the centre of 
vibration 0. 

The negative sign indicates that this acceleration is always 
directed towards the centre of vibration 0. 

In Fig. 2 c, OS = «.a may be regarded as the acceleration 
vector for vibration of Q along AB, and the acceleration 
diagram is obtained by projecting the successive instantaneous 
positions of S on to the corresponding ordinates in the accelera¬ 
tion diagram. 

Since force = mass X acceleration, equation (4) shows 
that the force under which a mass will execute simple harmonic 
vibrations must vary proportionally to the displacement from 
the centre of vibration, and must always be directed towards 
the centre of vibration. 

The acceleration at any instant is 

S = — u) 2 . a sin w . t . . . (4) 

and the corresponding displacement is 

jy = a sin co . 2. . . . (2) 

Hence, S = — w 2 . y, 

u , * 2.7r „ 

but 0) = -p- = 2.7T. F, 

c A. . TT 2 

Le * S = “pF “-y = 4 - ■n- 3 - F a .^> 

P ~ 2 .77^/5 secs> 


or periodic time, 
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Frequency of vibration, F = 


.-U/5 

2.7r>y 


vibs./sec. 


i / acceleration 
2.7T v displacement* 


( 5 ) 


Since the acceleration is directly proportional to the dis¬ 
placement, the frequency is independent of the amplitude of 
the vibration, and depends only on the strength of the restoring 
force, i.e. the restoring force per unit displacement. 

The phase of a vibration is the fraction of a cycle which 
has elapsed since the vibrating point last passed through its 
middle position in the positive direction. Thus the phase of a 
vibration measures the particular point of the cycle, where the 
vibrating body happens to be, at some chosen instant. In 
Fig. 2 a the angle e = oj . t is termed the phase angle. Two 
vibrations are said to be in phase when they are at correspond¬ 
ing points of their cycles at the same instant. a> is termed the 
phase velocity, since it is the rate of change of the phase angle. 

Free or Natural Torsional Vibration.—Equation (i) 
shows that when the disc in Fig. i is given an angular dis¬ 
placement a restoring moment is induced in the shaft which is 
proportional to the displacement, and which tends to return 
the disc to the equilibrium position. This establishes the 
important fact that when the disc is released it will execute 
rotary vibrations of the simple harmonic type until it is brought'' 
to rest by frictional resistances. 

Since these vibrations are executed without any external 
exciting force acting on the system, and since the frictional 
resisting forces are usually very small, the motion is termed 
free or natural torsional vibration. 

The expressions for angular displacement, angular velocity, 
and angular acceleration are the same as those already deter¬ 
mined for linear simple harmonic motion. 

In Fig. 3 the displacement diagram corresponds to the 
displacement diagram shown in Fig. 2 at (a), and represents 
linear displacements of the weight W along the circumference 
of a circle of radius R. 
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The linear amplitude is ± a and the corresponding angular 
amplitude is ± a — ± a/R radians. 



Fig. 3.—Relationship between linear and angular motion. 


From Equation (2) the linear displacement of W along the 
circumference at radius R is 

y = a sin <0 . t. 

Hence the corresponding angular displacement is 
n a. . 

9 — s sin a >. t = a sm co . i. 

Similarly, the angular velocity is 

0 = co . a cos to . t 
and the angular acceleration is 

xjt = — . a sin to . t, 

i.e. 6 = a sin co. t, . . . . (2a) 

q — co . a cos co . t, . . . (30) 

tfs = — co 2 . a sin . t, . . . (40) 

where 

9 = angular displacement of the disc from the equilibrium 
or mean position in radians, 
a = amplitude of vibration of disc in radians, 

O = angular velocity of disc in radians /second, 
tfi = angular acceleration of disc in radians /second 2 , 
t = time in seconds, 

co = phase velocity of the vibration in radians/second. 
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It is important to distinguish between o, the angular velocity 
of the disc at any instant, and a> = 2. tt . F, the constant 
angular velocity from which the vibration is derived, the latter 
is termed the phase velocity of the vibration. 

The frequency of natural torsional vibration of the disc is 
determined as follows :— 

At either extremity of the motion of the disc the potential 
energy of strain and the resisting moment due to elastic forces 
have their maximum values, 

i.e. maximum restoring torque exerted by the elastic forces, 
from Equation (1), 


The torque required to produce the acceleration o> 2 . a at 
the position of maximum displacement of Q is 

*M ot = moment of inertia X angular acceleration 

= J .o) z . a. 


This result can be deduced from a consideration of the 
linear motion of the weight W shown in Fig. 3. 

The linear acceleration of W along the circumference of 
a circle of radius R is 

S = — n> 2 . a sin o). t. . . (4) 


Assuming that the masses of the connecting arm and of 
the shaft are negligible, and that the mass of the bob-weight 
is concentrated at its centre of gravity, which is at radius R 
from the axis of oscillation, the tangential force due to vibra¬ 
tion of W is 

Force = mass x linear acceleration, 


* Throughout this work moments of inertia of oscillating masses are 

\YK~ 

expressed in lbs.-ins. sec . 2 or lbs.-ft. sec. 2 units. i.e. J = ■ ~ , where WK 2 
is defined as the " flywheel effect ” of the eulss, not its moment of inertia. 
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Hence the torque on the shait due to this force is 
W 

M = P . R =-.R.o) 2 .oc sm (o . t, 

g 

but x = a . R, 

W 

i.e. M =-. R 2 . w 2 . a sin a> . t. 

g 

Now j— . R 2 | is the polar moment of inertia of a mass 
W 

— concentrated at radius R, 
g 


Let 

then 


W 

J “f R * 


M —— J , (£) 2 . a sin co . t, 

or torque = moment of inertia x angular acceleration. 
At the position of maximum displacement, 

M m = J . <ju 2 . a. 


Since there is no external exciting torque acting on the 
system and the frictional resistances are assumed to be 
negligible. 


i.e. 

or 

Hence, 

where 


M c = M, 
I, . G. a 


J . o ) 2 .a, 

O ) 2 = (2 . ir.F) a = 


I®. G . a 


L.J.«• 


F — 


^ i x,. G 
2 .tt\ J.L’ • 


( 6 ) 


F = natural frequency of torsional vibration 
in vibrations per second, 

1 P = polar moment of inertia of cross-section 
of shaft in inches 4 units 


= ~. d i , for a solid circular shaft, 

d = diameter of shaft in inches, 

G = modulus of rigidity in lbs. per sq. inch 
= 12,000,000 for steel, 
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J = moment of inertia of disc 
_ W.K 2 
g ’ 

W — weight of disc in lbs., 

K — radius of gyration of disc in inches, 
g = 386 ins./sec. a , 

L = length of shaft in inches. 

From Equation (1) it is seen that the quantity (in 

Equation (6) is the torque per radian of twist. 

This quantity is termed the torsional rigidity of the system. 

T + r — _ torsional rigidity of the system in lbs.-ins. 

e ~ L ~~ per radian.* 

Then F = vibs./sec. 

2 . rt V J ' 

= 9 * 55 Vj ™ hs '! m]n .( 7 ) 

Equation (7) can also be derived directly from Equation (5) 
as follows :— 




acceleration 


Now 


acceleration = 


displacement' 
restoring torque 
moment of inertia 


( 5 ) 


acceleration __ restoring torque per radian 
displacement ~~ moment of inertia 


Hence, 


r = vibs./sec., as before. 


Equation (6) shows that the frequency is independent of 
the amplitude of vibration, and that an increase of the moment 
of inertia of the disc, or of the length of the shaft, or a reduction 
„ M 

* Note.— = C* 

where & 0 = angular twist produced by torque M applied statically. 
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in the diameter of the shaft, will reduce the natural frequency 
of the system. Thus, a heavy disc carried by a long slender 
shaft will execute natural vibrations of much lower frequency 
than a comparatively light disc carried by a short stiff shaft. 
This can be verified experimentally by suspending a disc by 
means of a fairly long length of wire. As ta£ length of the 
wire is shortened the natural frequency of the disc increases, 
and vice versa. 

Equation (7) is based on the assumptions that the connect¬ 
ing shaft has no mass, and that there are no exciting or resist¬ 
ing forces acting on the system. 

The frictional resistances which oppose vibration are 
termed damping forces, and are usually assumed to be pro¬ 
portional to the velocity, since this assumption appears to be 
reasonably correct for practical purposes. The effect of a 
damping force proportional to the velocity and a restoring 
force proportional to the displacement is to reduce both the 
natural frequency of the vibration and the amplitudes of 
successive cycles. 

In practice, since the amplitudes and therefore the velocities 
of natural torsional vibrations are small, the effect on thfe 
frequency of vibration of a damping force proportional to the 
velocity is unimportant (see Chapter 7). 

Correction for Mass of Shaft.—If the mass of the 
shaft is not negligible, but is small compared with that of the 
disc, the amplitude of vibration at any section of the shaft 
between A and B (Fig. 1) is proportional to the distance from 
the fixed end A. 

Let this distance be l, and let J s be the moment of inertia 
of the shaft, V its angular velocity at the free end, and v its 
angular velocity at distance l from the fixed end. 


The kinetic energy of an element of length SI, distant l from 
the fixed end, is 

J s.Sl.v* 

z. L 2.U 
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and the total kinetic energy of the shaft is 

i.e. the moment of inertia of the shaft is dynamically equivalent 
to one-third of the same amount at the free end of the shaft, 
and may be taken into account if necessary by adding one- 
third of J s to the moment of inertia of the disc. 

In cases where the mass of the shaft is not negligible the 
system must be treated as a heavy shaft system. The solution 
for a two-mass heavy shaft system is given in Chapter 8, 
Equation (402), Vol. II. 

Example i. —Calculate the natural frequency of torsional 
vibration of the system shown in Fig. 1, assuming the 
following dimensions:— 

Weight of disc = 16,500 lbs. 

Diameter of disc = 204 ins. 

Length of shaft = 830 ins. 

Diameter of shaft = 16 ins. 

Also calculate the maximum torque, the maximum stress, 
and the strain energy of the vibration, assuming that a point on 
the surface of the shaft at the centre line of the disc vibrates 
with an amplitude of ± i inch. 


(i) Natural Frequency of Torsional Vibration. 
F = 9’55 Vj vibs./min., 

C = lbs.-ins. per radian. 


( 7 ) 


where G = modulus of rigidity = 12,000,000 lbs. per 

sq. in. for steel, 

1 P = polar moment of inertia of cross-section of 
shaft 

= ; d = dia. of shaft = 16 ins. 

32 

3-1416 x 16 4 c . , 

= -= 6434 1ns. 4 , 

32 m 

L = length of shaft — 830 ins., 
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r 12000000 x 6434 . 

C = -^—idz. — 93,020,000 lbs,-ins, 

per radian, 

J == moment of inertia of disc 
_ W. K 2 
g ' 

W — weight of disc = 16,500 lbs,, 

K 2 = (radius of gyration of disc) 2 
D 2 

= -3- for a solid circular disc, where D is the 


204 s _ • „ 

= —= 5202 ms. 2 , 

O 

g — 386 ins. per sec; per sec., 

T 16500 X 5202 . 

J = ~ 38 6“ — “ 222 > 4 00 lbs.-ms. sec. 2 . 


Hence, finally, F = 9*5 


= 1953 vibs./min. 


Effect 0f Mass of Shaft .—The mass of the shaft may be 
taken into account by adding one-third of the moment of 
inertia of the shaft to the moment of inertia of the disc. 


Weight of shaft = 


0-283 • *. d *. L 


= 0-283 X 07854 x i6 a x 830 
= 47/^50 lbs. 

K»of S haft = ^ = ?|6 = 3 2 in S .> > 

i.e. moment of inertia of shaft = T. = ' - K ! = 4 7^5° X 32 

g 386 

j — 3920 lbs.-ins. sec. 2 . 

Hence, the equivalent moment of inertia of the disc is 

J, = J + i = 322,400 + 222 
f ** 8 

= 223,707 lbs.-ins. sec. 2 , 

aid the natural frequency of torsional vibration becomes 
= W ” “ r 94-8 vibs./min. 
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This is a difference of only £ per cent. As a general rule 
the mass of the shaft can be neglected if the product of the 
length of the shaft in feet multiplied by the frequency in 
vibrations per second does not exceed 1000. In the present 
example this product is only 225, a frequency of 867 vibs./min. 
being required to make the product 1000. The moment of 
inertia of the disc corresponding to a frequency of 867 vibs./ 
min. is 11,280 lbs.-ins. sec. 2 , whilst the correction for the 
mass of the shaft lowers this frequency to 820 vibs./min., a 
difference of 5 per cent. The value obtained by applying 
the method given in Chapter 8 is 823 vibs./min. 

(ii) Maximum Torque. 

The amplitude of vibration at surface of shaft, radius 
8 ins., is ± £ in. 

i.e. angular amplitude = ± 0-25/8 

= '± 0-03125 radian. 

Now M = ± .(!) 

_ f 12000000 X 0-03125 X 6434 

± W 

= ± 2,910,000 lbs.-ins. 

Alternatively torque = moment of inertia X accn. 

M = ± J . « 2 . a, 

where co = phase velocity of vibration 

2. 7 T . F . 

= —^— radians per sec. 

_ 2 X 3 *I 4 l 6 X 195 
60 

= 20-5 radians per sec., 

i-e. M — ± 222,400 X 20-5* X 0-03125 

= ± 2,930,000 lbs.-ins. 


(iii) Maximum Stress. 

'-±H ■ 


• (1) 


= ± 


2910000 x 16 
2 X 6434 


± 3620 lbs.-ins. 2 . 


vol. 1.—2 
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(iv) Strain Energy. 

This is equal to the maximum potential energy of strain at 
either extreme position of the movement of the disc, 
i.e. strain energy = \ . M . a — f X 2910000 x 0*03125 
= 45 , 5 <>o ins.-lbs. 

Alternatively, it is equal to the maximum kinetic energy of the 
disc at the mean position of the vibration, viz. :— 
strain energy = \ . J . (c*>. a ) 2 

— %X 222400 X 20*5 a X 0-03I25 2 
= 45,500 ins.-lbs. 

Note that the strain energy is directly proportional to the 
square of the amplitude and to the square of the frequency. 

Special One-Mass Systems.—The following special 
arrangements are occasionally found in practice, and can be 
handled by the elementary relationship:— 

F = 9'55 VC/J vibs./min., 
where F = natural frequency in vibs./min., 

C = restoring torque per radian deflection, 

J = moment of inertia of oscillating system about 
axis of oscillation. 

It is important to take care that the correct units are used 
throughout the calculations. If C is expressed in Ibs.-ins. 
per radian, J must be expressed in lbs.-ins. sec. 2 ; if C is ex¬ 
pressed in lbs.-ft. per radian, J must be expressed in lbs.-ft. 
sec. 8 . 

Also, when lbs., in., and sec. units are employed the value 
of the gravitational constant g is 386 ins. per sec. 8 , i.e. 
J = W. K®/386 lbs.-ins. sec. 2 When lbs., ft., and sec. units 
are employed g = 32-2 ft./sec. 2 , i.e. J = W . K 8 /32*2 lbs.-ft. 
sec. 2 . 

In Fig. 4 [a) the system consists of a shaft fixed at each 
end, with a disc of moment of inertia J attached at a point 
where the torsional rigidity of the right-hand and left-hand 
portions of the shaft are C 2 and C x respectively. The two- 
node frequency of a geared radial aero-engine can be estimated 
from a system of this type. 
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Since C x = torque per radian for left-hand portion of shaft, 

C 2 = torque per radian for right-hand portion of shaft. 
Total restoring torque for one radian deflection of mass 

= (C, + C 2 ). 



Fig. 4.—Special one-mass systems. 


Hence, 

F = 9 - 55 ^ —“ vibs./min. 

■ (8) 

Also, if 

F x = frequency of J on C x = 9'55 VCJJ, 



F 2 = frequency of J on C a = 9-55 VC 2 /J, 


then 

F 2 = (F x 2 + F 2 2 ). 

( 9 ) 


Fig. 4(i) shows a system consisting of a disc of moment of 
inertia J, mounted freely, for example, on ball hearings. A 
weight W is attached to the disc at radius R by a flexible cord, 
and the motion of the disc is controlled by a spring of inch 
rate k acting at radius r. 
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In this case k — load to extend spring I inch, 
i.e. for a small circumferential deflection a, the spring 
force is k . oc, and the torque due to the spring 
force is k . a. .r. 

The corresponding angular deflection is ocjr. 

Hence, C = restoring torque per radian displacement 

= k , a . r . ~ — k . r 2 . 
a 

The moment of inertia of the weight W about the axis of 
oscillation of the disc is W. R 2 /g, 

i.e. effective moment of inertia of system = J + W . R 2 fg. 

V '~ k 

f+ ^ -R^vibs./min. . . (10) 

If the mass of the spring is not negligible, an approximate 
correction is to add one-third of the moment of inertia of the 
spring about the axis of oscillation to the effective moment of 
inertia of the system, 

i.e. effective moment of inertia of system 
_t i WR 2 i w. y 2 

-J + — + - g 
where w = weight of spring. 

Fig. 4(c) shows a system consisting of a light lever hinged 
at one end and carrying a heavy weight W at the other end. 
The motion of the weight is controlled by a spring of • inch 
rate k attached to the lever at radius r. 

In this case, restoring torque for a linear displacement a at 
radius r is k . a . v, 

i.e. C = restoring torque per radian — k .rK 

Moment of inertia of weight W about axis of oscillation 
= W. R 2 /g- 

Hence, F = 9 - 5 5 V^i S = 9 - 55 .gVw' ' 

Note that the actual values of r and R are not required, 
provided the ratio r[R is known, and that the frequency 
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increases as the point of attachment of the spring is moved 
towards the weight. 

If a second spring is attached to the lever as indicated by 
the dotted lines in Fig. 4(c), and if the initial tensions of the 
two springs are adjusted so that there is always some tension 
in the springs even when the lever is at either extremity of 
its motion, the restoring force for a linear displacement a is 
2k . a. 

The frequency equation is then 

F = 9*55 • ]'■ vibs./min. . . (12) 


If the masses of the lever and springs are not negligible, 
an approximate correction is to add the moment of inertia of 
the lever plus one-third the moment of inertia of the springs 
about the axis of oscillation to the moment of inertia of the 
weight, W, about the axis of oscillation. 

Example 2 . —Obtain an expression for the natural frequency 
of torsional vibration of the system shown in Fig. 4 (a) 
in terms of the total shaft stiffness between the fixed ends 
and the ratio of the stiffnesses of the. portions of shaft on 
either side of the flywheel. 

Let C = total shaft stiffness, 

R — ratio of stiffnesses = C 2 IC V 
If a torque T is applied at one end of a shaft of torsional 
rigidity (i.e. stiffness), C, the resulting twist is 


or 

but 

Hence, 
and since 


8 = T/C radians, 

0! = T/C!, and 0 2 = T/C 2 , 

« = (»! + » 0 - 

i/C = (i/C, + i/C a ), or C = , 


c 2 — R. Cj, 


r R.C, . _ 

C = (T+E)- I - e - C ‘ = 


(I + R)C 
R 


From Equation (8), F = 9 ' 55 ^ Cj ~ y C - = 9 ' 55 , 
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or, by inserting the above value for C x in terms of C, and re¬ 
arranging, 

F = 9‘5${i + R ) V]R“j vibs./min. 

If the flywheel is placed at the middle of a plain shaft, i.e. 
if C x = C 2 or R = i, the frequency equation becomes 

F = ig-i-y/C/J vibs./min. 



Fig. 5.— Two-mass system. 


This is the lowest 
frequency which can be 
obtained by altering the 
position of the flywheel 
in Fig. 4{a), and is twice 
the frequency of the sys¬ 
tem shown in Fig. 1, 
where the flywheel is 
fixed to the free end of 
a shaft which is secured 
against rotation at the 
other end. 

If the flywheel in 
Fig. 4(a) is moved in 
either direction from the 
mean position the fre¬ 
quency increases, as 
shown by the above 
equation. 

Two-Mass -Sys¬ 
tems.—Fig. 5 shows a 
simple two-mass system 
consisting of a length of 
shafting with a heavy 
disc at each end. 


In this case, if the shaft is supported in frictionless bearings 
which permit rotary motion and the discs are given small 
angular twists in opposite directions and then released, the 
system will he put into a state of torsional vibration. 
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At any instant when the disc at end A is moving in a clock¬ 
wise direction, the disc at B is moving in a counter-clockwise 
direction so that the node or point where there is no vibratory 
disturbance is situated somewhere between the two discs. 

The system can therefore he reduced to two simple one- 
mass systems, as shown at (e) in Fig. 5. 

In the case of a shaft transmitting power, provided the 
applied and resisting torques are perfectly uniform, and the 
attached masses have a constant moment of inertia about the 
axis of rotation, the only effect of the elasticity of the shaft is 
to cause the end from which power is taken to lag behind the 
end at which power is applied. Under these conditions there 
is nothing to excite vibration once the shaft has taken up the 
initial torsional deflection corresponding to the torque trans¬ 
mitted, and as soon as any initial vibrations caused by setting 
the system in motion have been damped out the motion becomes 
uniform. 

It does not, however, require a very high degree of torque 
variation, either at the driving end or at the driven end of the 
shaft to set up and sustain torsional vibration, particularly at 
speeds where the frequency of the periodic torque variations 
coincides with the natural frequency of torsional vibration of 
the system. These vibrations are quite independent of the 
steady rotation of the shaft, and for practical purposes the shaft 
may be assumed to be at rest and the system to be oscillating 
about the node. 

Referring to Fig. 5, let 

Ji = moment of inertia of disc at end A. 

J 2 = moment of inertia of disc at end B. 

L = length of shaft. 

d — diameter of shaft. 

L x = distance from end A to node. 

L 2 — distance from end B to node. 

Then, natural frequency of one-mass system to left of node, 
from Equation (6), 

F __ jc_ KTg- 

^“a.irVjx.L, 


( 13 ) 
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Natural frequency of one-mass system to right of node, from 
Equation (6), 

F 2 = 

The natural frequency of the whole system is therefore 

F = F x — F„ 




Hence, 


1 fl 9 - G _ 1 /!> • G , 

2 . Jj . Lj 2. 7T' J 2 * L 2 


and since ir, I P , and G are constants, 

h-h 


(15) 


i.e. the node divides the length of the shaft L inversely as the 
moments of inertia of the discs. 


Also L^fL. + LJ = L,[i+i] 



Hence, finally, from Equation (13), 


where 


F — 


1 / I 3) .G(J 1 + J 2 ) 

2 . ir » Jj . J a . L 


" bs -/ sec - 

= 9'55 ~ t ' ^ ' vibs./min., 

JX • J 2 

G I 

C = " = torsional rigidity of shaft. 


(16) 


It should he noted that if the moment of inertia of one of 
the discs is very large compared with that of the other disc, 
the node is situated very close to the larger disc, and when the 
moment of inertia of the larger disc can be considered as infinite 
compared with that of the other disc, the node is situated at the 
larger disc. The system shown in Fig. 5 then reduces to the 
simple one-mass system shown in Fig. 1. 
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A practical example of a system of this type is a light 
radial aeroplane engine direct-coupled to a very heavy airscrew. 

When the moments of inertia of the two discs are identical, 
the node is situated mid-way between them, and the frequency 
equation reduces to 

F = 9 ' 55 ^l^ J y vibs./min. . . (17) 

where J is the polar moment of inertia of each disc. 

Comparing this with Equation (7), it is seen that the effect 
of replacing the single heavy disc shown in Fig. 1 by two equal 
discs, each having the same moment of inertia as the single 
disc, one situated at each end of the shaft, is to increase the 
natural frequency of the system to 

F = V2. F', 

where F' — natural frequency of system with single heavy 
disc, 

F = natural frequency of system with two equal 

i discs. 

If the total moment of inertia remains unaltered, i.e. if the 
moment of inertia of each of the two end discs is one-half the 
moment of inertia of the single disc shown in Fig. 1, the 
natural frequency of the system is doubled, assuming that the 
shaft stiffness is unaltered. 

To obtain the same frequency, the moment of inertia of 
each of the two end discs in Fig. 5 must be twice the moment 
of inertia of the single disc shown in Fig. 1, with the same 
, shaft stiffness. 

Alternatively, the shaft stiffness must be halved if the 
moment of inertia of each end disc in Fig. 5 is the same as the 
moment of inertia of the single disc shown in Fig. r. 

Correction for Mass of Shaft.—The mass of the shaft 
may he taken into account in the case of the system shown 
in Fig. 5 by adding one-third of the moment of inertia of 
•the length Lj between the node and end A to the moment of 
inertia of the disc at end A; and one-third of the moment of 
inertia of the length L a between the node and end B to the 
moment of inertia of the disc at end B. 
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Example 3.—Calculate the natural frequency of torsional 
vibration of the system shown in Fig. 5, assuming the 
following dimensions:— 

Moment of inertia of disc at A, J x = 22,400 lbs.-ins. sec. 2 . 
Moment of inertia of disc at B, J 2 = 728 lbs.-ins. sec. 2 . 
Length of shaft L = 45 ins. 

Diameter of shaft & = ins. 

(i) Assuming that the moment of inertia of the disc at end 
A is infinitely large compared with that of the disc at end B. 

From Equation (7), 

F = 9 - 55 V£ 

Q J 

C = * lbs.-ins. per radian, 

G = 12,000,000 lbs. per sq. in., 

12 = polar moment of inertia of cross-section of shaft 
__ g • ^ = 3 ^ 4*6 X 7-25* 

32 32 

= 271 ins. 4 , 

n 12000000 X 271 . ... ,. 

C =-—-— = 72,300,000 lbs.-ms. per radian. 

F=9 . 55 v~ 

= 3010 vibs./min. 

(ii) Assuming a two-mass system. 

From Equation (16), 

F = 9 - 55 -\/-- J T 1 ~ h T J! ' ) 

1 Ji•Ja 

_/ 72300000 (22400 + 728) 

“ 9 ' 35 V 22400 x 728- 

= 3060 vibs./min. 

The error involved in the assumption of a one-mass system 
is therefore only about if per cent, in this example. 


where 

i.e. 

Hence, 
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Special Two-Mass Systems.—The fallowing special two- 
mass systems are occasionally found in practice and can be 
handled by the torque summation method. 

Fig. 6 (a) shows a two-mass system consisting of a shaft 
fixed at one end and carrying two masses of moments of inertia 
J1 and J 2 . The torsional rigidity of the portion of shaft 
between the fixed end and J 2 is C 2 , -whilst between masses J 2 
and J x it is C x . 

The frequency equation is obtained as follows 

Torque to left of mass J x = M x = o', 

Angle of twist at mass J x = a v 
Torque to right of mass J x — M 2 , 

where M 2 — M x + torque to accelerate mass J x 
= 0 -f J jO) 2 . a lt 

and co = phase velocity of the vibrations in radians per 
second 
= 2. 7 T . F, 

F = frequency of vibrations in vibs./sec. 

From Equation (1), 

Angle of twist between J x and J 2 = M 2 /C x = ^ - a K 

W 

Hence, angle of twist at mass J 2 = a 2 = a x — 

C x 

Torque to right of mass J 2 

= M 3 — M 2 -f torque to accelerate mass J 2 

Angle of twist between mass J 2 and fixed end 

Hence, angle of twist at fixed end = a 3 where 

J x .w 2 .« x J 1 .oKa 1 J 2 .u> 2 / J x .o> 8 .0 x \ 

cr~ _ c, c, r 1 —ci )■ 


«3 = 
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but twist at fixed end = o, i.e. a 3 = o; i.e. equating the above 
expression for a s to zero, dividing throughout by cty and 
rearranging terms, the following frequency equation is 
obtained:— 



Nnrmal FI* <tic Curve 



Fig. 6 .—Special two-mass systems. 


This equation has two roots, indicating two possible modes 
of vibration. Note that if J x = o, the above expression reduces 
to 

i - co 2 . J 2 /C 2 = o, or <a 2 = C 2 /J 2 . 


Similarly, if J 2 = o, the above expression reduces to 



The last two expressions are the frequency equations for 
a simple torsional pendulum. 

Also, if Ji = j2—J, and Cj — C 2 = C, Equation (18) 
becomes 
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and the roots of this equation are 

= 0-382 . C/J or 2-618. C [}. 


Fig. 6(6) shows a two-mass system in which a shaft is fixed 
at both ends and two masses of moments of inertia, J t and J a , 
are attached at positions which divide the shaft into three 
portions of torsional rigidities, C 2 , and C 3 , 

The frequency equation is obtained as follows ;— 


Torque to left of mass Jj = — M 0 , where — M 0 is the fixing 
couple at the left-hand end of the shaft. 

Angle of twist at mass Jj = ^ (since angle of twist at 
t'X 

fixed end is zero). 

Torque to right of mass J x = — M 0 -f 

Ci 


Angle of twist between masses J x and J 2 
M„ , J x . a ) 2 . M 0 
c.^ C x . C 2 ' 
M TVT 

Angle of twist at mass J 2 = — -f tt - 0 — 

Lj C 2 

Torque to right of mass J 2 


Jx.*> 2 .M 0 
Ci.C, ‘ 


= •— M 0 + - 


2 . M, 


Cx 


+ J 2 .cu 2 {|- 0 +- 


M 0 Jx. gi 2 . M/| 

c 2 Cx.c 2 r 


Angle of twist between mass J 2 and right-hand end of 
shaft 

K , Jx • w 2 . M 0 , J 2 . o> 2 fM 0 , M 0 Jx. *> 2 . M 0 '| 

‘ C 3 + Cx. C 3 + C 3 ICx^C, Cx.Ca y 


Angle of twist at right-hand end of shaft 
_M 0 M„ Jx . oj 2 . M 0 M 0 Jx . co 2 . M 0 
Cx + C 2 Cx. C 2 + C 3 Cx. c 3 

__ J.-^ fM. M 0 _ Jx.o> 2 .M 0 l 
C3 \Cx C 2 Ci. C 2 / 

But angle of twist at end of shaft is zero, hence the fre¬ 
quency equation is obtained by equating the above expression 
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to zero. Dividing through by the common factor M 0 , and 
rearranging terms, the frequency equation becomes 


{e~ + + B " “ 2 [cllci + c J + Ci(c 2 + C 3 }] 


+ 


C t . C 2 . c 3 


This equation has two roots, indicating that there are two 
possible modes of vibration. 

Note that if J a = o, and ~ + ^ = £ (where Cis the torsional 

Li U2 ^ 

rigidity of the portion of shaft between the left-hand end and 
mass J 2 ), then the frequency equation reduces_to 



, C + C 3 

or co 2 = —~—-, 

J 2 

which is the same form as Equation (8). 

Also, if Cj = C 2 = C 3 = C, and J x = J 2 = J, the frequency 
equation becomes 

o 4 J • w 2 + J 2 - OJ 4 __ ^ 


C 2 


The roots of this equation are 



The foregoing methods can he applied to systems having 
more than two masses, but the resulting frequency equations 
are very cumbersome, and their solution is tedious. It is 
preferable to deal with multi-mass systems by the tabulation 
method described later. 

Three-Mass Systems.—Fig. 7 shows a simple three-mass 
system consisting of three heavy discs of moments of inertia 
Ji, J 2 , and J 3 , connected together by two lengths of elastic 
shafting of torsional rigidity C 2 and C 2 . 

The mass of the shafts is assumed to be negligible compared 
with that of the discs. 
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phase velocity of the vibrations in radians per 
second 
2 .77 . F, 

frequency of vibration in vibs./sec., 
maximum amplitude of vibration at mass J x in 
radians. 



Let 03 — 

F = 
a, = 


For equilibrium at the instant when the system is at the 
position of maximum displacement the elastic resisting torques 
due to twisting the shafts must exactly balance the torques 
due to the movements of the masses, since when a system is 
performing free torsional vibrations no external torques are 
required to keep it in motion, 

i.e. torque to left of mass J x — M x — o, 

angle of twist at mass J x = a x , 
torque to right of mass J x = M 2 , 
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where M 2 = M x + maximum torque to accelerate mass J x 
' = o + Ji. w 2 . a v 

From Equation (i), 

. T T Mo Ji • CO* » CL-% 

Angle of twist between. J x and J 2 = q- — -q-• 

T. . (o z , u-i 

Hence, ' angle of twist at mass J 2 = -0-= a z- 

Torque to right of mass J 2 = M s , 
where M 3 — M 2 +• maximum torque to accelerate mass J 2 

= J. • ■ «1 + J 2 • 

CO 4 . Ji ‘ J 2 • a x 


= < t > 2 (Ji ■ a i + Ja • «i) 
Angle of twist at mass J 3 , 


C* 


a z — a i ~~ 


Cx 


> 3 (Jl • «1 + J* • ^ 


M*. Ji-Ja-fli 

C x 


. _ . ,rJi • a i ! | | 0,4 • Ji • J2 • a i 

=- “ her + “cr + ~crJ + ' ve, - - 

Torque to right of mass J 3 — M 4 , 
where 

M 4 = M 3 4 - maximum torque to accelerate mass J 3 


= " 2 (Ji • + Ja * a i) ~ 

c. 


Cl 


-h J 3 .cu 2 .«i 


a>‘[ Jl ■ J s - 3 4. J i- I 1 -?- 1 + J * - ^- a i] 


+ 


Ct,s ■ Ji • Ja • Ja • a x 


Ci ■ c 2 

and, since there are no external torques acting on the system, 
M 4 = 0, 

i.e. o> z . ^(Jj + J 2 + J3) 

_ ,..4 „ rJni j. J1J5 + + Ljjj 

I <*** • a l • Ji * J2 • Js _ ^ 

+ QTq °- 



TORSIONAL VIBRATION 


33 


Divide through by o> 2 . a lt 

(Ji + J, + Js) - ^ + JiJs + iJ>] 

+ ~~ ' grr| ~° 0 - (I9) 

where C, = and C s = %i, 

L-! Iv 2 

G = modulus of rigidity, 

l v = polar moment of inertia of cross-section of 
, , it .d* 

shaft =-, 

32 

d = diameter of shaft, 

L x and L 2 = lengths of shaft between masses. 


It should be noted that if any one of the masses is assumed 
to have zero moment of inertia. Equation (19) reduces to 
the expression already determined for a two-mass system, 
Equation (16). 


Thus, if 


if 

if 

where 


Ji = 0, >. 

J 3 0, s = 

J. = 0, a _= 

C x 

(Cx 4- c a ) 


_ C 2 (J a + J 3 ) 

h-L ’ 

Cx(Jx + J 2 ) 

~ Jx • J* ’ 

. C x C 2 (Ji + Js) C(L + J 3 ) 

"(Cx + cjl.j,” J1J3 * 

— C, the torsional rigidity of the whole 
of the shafting between masses 
and J 3 . 


Equation (19) has two real roots, so that there are two 
principal modes of vibration of a simple three-mass system. 

The first or fundamental mode of vibration occurs when 
one of the end masses moves in one direction whilst the other 
two masses move in the opposite direction, i.e. there is a node 
somewhere between one of the end masses and the other two 
masses. The fundamental mode of vibration may therefore 
be defined as vibration with one node. 
vol. 1.—3 
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The second mode of vibration occurs when the two end 
masses move in one direction whilst the centre mass moves in 
the opposite direction, i.e. there are two nodes, one between 
each end mass and the centre mass. This second mode of 
vibration may therefore be defined as vibration with two nodes. 

The positions of the nodal points can be determined from 
the expression for the angles of twist at the masses. 

Thus 



Since the mass of the shafting was assumed to be negligible, 
the deflection curve consists of straight lines, as shown in 
Fig. 7, so that the positions of the nodes can be obtained by 
assuming unit amplitude at mass and setting down the values 
of a 2 and a s given by Equations (20) and (21) at masses J 2 and 
J 3 respectively. The nodes are situated at the points where 
the deflection curve crosses the axis of the shaft. 

A special case arises when the three discs have equal moments 
of inertia, and the torsional rigidities of the two sections of 
shafting are also equal. 

In tiiis case the frequency equation reduces to 



where J = Ji = J 2 = J$, and 0 = 0! = C 2 , 
i.e. for the fundamental or one-node frequency 



This is the same as Equation (7), indicating that the node 
is situated at mass J 2 . 

For the two-node vibration 


F = 9*55 vibs./min.. 
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i.e. the two-node frequency is V3 times the one-node frequency 
in this case. 

The amplitudes of vibration, assuming unit amplitude at 
mass J 2 , are 


At mass J 2 , 


J • C 

a2 = 1 — — 0, i.e. the node is at mass J 2 

’ J for the one-node fre¬ 
quency, 


or 


a 2 — 1 — 


3 • J • C 
C.J ' 


= — 2 for the two-node 
frequency. 


At mass J 3 , 


or 


a 3 = 1 


3 . J.C J*.C* 
C.J + c 2 .j 2 


= — 1 for the one-node frequency, 
l. J. C 9 . J 2 . C a 

3 - X C J 1 " _ C* . J* 

= i for the two-node frequency. 


Example 4. —Calculate the natural frequencies of torsional 
vibration of a system consisting of three flywheels A, B, 
and C (Fig. 7), weighing 2000 lbs., 1000 lbs., and 1500 lbs. 
respectively. The radius of gyration of each flywheel is 
20 ins., and the shaft connecting A to B is 3 ins. diameter 
and 20 ins. long, whilst the shaft connecting B to C is 
3 ins. diameter and 30 ins. long. 

Also calculate the relative amplitudes of vibration at 
each flywheel for the two principal modes of vibration. 
In this example 

W. K 2 2000 x 20 2 „ . „ 

^ -= 2073 lbs.-ins. sec. 2 , 

1000 x 20 2 . , 

--= 1036 lbs.-ms. sec. 2 , 

386 

1500 x 20 2 „ . , 

= ■ ^ — = 1554 lbs.-ms. sec. 2 , 

G. I. 


Ji — 

J 2 

Js 

C x = 
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where 


i.e. C x 
C 2 
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G = 12,000,000 lbs. per sq. in. for steel, 

I, = = 3 , , y 6 x . 3 ‘ = 7 s ins ., ; 

® 3 2 32 7 

L — length of shaft in inches, 

12000000 X 7 -Q 5 

-—— 1 — 2 ~ — 4,770,000 lbs.-ms. per radian, 

12000000 X 7-95 0 

-= 3,180,000 lbs.-ms. per radian. 

30 


The natural frequencies are obtained from Equation (19), 

Ji • J2 1 Ji • Js , Ji• Ja 1 J2 • J 3 ~| 

Cx + e* + c 2 + c 2 J 

+ " 4Ji = °. (19) 

i.e. {2073 4 1036 + 1554) 

^073x1036 , 2073x1554 , 2 Q73XI554 , 1036x1554 1 

L 4770000 4770000 3180000 " r 3180000 J 

o > 4 X 2073 X 1036 X 1554 = 
4770000 x 3180000 

or 4663 — 2*6471 x <o 2 4- 0*00022 X CO 4 = 0, 


(Jl 4 J2 +Js)—" 2 [ 


Now, the roots of the expression 

a. m 2J rb.m + c = o 


are 


m = 


— & jb Vb* — 4 . a . c 
2 . a ’ 


and in this case m = 
Hence, 


<u 2 = 2 *647 i ± V2*6471* — 4 x 4663 x 0-00022 
2 X 0*00022 

= 2340—6? 9910,<r/ Z\40 
a) = 46-4 or 99*5 radians per sec., 

t, 60 x o ., , . 

Jf — ——;— = 443 or 947 mbs.Jmm. 
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Relative Amplitudes, 

At mass J 2 (Equation 20), 



i.e. for one-node vibration. 


2073 X 2140 
4770000 


= 0*070 


for two-node vibration, 


(20) 


^ = i _ 2073_X99io = 
a 1 4770000 0 o /• 

At mass J 3 (Equation 21), 

S- 1 — 


• (21) 


i.e. for one-node vibration, 

| = 1 _ 2I40 [ r »a 


2 Q 73 


.4770000 * r 3180000 3180000J 


1036 ~1 


4580000 x 2073 x 1036 _ . 

~ 4770000 X 3180000 6/ ’ 


for two-node vibration, 


■ 99 ™ 


2073 


: + 


2073 


1036 I 


.4770000 1 3180000 ~ r 3180000J 
. 8210000 X 2073 X 1036 

4_ _—_—-— = 0*91. 

4770000 x 3180000 y 


The deflection curves are shown in Fig. 7 for both one- and 
two-node modes of vibration. 

The positions of the nodes can be obtained from the relative 
amplitudes as follows :— 

(i) For the One-node Mode of Vibration (Fig. yb). 

The node is between mass B and mass C. 

Let L 2 = length of shaft between B and C 3 . 

L 3 == distance of node from C, and assume that 
a 1 = 1. 
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t _ t r a * 1 - - J 0 x 1,372 

s 2 U 2 - a 3 ] 0*070 + 1*3: 


= 28*54 ins. 

(ii) For the Two-node Mode of Vibration (Fig. yc). 

Let L a — length of shaft between A and B, 

L 4 = distance of one of the nodes from A, and assume 
that a x — 1. 


lI ——1 ; 

la t — 0 2 J 


20 X I 

' j 4. 3.307 ' 


Let L s — distance of the other node from C. 


Then 


' a & 1 _ 30 X 0*91 
a 2 - aj ~ 3*307 + 0*91 


= 6-53 ins. 


' Multi-Mass Systems.—The method just described can be 
extended to systems having four or more masses, but the 
frequency equations which are obtained are very cumbersome, 
and their solution is extremely tedious. 

The tabulation method of dealing with multi-mass systems 
described in the next chapter is therefore a better practical 
way of carrying out the frequency calculations, and moreover 
is a convenient method for obtaining the relative amplitudes of 
vibration at the various masses. 


In certain cases, especially where the masses form a sym¬ 
metrical arrangement, a good approximation to the funda¬ 
mental or one-node frequency of torsional vibration of multi¬ 
mass systems can be obtained by reducing the actual system 
to an equivalent two- or three-mass system. 

Fig. 8 shows a seven-mass system treated in this way, the 
actual system being shown at (#), and the approximately 
equivalent three- and two-mass systems at (b) and (c) respec¬ 
tively. This arrangement is typical of marine installations, 
where the closely grouped engine masses J x , J 2 , J 3 , J 4 , J s , and 
J 6 are separated from the propeller mass J 7 by a long length of 
intermediate shafting. 






Fig. 8.—Seven-mass systei 
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Example 5.—In Fig. 8a , let 

Ji = Js = J4 = Je = 44.ooo lbs.-ins. sec.*, 
t — T, = 22,000 lbs.-ins. sec. 2 , 

t == 53,000 lbs.-ins. sec. 2 , 

L x = L 2 = L 5 = L e = 40 ins., 

L 3 = L t = 45 ins., 

L 7 = 7200 ins., 

diameter of shaft — d — i6| ins. throughout. 

Then, Equivalent Three-Mass System (Fig. 85 ), 

J 8 = J 9 = (Ji +J2 +Ja) = +Js +Je) . 

=110,000 lbs.-ms. sec. 3 , 
J 7 = 53,000 lbs.-ins. sec. 2 , 
L s = (L, + L 3 + L 4 + L 5 ) = 170 ins., 

L 9 =(L $ + L 7 )= 7240 ins. 


Equivalent Two-Mass System (Fig. 8c), 

J10 = (Ja + J») = 220,000 lbs.-ins. sec. 2 , 

J 7 = 53,000 lbs.-ins. sec. 2 , 

L 10 = (L 9 +J.L 8 )= 7325 ms. 

Natural Frequencies of Torsional Vibration. 

(i) Two-Mass System (Fig. 8c). 

In this case, from Equation (16), 

F = 9-55\^P^4-® vibs./min., 

7 J 10 ‘ J 7 

where C 10 = , 

-‘-'10 

1 V = polar moment of inertia of cross-section of 
shaft 


i.e. 

Hence, 


C10 — 


- - • ^ — 3*1416 x i6»75 4 

32 ” 32 

12000000 x 7750 

7325 


— 7750 ins. 4 , 


= 12,700,000 lbs.-ins. per 
radian. 


r = 9-55 


/ 12700000 (220000 + 53000) 
, 220000 x 53000 
= 165 vibs./min. 
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Position of Node (Fig. 8c). 

From Equation (15), 

l _ J 7 -L 10 _ 53000 x 7325 
4 (J7 + J10) (53000 + 220000) 

== 1420 ins. 


Also, if amplitude at J 10 = 1, the amplitude at J 7 is 

a - 1 x (L10 ~ h ) _ 1 X (7325 - 1420) 
h 1420 

= ~ 4 * 5 - 

(ii) Three-Mass System (Fig. 86). 

In this case, from Equation (19), 


(Jb + J9 + J?) ' 


- + Juil + JfcJj] 


where 


C 8 = 


G. I„ _ 12000000 x 7750 


* • Js • J9 • J7 _ 
C 8 .C 9 ” 0 ’ 

547,5oo,ooolbs.- 


L 8 170 

ins. per radian. 

^ G. l v 12000000 X 7750 0 

C 9 — = 12,850,000 lbs- 

L 9 7240 

ins. per radian. 


Hence, 

(110000 + 110000 + 53000) - 


a r iioooo x 110000 
’ L 547500000 


IIOOOO x 53000 IIOOOO x 53000 IIOOOO x 53000 1 
^ 547500000 12850000 12850000 J 

to 4 X IIOOOO X IIOOOO x 53000 _ 
547500000 X 12850000 “ * 

e. 273000 — 940 X a> 2 4 - 0*0912 X w 4 = O, 


2 _ 940 ± V 940 2 — 4 x 0*0912 x 273000 
U ' 2 X 0-0912 

= 300 or 10000, 

oi — 17*32 or 100 radians per sec., 

F = - ^- 7 - - = 165*5 or 955 vibs.fmin. 

2 X 7 T 
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Relative Amplitudes and Positions of Nodes (Fig. 8 b). 
Let 

a s — amplitude at J 8 , 
a s = amplitude at J 9 , 
a 7 = amplitude at J 7 . 

Then from Equation (20), 

_ _ J 8 .*> 8 

a 8 C 8 


For one-node vibrations : <o 2 — 300, 


a 9 _ _ 110000 X 300 

a ~ 8 ~~ 1 ~ 547500000 


0*9395- 


For two-node vibrations : a> 2 — 10,000, 


__ 110000 x 10000 

Og 1 5475ooooo 

From Equation (21), 



— 1*01. 


<^> 4 - Js- J9 
C 8 . C 9 


For one-node vibrations : co 2 — 300, 

110000 , 110000 110000 l 


x ~ 300 


.547500000 


-f 


12850000 


12850000J 


547500000 X 12850000 
= I — (300 X 0*0173) + (300 2 x 0*00000172) 

= - 4*035- 


For two-node vibrations : a > 2 = 10000, 

1 — 10000 x 0*0173 + ioooo 2 x 0*00000172 

a 8 

= 0. 

This value of — indicates that there is a node at mass J 7 
a% 

which is not correct. The actual value of — obtained by the 
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tabulation method described in the next chapter is 0*021. The 
degree of accuracy necessary for obtaining the true value of 
this ratio when using the three-mass method cannot be obtained 
with the ordinary slide rule or four-figure logarithms. 

Positions of Nodes (Fig. 86). 

Assuming that a 8 = 1, then 

H = °*9395 for one-node vibrations 
= — 1*01 for two-node vibrations, 
a 7 — — 4-035 for one-node vibrations. 


For one-node vibrations, node at A in Fig. 86, 

1 = L »x a » = 7240 X 0-9395 _ j-g, 

1 («, - a,) ~ (0-9395 + 4-035) ~ 3 3 

For two-node vibrations, nodes at B and C in Fig. 86, 




L 8 X #8 


_ _ 170 X I 

(a 8 - a 9 ) (1 i*oi) " 


84-5 ins. 


Z 3 cannot be obtained accurately by the three-mass method 
using the ordinary slide rule or four-figure logarithms. 


Summary. 


Method. 

Natural Frequency (Vibs./Min.)- 

One-Node. 

ft 

Two-Node. 

Two-mass 

165-0 

- 

Three-mass 

I 65-5 

955 

Tabulation 

165-5 

104 X 


The above summary shows that in this case both the two- 
mass and the three-mass methods give close approximations to 
the value of the fundamental or one-node frequency of torsional 
vibration. 

The two-node frequency cannot be calculated by the two- 
mass method ; but an approximate value can be obtained by 
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using the three-mass method, the error in the present example 

h^llmulti-mass systems there are as many principal modes 
of vibration as there axe spaces between the masses, i.e. 
in the example shown in Fig. 8 a there are seven masses, and 
therefore six principal modes of vibration. The natur 



Fig. g.—Multi-mass system. 


frequencies corresponding to vibrations with three and more 
nodes cannot be calculated by the three-mass method. 

The arrangement shown in Fig. 9 is similar to that shown 
in Fig. 8, except that there are eight masses instead of seven. 
This arrangement is typical of a marine installation having six 
closely grouped cylinder masses Ji to J 6 ; a heavy flywheel 
J 7 immediately after the last cylinder mass J 6 ; and the 
propeller mass J s . 
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The equivalent two-mass and three-mass systems are 
obtained as already described, care being taken to allow for the 
dif erence in the moments of inertia of J 9 and J 7 in determining 
the equivalent length L 9 for the two-mass system. 

Thus, in Fig. gi —three-mass system, 

J9 = (Jx + J2 + J3 + J 4 + Js + D» 

L 8 = ( 1 L 3 -f L 4 + L s + L a ). 


In Fig. 9c—-two-mass system. 


J10 — (J9 + J7)» 


L§ — L 7 -f 


l 8 -J» 
(J 9 + J 7 )' 


The approximate values of the one- and two-node natural 
frequencies of torsional vibration; the relative amplitudes of 
vibration at the various masses ; and the positions of the nodes 
are then determined from the equivalent two- and three-mass 
systems exactly as already described. 

The arrangement shown in Fig. 10 differs jfrom that shown 
in Fig. 8, since there is only a short length of shafting between 
masses J 6 and J 7 . 

This arrangement is typical of multi-cylinder oil engines 
direct-coupled to electrical generators where the flywheel effect 
necessary for satisfactory electrical operation is either incor¬ 
porated in the rotating parts of the dynamo itself or where an 
auxiliary flywheel is so rigidly connected to the dynamo arma¬ 
ture that the two can be regarded as one large mass. 


Example 6.—In Fig. 10 a , let 

Ji = J 2 = Js = L = Js = Ja = 165 lbs.-ins. sec. 2 , 

J 7 = 23,500 lbs.-ins. sec. 8 , 
L x == L a = L a = L 4 = L 5 — 27 ins., 

L 6 = 32 ins., 

diameter of shaft d = 8Jins, throughout. 


Hf 
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(i) Equivalent Three-Mass System (Fig. io&). 

J, = 23.500 lbs.-ins. sec. 2 , 
X. i = (L 1 + L ! + L,) = (37 + 27 + 27 ) = 81 

= (U 4- U = (27 + 32) = 59 ins - 



Fig. 10.—Multi-mass system (close-coupled). 


Also 

where 



G = 12000000 lbs. per sq. in., 

= * • & _ X S-25 4 = , 53 ins. 

32 32 


I, 
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- r _ 12000000 x 455 

i.e. --— 67400000 lbs.-ins. per 

radian, 

r _ G • h 12000000 x 455 
8 -L7 = ™ = 92500000 lbs.-ins. 

, . per radian. 

Then, from equation (ig), 


(J. + J S + J,) - «*F + fyl’ + JtJs + 1^1 

L ^7 L 7 C 8 C 8 J 

^ • Js • Ja ■ J 7 __ ~ 
C c ~ 0r 

(495 + 495 4- 23500) 

_.a ["495*495 ■ 495X23500 495x23500 495x23500 1 

L67400000 67400000 92500000 ‘ 92500000 J 

I *> 4 X 495 X 495 X 23500 _ 
67400000 X 92500000 ’ 


24490 — o*4 2 75 x (u 2 + 0*000000924 x to* = 0, 
w 2 = o- 4 2 75 ± 5/0-1830 - 0-0965 
0-000001848 
= 67000 or 396000, 

) = 258-5 or 629 radians/sec.. 


T-> 60 . (JJ 

F = --= 2470 

2.77 


6000 vibs.fmin. 


Relative Amplitudes, 

From Equation (20), 

<H _ _ J 8 ■ a) 2 

C 7 * 

i.e. for one-node vibrations, 


<H = 1 __ 495 X 67000 
a s 67400000 

for two-node vibrations, 

<h = _ 495 X 396000 

« 9 67400000 


= 1 — 0-490 = 0-510; 


= 1 — 2-910 = — 1-91. 
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From Equation (21), 






For one-node vibrations, 


— = 1 — 66800 


r 495 , 495 , 495_ 1 

L.67400000 ' 92500000 ' 92500000J 

, 66800 2 x 495 X 495 


— 1 — (66800 x 0-00001805) 4- 


67400000 X 92500000 
668oo 2 


25450000000 
= 1 — 1*2050 -f- 0-1750 = — 0-0300. 

For two-node vibrations, 

~= 1 — 396000 x 0*00001805 + - 396 00 . 0 — 
a 8 25450000000 

= 1 - 7-15 -h 6-15 = 0. 


The actual value of—is 0-0096 (obtained by the tabulation 
& 8 

method described in the next chapter), but the accuracy neces¬ 
sary for obtaining the true value of this ratio cannot be obtained 
with the three-mass method when using the ordinary slide rule 
or four-figure logarithms. 


Positions of Nodes (Fig. 10&). 

Assume that a 8 = 1, then for one-node vibrations. 


h 


Lg x a 9 _ 59 x 0-510 

(«» — « 7 ) (o*5 10 + 0-0300) 


55*5 ins. 


For two-node vibrations, 


^ _ Ly X _ 8l X I 

s “ K ~ * 9 ) ~~ (1 + x-9i) 


= 27-8 ins. 


l 3 cannot be obtained accurately by the three-mass method, 
using the ordinary slide rule or four-figure logarithms. 
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(ii) Equivalent Two-Mass System (Fig. ioc). 

Jio = (J8 + J») = (495 + 495) — 990 lbs.-ins. sec. 2 , 
J7 == 23500 lbs.-ins. sec. 2 , 

L 9 — (L a -f |L 7 ) = (59 + 40-5) = 99*5 ins., 

and C^^ = I200QOOOX 455 
L 9 99.5 

= 54^50000 lbs.-ins. per radian. 

Then from Equation (16), 


r = 9.55 ^j 9 diil + R 

JlO ■ J7 

= n.<«5 64850000 (990 + 23500) 
y \ 990 X 23500 

= 22QO vibs.jmin. 


Position of Node (Fig. 10c). 


I = J?- L 9 _ 23500 X 99-5 

4 (J 7 + Jio) (23500 + 990) 

= 95*5 ins.. 


and if amplitude at mass J 10 = 1, 

amplitude at mass J 7 =ix ~ ^ 

U 

= 0*042. 


, .. ( 99-5 ~ 95 * 5 ) 
1 X 9*5 


Summary. 


Method. 

! 

! Natural Frequency (Vibs./Min.). 

One-Node. 

Two-Node. 

Two-mass 

2290- 

- 

Three-mass 

2470 

6000 

Tabulation 

1 

2520 

7325 


This summary shows that in this example the approximate 
values of the one- and two-node natural frequencies of torsional 
vibration determined by the two- and three-mass methods are 
vol. 1.—4 
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not so close to the actual values as in the case of the arrange¬ 
ment shown in Fig. 8. 

In systems of this type, where there are several equally 
spaced minor masses direct-coupled to one large major mass, a 
closer approximation to the fundamental or one-node frequency 
can he obtained by means of the following correcting factor :— 
Let F 1 = F/K, 

where F = one-node frequency calculated by the two-mass 
method, 

F x = corrected one-node frequency, 

K = correcting factor which depends on the number of 
minor masses as follows :— 


Number of Minor Masses. 

1 . 

- 

3- 

4* 

5- 

6. 

OC. 

K . 

x*oo 

o-93 

0-92 

0-91 

o-gi 

o-gi 

o-go 


In the present example 

F = ^290 vibs./min. 


The number of minor masses is 6, hence K = 0-91, 

i.e. Fj = = 2520 vibs./min. 

(see also Table 6). 

The corrected value therefore agrees with the value obtained 
by the tabulation method. 

In general, if the transmission shaft between a multi¬ 
cylinder engine and the driven machine is very much more 
flexible than the engine crankshaft, the crankshaft masses can 
be replaced by a single mass equal in magnitude to the sum of 
the crankshaft masses and located at the centre of the engine 
as shown in Fig. 8c. The fundamental or one-node natural 
frequency of torsional vibration can then be calculated from 
Equation (16) without much error. 

The transmission system of a marine installation where the 
propeller is separated from the engine by a long length of inter¬ 
mediate shafting is an example of an arrangement of this type. 
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When the stiffness of the transmission shaft is increased so 
that it is comparable with the stiffness of the crankshaft, as in 
the case of multi-cylinder engines direct-coupled to electrical 
generators (Fig. 10), the error introduced by reducing the system 
to a simple two-mass arrangement is considerable. 

This error can be minimised by introducing a correcting 
factor, the value of which depends on the number of engine 
cylinders and the relative stiffness of the crankshaft and the 
transmission shaft. 

The value of the natural frequency of torsional vibration 
with two nodes cannot be obtained by the two-mass method, 
but an approximate value can be obtained by the three-mass 
method. 

Since, however, the stiffness of the engine crankshaft, and 
the disposition of the crankshaft masses have considerable 
influence on the value of the two-node natural frequency, it is 
necessary to consider the whole of the crankshaft masses acting 
at their respective points in order to obtain a more exact 
solution. 

The tabulation method described in the next chapter is a 
convenient way of carrying out the more exact calculation. 

This method enables the natural frequencies of torsional 
vibration with one, two, or more nodes to be obtained for 
any given system, as well as the relative amplitudes of vibration 
at the different masses and the specific vibration stresses at 
different points in the shaft system. 

The calculations can be carried out on a 10-inch slide 
rule with sufficient accuracy, and by adopting a standard form 
for the tabulation the work becomes automatic, which is an 
advantage from the point of view of drawing office routine. 

Incidentally the data contained in the frequency tabula¬ 
tion is also required for the determination of vibration 
amplitudes and stresses. 
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CHAPTER 2. 

NATURAL FREQUENCY CALCULATIONS. 

It has already been shown that a shaft carrying a series of 
masses may have several modes of free vibration, which are 
usually distinguished by degree numbers, i.e. vibration with 
one node is referred to as of the first degree ; vibration with 
two nodes as of the second degree, and so on. 

In general, when there are several attached masses there 
are as many principal modes of vibration as there are spaces 
between the masses. 

The number of free vibrations per minute increases pro¬ 
gressively with the number of nodes, and in practice only the 
first two principal inodes of vibration are usually investigated 
since the serious critical speeds associated with vibrations with 
three and more nodes are well above the operating speed range 
of the engine in all normal installations. 

Fig. ii shows the normal elastic curves corresponding to the 
four principal modes of torsional vibration of a typical five-mass 
system. Since there is only one mass on the right-hand side 
of the node nearest to the right-hand end of the equivalent 
system, the natural frequencies are inversely proportional to the 
square roots of the nodal distances L x , L 2 , L s , and L 4 . 

Frequency Tabulation. —This method is based upon the 
work of Giimbel and others, and depends upon the following 
theoretical considerations. 

Referring to Fig. 12, consider a length of plain circular 
shafting AB, free at the ends A and B, and with a line m-n on 
the surface parallel to the axis when the shaft is unstrained. 

When executing simple harmonic torsional vibrations, the 
shape of the line m-n at the instant of rest at the extreme 
positions of vibration is shown by the dotted line m^n 




2 $ Decree 
Vibration. 
( 2 -Nodes) 


4 ^‘Decree 
Vibration. 
( 4 -Nodes) 
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Consider a small section of the line of length db, and 
let the angle of twist in length db be dft radians. 

Then the circumferential movement of one end of line of 
length db with respect to the other end is 

da = R . £6, 


and the shear strain at surface is 
da 


R.dd 

db 

dB 


Hence, 


dL ~ R ' db' 

shear stress, f— 

J db 



But from Equation i. 


M _/ 

I* R’ 

m = sX g 4' 


( 22 ) 


where M = torque and — polar moment of inertia of 
cross-section of shaft. 

Now consider a weight W lbs. on the surface of the shaft, 
radius R, executing simple harmonic torsional vibrations of 

linear amplitude a, and frequency F — where a> is the 
phase velocity of the vibration in radians per second. Then, 
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maximum linear acceleration of W at the extreme positions 
of the oscillations = w 2 X a, ft./sec. 2 . 


W 

force on W = — x a> 2 x a lbs. 


W 

and torque on shaft M = — X o> 2 x « X R lbs.-ft. 

-k“*t 


Now, assume that the shaft is reduced to an equivalent length 
of uniform diameter divided into sections, and that the 
weights of the shaft and its attachments are concentrated at 
these sections. If the weights are W v W 2 , W 3 , etc., and are 
assumed to act at a common radius R, then 


Maximum torque to right of W 2 
due to oscillation of W t 


-- 1 X a) 2 x a x x R, 


Maximum torque to right of W 2 _ W< 


- X a) 2 X a % X R, 


Maximum torque to right of W t . R 
and W 2 due to oscillation of W r = ' Z(Wi ■ -f W 2 . a 2 ). 

and W 2 s 


For the whole length of the shaft, the torque to the right 
of the last weight, i.e. at B, due to the oscillation of all the 
masses is 

-p . ,2 T? B 

g ~ I A w -«- ( 2 3 ) 

Since the natural frequency of torsional oscillation corre¬ 
sponds to a condition of equilibrium between the elastic forces 
available from the deflection of the shaft, and the forces gener¬ 
ated by the oscillating masses, the torques at the ends of the 
shaft, i.e. at A and at B, must be zero. 

It has already been shown that 

*-r Gx i- • • • (22) 


. da M X R 
or sl °P e = 3 L = l 73 rG- 

at surface of shaft, i.e. the torque is zero when the slope is zero. 
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At the end of the shaft 


da _ a) 2 . R 2 y 
dL I„ . G . 


W .a. . 


(24) 


There are two unknowns in this equation, a and co. Since 
a appears on both sides of the equation, its absolute value is 
i mma terial, and may be assumed of any convenient magnitude. 

a must be chosen by trial and error, so that there is zero 
torque at the end of the shaft. 


i.e. so that 


*> 2 . R 2 rr B 
I 


W.a = o. 


(25) 


When this condition is fulfilled, the selected value of eo 
corresponds to one of the natural frequencies of torsional 
vibration and the frequency is 

T, 60 X (O . , r\ 

F —-vibs. per mm. . . (20) 

2 X IT 

WR 2 

In the foregoing equations —— is the moment of inertia 

of the masses about the axis of the shaft assumed concentrated 
at each section of the shaft. 


If 




WR 2 

S 


then slope at any section C is 


da 

dL 


W a V'" T 


( 27 ) 


and for zero slope, and hence zero torque at the end of the shaft 


ifr&E.J-*" 0 - * • * < 28 ) 

The trial and error process of determining the natural 
frequencies of torsional vibration is best carried out by tabula¬ 
tion. 

In Equation (27) a is the amplitude at the surface of the 
shaft, i.e. it is a linear amplitude. 



NATURAL FREQUENCY CALCULATIONS 


57 


Now 6 = angular amplitude = aj R, 

or cl = R . 6 , 


i.e. Equation (27) can be written 


da _ R 


a >K6. 


From Equation (22) 

M = torque = — 

K »L 

Hence, M = * J • 0)2 ■ 


and for zero torque at the end of the shaft, 

2 a J . co 2 . 9 — 0. . . . (29) 

This is the form which is used in the frequency tables. 

Tables 1 to 4 are typical examples of the tabulation method 
applied to two different types of installation. 

Tables 1 and 2 are the one- and two-node frequency calcu¬ 
lations for the seven-mass system shown in Fig. 10. This 
arrangement is equivalent to a six-cylinder oil engine direct- 
coupled to an electrical generator in which the actual masses 
have been reduced to seven exact masses connected by sections 
of weightless shafting. The moments of inertia of the seven 
exact masses and the elasticities of the connecting shaft 
sections have been obtained by the methods to be explained in 
Chapter 3 so as to reproduce the dynamic and elastic properties 
of the actual system as closely as possible. 

The following dimensions were assumed in building up 
Tables 1 and 2 :— 

Dimensions of engine: 6 cylinders, 4-stroke cycle, single- 
acting, I3$~in. bore X 18-in. stroke, 310 r.p.m., direct-coupled 
to a 275 kw. direct-current generator. The equivalent system 
is shown in Fig. 13. 

Tables 1 and 2 are built up as follows : all calculations being 
made on an ordinary 10-inch slide-rule, using lbs., ins., seconds, 
units throughout. 



TABLE i, 

Frequency Tabulation: One-Node Vibrations. 

• 2520 VikjMk ; 01«264 MmlSti, ; (i) s =65,750 Mm^Sec, 1 , 


A 

I 

t, 

hj 

r 

C 

D 

E 

f 

« 

H 

I 

J 

K 

Mass. 

4 j» 

as! 

jjl 

r 

Moment 

of 

India, 

Torque 

fi 

Deflection. 

De¬ 

flection 

Plane of 
Mass. 

Toque 

in 

Plane ol Mass, 

Total 

Toque, 

Shaft 

Stiffness, 

Change 

in 

Deflection, 

Stress for 

1 Degree 
Deflection 
at 

Mass No, r, 

i 

L 

las, 

Lbs,-Ins, Sec,*, 

J.ffl* 

Lbs,-Ins,/8ad, 

6 

Radians. 

Lbs,-Ins, 

3 J.«M 
Lbs,-Ins, 

CsG.lJL 

Lbs.-Ins./Rad. 

C0I.H/C0U 

Radians. 

Col. H/ 

Mxtf) 

Lbs,|Sq.In, 

No, 1 cyl. 

8i 

27 

165 

MjXlo’ 

1-0000 

I-IJOO XIO 1 

1*1500 X 10’ 

20-2 X 10’ 

0*0570 

±1820 

No, 2 cyl, 


27 

185 

ns Xio’ 

0-9430 

1*0850 XI0 J 

2*2350 X IQ' 

20*2 X IO 1 

0*1105 

±3540 

No, 3 cyl, 

81 

27 

165 

M 5 X IO 7 

0-8325 

o -$575 Xio 1 

^XIO’ 

20*2 X IO’ 

0*1580 

± 5040 

No, 4 cyl, 

81 

27 

165 

1*15 X 10* 

0-6745 

0-7750X10’ 

3*9875 XIO’ 1 

20*2 X IO’ 

0*1965 

± 6290 

No, 5 cyl, 

81 

27 

185 

WS XI0 T 

0-4780 

o-jjoo Xio’ 

4*5175x10’ 

20*2 X 10’ 

0*2240 

±7150 

No, 6 cyl, 

81 

32 

165 

M 5 X id' 

0-2540 

0-2920 x 10' 

4-8095 x 10’ 

17*0 x 10’ 

0*2833 

i 7600 

Generator 

” 


* 3 » 5 w 

164-00 x 10' 

-0-0293 

-4-8095 X10' 

0 

~ 

— 

_ 


TABLE 2. § 

Frequency Tabulation : Two-Node Vibrations. jj 

' F=7325 Bs . jMk ; a ~ 767 Mms/k ; w ! =585,000 Mm g 

_ (0 


A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

No, i cyl, 

81 

27 

185 

9-725 x w’ 

1-0000 

9*725 X10’ 

9*725 X10’ 

20*2 X IO’ 

0'48l0 

■ 

i 15350 

No, 2 cyl, 

81 

27 

185 

9*725 x 10’ 

0-5190 

5*050 X10’ 

14775 X 10 ’ 

20*2 X IO’ 

0*7310 

± 23350 

No, 3 cyl, 

81 

77 

185 

9725 X xo’ 

-0-2120 

-2*060 X10’ 

n-715 X10’ 

20*2 X IO’ 

0-6290 

i 20100 

No, 4 cyl, 

81 

27 

185 

9725 X 10’ 

-0-8410 

- 8-175 X io’ 

4 * 540 X 10 ’ 

20*2 X IO’ 

0*2250 

±7190 

No, 5 cyl, 

81 

27 

165 

9725 X IO 7 

-1-0660 

-10-350 X xo' 

- 5-810 X10’ 

20-2 X IO f 

-0-2880 

±9175 

No. 6 cyl 

81 

32 

585 

9725x10’ 

-07780 

-7-570 X10 7 

-13-380x10’ 

I7'0 X 10’ 

-0-7876 

i 2I100 

Generator 

1 _ 


23,500 

1385*000x10’ 

O# 1 

13-380X10’ 

0 


— 

_ 


58 
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Column A .—This column gives a description of the various 
masses of the equivalent system (see Fig. 13). 

Column B .—This column contains the diameters of the 
sections of shafting between the masses. In cases where the 
diameter of the shafting is not uniform throughout the system, 
it is usual to replace the actual lengths of shafting between 
each pair of 'masses by an equivalent length of shafting of 
some standard diameter such as the diameter of the crank¬ 
shaft journals, as explained in Chapter 3. 



Fig. 13. —Equivalent system—direct-coupled generator. 


Column C .—This column contains the equivalent lengths of 
the different sections of the shaft system, i.e. the lengths of 
standard diameter shafting having the same torsional rigidity 
as the corresponding lengths in the actual system (see Chapter 3). 

Column D .—This column contains the moments of inertia of 
the various masses in lbs.-ins. sec. 2 units, calculated by the 
methods explained in Chapter 3. 

Column E .—This column contains the products of the 
moments of inertia of the respective masses, and the square of 
the phase velocity of the vibration in radians/sec., i.e. the 
torque per unit deflection at each mass, 
i.e. M = J . g > 2 .8 lbs.-ins. 

= J . o> 2 , when 9 —i radian, 
or (column E) — (column D X w 2 ), 
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where a> = phase velocity of the vibration in radians /sec. 

__ 2 . . F 
_ _ , 

F = natural frequency in vibs./min. 

The value of a is assumed in the first instance until by trial 
and error a value is found which makes the last torque summa¬ 
tion in column H zero. This value corresponds to one of the 
possible modes of free torsional vibration. 

The final tables only need be recorded, i.e. Table I is the 
final table for the one-node frequency, and Table 2 that for the 
two-node frequency. 

Column F. —This column contains the deflection at each 
mass starting with an assumed deflection of one radian at No. 1 
mass, i.e. at the forward or free end of the crankshaft. 

The deflections at other masses are obtained as the calcula¬ 
tion proceeds by subtracting the change in deflection tabulated 
in column J from the corresponding value in column F, as 
follows:— 

Deflection at No. 1 cyl. . . = i-oooo (line 1, col. F). 

Change in defln. between cyls. 1 & 2 = 0-0570 (line 1, col. J). 

Deflection at No. 2 cyl. . . = 0-9430 

This value is entered in line 2, column F. 

Deflection at No. 2 cyl. . . = 0*9430 (line 2, col. F). 

Change in defln. between cyls. 2 & 3 = 0-1105 (line 2, col. J). 

Deflection at No. 3 cyl. . . = 0-8325 


This value is entered in line 3, column F, and so on. 

Column G .—This column contains the torques due to the 
oscillation of each mass, i.e. the products of columns E and F, 

i.e. M = J . <y 2 . 6 , lbs.-ins. 

or (column G) = (column E) X (column F). 
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Column H ,—This column contains the total torque up to 
the next following mass, i.e. the algebraic sums of the torques 
tabulated in column G, 

i.e. (line 2, col. H) = (line 1, col. H) + (line 2, col. G) 

= 1-1500 X io 7 + 1-0850 X io 7 
= 2-2350 x io' } . 

(line 3, col. H) = (line 2, col. H) -f (line 3, col. G) 

= 2-2350 X io 7 + 0-9575 x io 7 
= 3-1925 X I 0 \ and so on. 


The final value of the total torque is zero when the selected 
value of the angular velocity co corresponds to one of the 
natural frequencies of torsional vibration. 

Column I .—This column contains the torsional rigidities 
of the respective sections of the shaft system, calculated as 
follows:— 


Since 

or 


M_ G .6 
I. L ’ 


the torsional rigidity, i.e. the torque per unit deflection, is 



where G = modulus of rigidity in lbs. per sq. in., 

I;p = polar moment of inertia of the cross-section of 
the shaft, in ins. 4 units 

_7r . if 4 

” 12 - ' 

d = equivalent diameter of shaft in inches (column 

B), 

L = equivalent length of shaft in inches (column C). 
In the present example, 

G = 12,000,000 lbs. per sq. in., for mild steel, 
d = 8£ ins. throughout, 
l v = 455 ins. 4 . 



6s 
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Hence, C = 


12000000 x 455 _ 546 x 10 7 


L L 

i.e. between cyls. 1 and 2, where L = 27 ins., 

C = T P — 20-2 X io 7 Ibs.-ins./radian. 

27 


This value is entered in line 1, column 1. 

Column J .—This column contains the change in deflection 
up to the next following mass, and is obtained by dividing the 
values in column H by the corresponding values in column I, 


or 


dd __ J . <o 2 
dL~G.lt 


J. 

" G.I* “ C 


column H 
column I' 


Example.— 

Total torque between cyls. 1 and 2 

= 1-1500 x io 7 (line r, col. H). 

Torsional rigidity between cyls. 1 and 2 

= 20-2 x io 7 (line 1 , col. I). 

Change in deflection between cyls. 1 & 2 = — * 1 - 

20-2 X io 7 
= 0-0570 radian. 

This value is entered in line x, column J. 

Column K ,—This column contains the stress at each section 
of the shaft system for one-degree deflection at No. 1 cylinder, 
i.e. at end A in Fig. 13. Column K is completed after the 
natural frequency has been determined and the final values 
have been inserted in the frequency table. 

The values contained in this column show the relative 
magnitudes of the vibration stresses at various sections of the 
shaft system, the diagrammatic representation of this specific 
stress variation being illustrated by Fig. 14. 

The maximum vibration stresses occur at the nodes where 
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the slope of the normal elastic deflection curve is a maximum, 
and for the system shown in Fig. 13 the maximum values are 
± 7600 and dt 23,350 lbs. per sq. in. per one-degree amplitude 
at No. 1 cylinder for the one-node and two-node modes of 
vibration respectively, based on a shaft diameter of 8| ins. 



The values in column K are obtained as follows:— 
Since 1 )> 

. M.i., 

j— —lbs. per sq. m., 

2. i® 


hence, 
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torque in lbs-ins., 
diameter of shaft in inches, 
polar moment of inertia of shaft cross-section 
in ins. 4 units 

Tt . d 4 

32 ' 

16. M 

7T . d? 

The total torque acting in any given section of the shaft 
system is tabulated in column H in lbs.-ins. per radian deflection 
at No. 1 cylinder, and since 1 radian = 57-3 degrees, the total 
torque per i-degree amplitude is 

, (values in column H) 

± 5^3 ' 

16 X (column H) 

± 57 *3 XffXi! 8 

(column H) 

^ 11*25 X ^ 3 ' 

In this equation <L X is the actual diameter of the shaft at the 
respective sections of the shaft system, which may differ 
materially from the equivalent diameter used in setting down 
the equivalent system shown in Fig. 13. 

Marine Installation.—Tables 3 and 4 contain the one- 
node and two-node frequency calculations for the marine 
installation shown in Fig. 15. 

The engine dimensions are : 6 cylinders, 620 mm. bore X 
1300 mm. stroke, rated at 2750 B.H.P. and 138 r.p.m. 

These tables are similar to Tables 1 and 2, except that the 
units are tons, feet, and seconds instead of lbs., ins., and seconds. 
It is generally preferable to work with the larger units in the 
case of large installations in order to obtain figures which are 
easily handled. 

The following points should be noted in connection with 
Tables 3 and 4:— 

Column B. —Enter shaft diameters in feet. 

Column C. —Enter equivalent lengths of shaft in feet. 


M = 

or / = 
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Column D .—Enter moments of inertia of masses in tons-ft. 
sec. 2 . 

Column I .—The torsional rigidity C must be expressed in 
tons-ft. per radian, 

i.e. C = tons-ft. per radian, 


where 


G — modulus of rigidity in tons per sq. ft., 
l p = polar moment of inertia of the cross-section 
of the shaft in feet 4 units 
it. d 4 


32 

d = equivalent diameter of shaft in feet (column 

B), 

L = equivalent length of shaft in feet (column C). 


In the present Example 

G = 772,000 tons per sq. ft., for mild steel, 
d — 1*3958 ft. throughout, 

I» = o *373 ft- 4 - 

Hence, C = ^0° X Q '373 = ?8tooo 


Between cylinders i and 2, where L = 3*3333 ft., 

„ 288000 ^ . 

t = 86,500 tons-ft. per radian. 

This value is entered in line 1, column I. 

Column K .—Since the total torques in column H are 
expressed in tons-feet, the expression for the stress per degree 
is 

r _ (values in column H) x 2240 X 12 X 16 
* ir x 57-3 X df* X 1728 

1*38 X (column H) 1U 
=-^- 1 lbs. per sq. m., 

where d t — actual diameter of the shaft in feet. 

Fig. 16 shows the relative magnitudes of the vibration 
stresses at various sections of the shaft system, plotted from 



TABLE 3. 

Frequency Tabulation : One-Node Vibrations, 

F = 165*5 VkjMin .; «=17*32 MmjSee .; « ! =300 Mmfic , 2 , 


A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

Mass, 

K 

$ 

5 ^ 

fai 

Mil 

Ml 

"5 

Moment 

of 

Inertia, 

Torque 

per 

Unit 

Deflection, 

D* 

flection 

in 

Plane of 
Mass, 

Torque in 
Plane of 
Mass, 

Total 

Torque. 

Shaft 

Stiffness, 

Change 

in 

Deflection. 

Stressfor 

1 Degree 
Deflection 
at 

Mass No, 1, 

i 

Feet, 

L 

Feet, 

J 

Tons-Ft. Sec. a , 

J .* 
Tons-Ft,/ 
Man, 

6 

Radians, 

J.»*.0 

Tons-Ft, 

Tons-Ft. 

C=G,yL 

Tons-Fi/Rad, 

Col.H/GAI 

Rate, 

1*38 X Col. Hft», 
Lbs./Sq. In, 

No. 1 cyl. 
No. 2 cyl. 
No. 3 cyl. 
No, 4 cyl. 
No. 5 cyl. 
No, 6 cyl, 
Propeller 

1*3958 

1*3958 

1*3958 

i *3958 

1*3958 

i '3958 

3*3333 

3 * 3333 ! 

7*50001 

3*3333 

3 ' 3333 l 

600-0000 

1*6350 

0 ‘ 8 l 75 

1*6350 

I *6350 

0*8l75 

1*6350 

i*9?oo 

490 

245 

490 

490 

245 

490 

591 

1*0000 

0*9943 

0*9858 

0*9541 

0*9346 

0*9124 

-4*0076 

490 

244 

484 

468 

229 

44 ? 

-2362 

490 

734 

1218 

1686 

1915 

2362 

0 

86,500 

86,500 

38,400 

86,500 

86,500 

480 

0*0057 

0*0085 

0*0317 

0*0195 

0*0222 

4'9200 

i 676 
±1010 
± 1680 

±2325 

±2645 

±3260 


TABLE 4. 

Frequency Tabulation; Two-Node Vibrations, 

F = 1041 VkIMk ; a = 109*1 MmjSic .: a 8 = 11,910 Mw ! |Sec. 8 


A 

B 

C 

D 

1 

F 

G 

H 

I 

J 

K 

No, r cyl, 

1*3938 

3*3333 

1-6350 

19,480 

1*0000 

19480 

19480 

86,500 

0*2252 

±9880 

No, 2 cyl, 

1*3958 

3*3333 

0*8175 

9,740 

0-7748 

9540 

27020 

86,500 

0*3122 

± 13720 

No, 3 cyl, 

i *3958 

7*5000 

1*6350 

19,480 

0*4626 

po 

36030 

38,400 

0*9390 

i 18270 

No, 4 cyl, 

1*3958 

3*3333 

1*6350 

19,480 

-0*4764 

- 9270 

26760 

86,500 

0*3090 

±13550 

No, 5 cyl, 

i '3958 

3*3323 

0*8175 

9,740 

-0*7854 

- 7650 

19110 

86,500 

0*2210 

± 9700 ’, 

No, 6 cyl, 

1*3958 

600*0000 

1*6350 

19,480 

-1*0064 

-19603 

-493 

480 

- 1*0274 

±250 

Propeller 


“ 

1*9700 

23,480 

0*0210 

493 

0 


“ 

- 


§ 


H 

> 

H 

0 

% 


Ift 
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the values contained in column K of the frequency tables. 
The maximum vibration stresses occur at the nodes, where the 
slope of the normal elastic curve is greatest. For the system 
shown in Fig. 15 the greatest vibration stress occurs in the 
intermediate shaft for one-node vibrations, and in the crank¬ 
shaft for two-node vibrations. The values in column K of 
Table 3 are therefore based on the intermediate shaft diameter 



Rig. 16. —Vibration stresses per i° deflection at No. 1 cylinder— 
marine installation.. 

of 12 ins., whilst the values in column K of Table 4 are based 
on the crankshaft diameter of i6f ins. 

The actual value of the stress per degree at a particular 
point in the shaft system is 

where d = diameter used for calculating the stress values, /, 
given in column K of the frequency table and 
' plotted in Fig. 16, 

d x — actual diameter at the point under consideration, 
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In this example, therefore, the stresses in the 1675-in. 
diameter crankshaft for the one-node mode of vibration are 
(12/1675) 3 = 0-37 of the values given for the crankshaft 
sections in column K of Table 3. Hence the maximum specific 
stress in the crankshaft due to one-node vibration is 

± (2645 X 0-37) — ± 980 lbs. per sq. in. per i°, - 

which is small compared with the specific stress in the inter¬ 
mediate shaft, namely, ± 3260 lbs. per sq. in. per i°. 

In the case of two-node vibrations the specific stress in the 
intermediate shaft is (1675/12) 3 = 27 times the value given 
in column K of Table 4, i.e. ± (250 X 27) = i 675 lbs. per 
sq. in. per i°, compared with a specific stress of ± 18,270 lbs. 
per sq. in. per i° in the crankshaft. 

The two-node stress in the intermediate shaft is therefore 
negligible compared with that in the crankshaft, even when 
allowance is made for the reduced size of the intermediate shaft. 

General Remarks—In building up the frequency tables, 
it should be noted that columns A, B, C, D, E and I can be 
completed at the start, the remaining columns being filled in as 
the calculation proceeds. 

The labour involved in the trial and error process can be 
minimised by plotting the last torque summations in column H 
of the frequency tables in the form of a curve on a base of 
assumed frequencies, as shown in Fig. 17. The points where 
this curve crosses the axis are the required natural frequencies 
of torsional vibration. Fig. 17 shows the curve completed to 
just beyond the two-node frequency, but in practice it is 
unnecessary to draw the complete diagram. One or two spots 
above and below each frequency value are sufficient to establish 
the correct values of the natural frequencies and enable the 
final frequency table to be completed. 

The shape of the curve shown in Fig. 17 is a useful guide in 
carrying out the frequency calculations. 

For one-node vibrations, if the residual torque in column H 
of the frequency tables is positive, the assumed frequency is 
too low ; if this torque is negative the assumed frequency is 
too high. 
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For two-node vibrations, a positive residual torque indicates 
that the assumed frequency is too high, whilst a negative 
value indicates that the assumed frequency is too low. 



Fig. 17.—Curve showing variation of residual torque with frequency of 
vibration; 

A knowledge of the torsional vibration characteristics of 
an individual type of engine is also a very useful aid in reducing 
the labour of building up the frequency tables, since the natural 
frequency of the installation can usually he surmised beforehand. 
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Another useful method of searching for the frequency of a 
given system by the tabulation method is to assume a value 
for the frequency, and complete the frequency table down to the 
last mass. Then adjust the moment of inertia of the last mass 
so that the final torque summation in col umn H is zero. This 
process is repeated for two or three different frequencies, the 
values obtained being plotted to give a graph showing the 
relationship between frequency and moment of inertia of the 
last mass. The required frequency, i.e. the frequency corre¬ 
sponding to the actual value of the moment of inertia of the last 
mass, is then read from the graph. 

Normal Elastic Curve.—The values tabulated in column 
F of the frequency tables represent the torsional deflections 
at the respective masses for unit deflection at No. i mass when 
the system is executing free torsional vibrations of the corre¬ 
sponding normal mode, i.e. they are the relative amplitudes of 
vibration at various points in the system. 

If these values are plotted as shown in Figs. 13 and 15, a 
curve of specific deflections is obtained, and this will be referred 
to as the normal elastic curve for the various modes of free 
vibration. The normal elastic curve is also called the swinging 
form of the vibration. 

Since the masses have been assumed concentrated at 
definite points in the system, connected by weightless lengths 
of shaft, the normal elastic curve consists of a series of straight 
lines. The points where the curve crosses the shaft axis are 
the nodes. 

Fig. 18 shows the normal elastic curves corresponding to 
four typical engine aggregates, viz. two types of direct-coupled 
generator. Fig. 18 a and b; and two types of marine installation. 
Fig. 18 c and d. 

Direct-Coupled Generating Sets—The one- and two- 
node normal elastic curves for two typical direct-coupled 
generator arrangements are shown at a and b in Fig. 18. In 
arrangement a the generator mass is separated from the flywheel 
mass so that an intermediate bearing can be introduced between 
the flywheel and the dynamo. 

For fundamental or first degree vibrations, the node is 



72 TORSIONAL VIBRATION PROBLEMS 

situated in the shaft section between the flywheel and the 
dynamo, whilst one of the nodes of the second degree vibrations 
is also situated at this point. 

Cylinders . Flywheel - 




Cu finders. Flywheel, Propeller. 



Fig. 18.—Types of normal elastic curves. 


In the arrangement shown at b (Fig. 18) the bearing between 
the flywheel and the generator has been eliminated, so that the 
flywheel and generator masses can be regarded as a single large 
mass in setting down the equivalent system, i.e. the system 
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reduces to one having only a single major mass. An alternative 
method of altering arrangement a would be to place the 
generator between the engine and the flywheel. 

The node for first degree vibrations and one of the nodes for 
second degree vibrations are situated very close to the major 
mass. 

Arrangement b is preferable to arrangement a for the 
following reasons:— 

(i) The fundamental frequency is higher for arrangement 

b due to the closer grouping of the masses, and the 
ratio between the one- and two-node frequencies is 
also greater for arrangement b. 

It is an advantage to have as high a value as possible 
for the natural frequency, with the object of placing 
ah serious critical speeds above the normal operating 
speed. 

(ii) A comparison of the normal elastic curves for one-node 

vibrations shows that the slope at the node is very 
much greater in arrangement a. This implies a 
greater vibration stress in the section of shafting 
between the flywheel and the dynamo, and many 
failures of dynamo shafts at this point, due to running 
the engine in the neighbourhood of a serious critical 
speed, are on record. 

(iii) The ratio between the first and second degree vibrations 

is greater for arrangement b, e.g. in the case of a six- 
cylinder standard Diesel engine direct-coupled to a 
275 kw. generator, the one- and two-node frequencies 
for arrangement a were 1450 vibs./min. and 1830 
vibs./min. respectively, whilst the corresponding values 
for arrangement b were 2520 and 7325 vibs./min. 
respectively. 

The very high two-node frequency associated with 
arrangement b ensures that only critical speeds cor¬ 
responding to very high order harmonic components 
of the engine torque curve will be present in the operat¬ 
ing speed range, so that critical speeds of the two-node 
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frequency can be neglected, as explained in Chapters 
6 and 7. 

In arrangement a, however, the two-node frequency 
is not very far above the one-node frequency, so that 
it is possible for two-node criticals of appreciable 
magnitude to occur within the operating speed range. 

(iv) Since the nodes are situated very close to the combined 
generator and flywheel mass in arrangement b, the 
actual magnitude of this mass does not appreciably 
affect the values of the natural frequencies. This is 
especially important in the case of engines direct- 
coupled to alternators, where a very large flywheel 
effect is required to ensure satisfactory parallel 
operation. 

In general, therefore, the oscillating system of a direct- 
coupled generator should be designed to have as high a value 
for the one-node frequency of torsional vibration as possible, 
by grouping the cylinders as closely together as possible so 
as to obtain maximum stiffness in the shaft connections, and 
by making the crankshaft masses as light as possible. The 
arrangement shown at 6 in Fig. 18 should be adopted so as to 
obtain a favourable shape for the normal elastic curve and the 
highest possible value for the two-node natural frequency. 

No difficulty should then be experienced in placing all 
serious one-node criticals above the normal operating speed; 
whilst for engines having up to six cylinders two-node criticals 
can be neglected. For engines having more than six cylinders 
it is advisable to investigate two-node as well as one-node 
vibrations. 

The flywheel effect necessary for satisfactory operation of 
electrical generators is very much greater than that required 
for marine installations, but in the case of alternators running 
in parallel it is generally possible to incorporate the whole of 
the required flywheel effect in the revolving mass of the alter¬ 
nator itself. In the case of direct-current machines where an 
auxiliary flywheel is usually required, this flywheel should be 
placed as close to the generator as possible, and the coupling be 
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made so rigid that the generator and flywheel masses may be 
regarded as one. 

This requirement can be met by avoiding the use of an 
intermediate bearing between the flywheel and generator, and 
by making the connecting shaft of generous dimensions. The 
omission of an intermediate bearing makes it a little more 
difficult to check the alignment of the engine and generator, 
but this difficulty can be overcome by testing with a special 
lining-up mandril before adding the weight of the flywheel. 

An intermediate bearing is sometimes desirable in engines 
with few cylinders to help in supporting the weight of the 
relatively heavy flywheels necessary for satisfactory electrical 
operation. In such cases, however, the natural frequencies of 
torsional vibration are so high, due to the small number of 
cylinders, that no critical speed of practical importance occurs 
near the operating speed. 

Methods of calculating the dimensions of flywheels for A.C. 
and D.C. generators are given in Chapter 12. 

The following table contains approximate values of the 
natural frequencies of first degree or one-node torsional vibra¬ 
tions for direct-coupled generating sets of the four-stroke cycle, 
single-acting type arrangement as shown at & in Fig. 18 :— 


TABLE 5. 


No. of 
Cylinders. 

10-in. Bore. 
15-ia. Stroke. 

so-in. Bore. 
30-in. Stroke. 

30-in. Bore. 
45-in. Stroke. 

3 

4200 

2 X00 

1400 

4 

3600 

l8oo 

1200 

5 

3200 

1600 

1100 

6 

2900 

1500 

1000 ■ 

7 

2700 

I4OO 

900 

8 

2600 

1300 

850 


Vibs./Min. 


A preliminary approximate calculation of the one-node 
frequency can be made by reducing the system to a simple 
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two-mass system, as shown in Fig. 10, using Equation (16), 
viz. :— 

F = 9 ' 55 a/ C ^ " /^ ~ vibs./min., 

G I 

where C = —lbs.-ins. per radian, 

G = modulus of rigidity 

= 12,000,000 lbs. per sq. in. for mild steel, 

T 7 7 . Cfi 


d — equivalent diameter of shaft in inches, 

L = equivalent length of shaft from combined 
flywheel and generator mass to centre of 
cylinder group, in inches, 

= total moment of inertia of crankshaft masses 
in lbs.-ins. sec. 2 units 

= ». J, 

J — moment of inertia of crankshaft masses per 
cylinder, 

n — number of cylinders, 

J 3 = moment of inertia of combined generator and 
flywheel mass in lbs.-ins. sec. 2 units. 

A closer approximation is obtained by applying the following 
correcting factors :— 


TABLE 6. 


Number of Cylinders. 

X. 

2. 

3- 

4- 

5- 

6. 

Inf. 

K 

1*00 

o*93 

0*92 

0*91 

0-91 

0*91 

0-90 


i.e. corrected frequency Fj = ^ vibs./min. 

See also Chapter 1. 

The difficulty of placing all serious criticals above the 
operating speed increases with the number of cylinders, par¬ 
ticularly in the case of four-stroke cycle, single-acting engines, 
where half-order as well as whole order harmonic components 
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of the engine torque curve must be avoided; although it 
should usually be possible to avoid having any serious major 
harmonic below the running speed in the case of four-stroke 
cycle, single-acting engines with six or less cylinders. 

For a given size of cylinder, any increase in the number of 
cylinders not only lowers the natural frequency slightly, but 
also increases the number and range of critical speeds in the 
vicinity of the running speed. The congestion of one-node 
criticals is also liable to be augmented in the case of an engine 
having a large number of cylinders by the appearance of 
two-node criticals capable of causing vibrations of disturbing 
amplitude, and in all such cases it is necessary to investigate 
two-node as well as one-node vibrations. 

In investigating the torsional vibration characteristics of 
a range of engines of given cylinder dimensions, therefore, the 
principal dimensions, bore, stroke, shaft diameter, and revolu¬ 
tions per minute should be selected to eliminate disturbing 
criticals in the engine having the largest number of cylinders. 

Where a preliminary examination shows that some altera¬ 
tion of natural frequency is desirable, the following relationships, 
deduced from the shape of the normal elastic curve and Equa¬ 
tion (16), should be kept in mind:— 

[a) Since the nodes are very close to the combined flywheel 

and generator mass in Fig. i 85 , an alteration in the 
mom^it of inertia of the flywheel will not appreciably 
alter the natural frequencies. 

(b) Assuming that the masses are already as closely grouped 

as possible, and that the cylinder masses are as light 
as possible, the only effective means of raising the 
natural frequency is by increasing the size of the 
crankshaft. 

The crankshaft stiffness is best increased by 
enlarging the journals, or by widening the webs, 
because this provides increased stiffness without an 
appreciable increase of the polar moment of inertia 
of the rotating masses. 

The amount of stiffening which can be obtained 
in this way and its effect on the natural frequency of 
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the system are matters which can only be determined 
by trial. If, however, only the crankshaft journals 
are increased in diameter the one-node frequency is 
approximately proportional to the square of the 
journal diameter within reasonable limits. 

The increase in stiffness due to alterations of 
crankpin diameter is generally offset by the increased 
weight and polar moment of inertia of the crankpin 
and rotating part of the connecting rod. For this 
reason it is possible for an increase of crankpin 
diameter to lower the natural frequency in extreme 
cases. In general, it is inadvisable to increase the 
crankpin diameter with the object of increasing the 
natural frequency, unless it is possible to retain the 
original weight of the crankpin and the rotating part 
of the connecting rod, for example, by reducing the 
length of the pin and increasing the size of the hole 
bored through it. 

(c) In cases where the frequency cannot be altered suffi¬ 

ciently to remove a troublesome critical away from 
the operating speed, the amplitude of disturbing 
minor criticals can often be reduced to negligible 
proportions by changing the firing order, as explained 
in Chapters 6 and io. 

Alternatively, the same result cai Sometimes be 
achieved by altering the positions of the major masses, 
e.g. by placing the auxiliary flywheel at the opposite 
end of the crankshaft to the generator ; by distributing 
part of the required flywheel effect in the form of 
counterweights attached to the crankwebs ; by placing 
a generator at each end of the crankshaft; or by 
placing the generator in the c'eptre of the engine. 
These methods, however, are unorthodox, and in the 
majority of cases a well-designed normal arrangement 
of engine and generator will yield a perfectly satis¬ 
factory solution to the torsional vibration problem. 

(d) In similar engines, i.e. in engines having the same stroke/ 

bore ratio and of similar design, the natural frequencies 
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are inversely proportional to the bores of the cylinders 
and inversely proportional to the square roots of the 
numbers of cylinders. 

Incidentally, if two similar engines having the 
same number of cylinders are running under equiva¬ 
lent conditions, i.e. piston speeds equal and indicator 
cards identical, the natural frequencies are directly 
proportional to the revolutions per minute. Hence, 
if the disposition of criticals is satisfactory for one 
engine it will also be satisfactory for the other. 

In a given engine the naturalfrequency is approxi¬ 
mately inversely proportional to the stroke, other 
dimensions remaining unaltered, i.e. the critical speeds 
occur at constant piston speeds. 

For example, if an engine has a stroke of 3-75 ins. 
and a critical speed at 3500 r.p.m., the effect of 
reducing the stroke to 3-5 ins. is to raise the critical 
speed to about 3750 r.p.m., the piston speed being 
2187 ft. per minute in each case. 

If the mean effective pressure is unaltered there¬ 
fore, this implies that alterations in engine stroke do 
not alter the positions occupied by the critical speeds 
on the power curve. Thus if a critical occurs at 
full power with the original stroke it will occur at 
full power when the stroke is altered provided the 
mean effective pressure remains unaltered. This 
conclusion should, however, be used with caution. 

It should also be noted that if two engines are 
geometrically similar but of different sizes the natural 
frequencies are inversely proportional to their lengths. 
Also, if each throw of a crankshaft is fitted with 
balance weights which completely balance the rotating 
parts and only one-half of the reciprocating parts, 
then the polar moment of inertia of each crank mass 
is doubled and the natural frequency is reduced to 
1/V2 or 0-707 of the frequency with an unbalanced 
shaft. 
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Example 7. —The one-node natural frequency of a six- 
cylinder engine, 13^-in. bore X 18-in. stroke, direct- 
conpled to a dynamo is 2520 vibs./min. The crank¬ 
shaft journal diameter is 8J ins. Estimate the 
probable natural frequencies, (i) when the crankshaft 
journal diameter is increased to 9 ins. ; (ii) when the 
stroke is altered to 20J ins. 

(i) Since frequency is directly proportional to the 

square of the crankshaft journal diameter, 

Estimated frequency with 9-in. 1“ 9 "I 2 

shaft = 2520 x L8iJ 

= 3000 vibs./min. 

(ii) Since frequency is inversely proportional to stroke. 

Estimated frequency with 20 J- . r 18 1 . 

in. stroke ~ 2520 x |_2oJJ 

= 224.0 vibs./min. 

Example 8.—The one-node frequency of a six-cylinder 
engine, I3|-in. bore X 2o|-in. stroke, direct-coupled to 
a dynamo is 2240 vibs./min. Estimate the probable 
natural frequency of a similar engine having eight 
cylinders, 15-in. bore. 

Since frequency is inversely proportional to bore, 

Estimated frequency of 15-in. miT 

bore, six-cylinder engine ~ 22 4 ° x 

— 201$ vibs./min. 

Since frequency is inversely proportional to the 
square root of the number of cylinders. 

Estimated frequency of 15-in. _ /6 

bore, eight-cylinder engine — 20I 5 X \jg 

— 174S vibs./min. 

Marine Installations.—The one- and two-node normal 
elastic curves for two typical marine installations are shown at 
0 and d in Pig. 18. 
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In both these arrangements the node for one-node vibrations 
is situated in the intermediate shafting between the engine and 
the propeller, and the shape of the normal elastic curves shows 
that the cylinder masses vibrate with approximately equal 
amplitudes whilst the amplitude of vibration at the propeller is 
much larger. In normal marine installations, therefore, a very 
close approximation to the one-node frequency can be obtained 
by reducing the system to a simple two-mass system, as shown 
in Figs. 8 and 9, and using Equation (16), viz., 

F = 9 - 55 V C ^“j ^ vibs./min. 

In dealing with marine installations, it is usually preferable 
to work with foot, ton, second units, 

i.e, C — tons-ft. per radian, 

G = modulus of rigidity in tons per sq. ft. 

= 772,000 tons per sq. ft. for mild steel, 

j _ ti . d 4 * 

v ~ 32 

d = equivalent diameter of shaft in feet, 

L = equivalent length of shaft from propeller to centre 
of cylinder group in feet, 

J x — total moment of inertia of crankshaft and flywheel 
masses in tons-ft. sec. 2 , 

J 2 = moment of inertia of propeller in tons-ft. sec. 2 . 

In this case no correcting factor is required. 

An examination of the one-node normal elastic curve and 
Equation (16) shows that— 

(a) The one-node frequency of marine installations is not 

appreciably altered by alterations in the moment of 
inertia of the flywheel, since the flywheel mass is not 
a very large proportion of the total engine masses. 

(b) The one-node frequency is also not appreciably altered 

by alterations of crankshaft stiffness, since the crank¬ 
shaft is considerably more rigid than the intermediate 
shafting between the engine and the propeller. 

vol. 1.—6 
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(c) The one-node frequency can be altered appreciably by 
altering the diameter of the intermediate shafting, 
being directly proportional to the square of the inter¬ 
mediate shaft diameter'. 

(i) Any alteration in the moment of inertia of the propelle 
will also appreciably alter the one-node irequen y. 

(e) The one-node frequency is inversely 

square root of the length of the intermediate shafting 
if all other dimensions remain unaltered. 

Example 9.—The one-node frequency of a marine installation 
having 160 ft. of 12-in. diameter intermediate shafting is 
165-5 vibs./min. Estimate: (i) The one-node frequency 
when the length of intermediate shafting is reduced * 
50 ft. (ii) The diameter of 50 ft. of intermediate shafting 
for a frequency of 400 vibs./min. 

<i) Since the one-node frequency is inversely proportional to 
the square root of the length of the intermediate 
shafting, 

Estimated one-node frequency with __ 

50 feet of shafting, 12-in. diameter J J A 50 _ 

= 206 vibs. limn. 


(ii) Since the one-node frequency is directly proportional to 
the square of the diameter of the intermediate shafting, 



where F x = one-node frequency corresponding to dia. d x , 

F = one-node frequency corresponding to dia. d. 

In this example F = 296 vibs./min. when d = 12 ins. 

Hence, for F x - 400 vibs./min., 

4 oo = 296[|] S , 

i.e. = I 3*9 ins. 

So far as one-node frequencies are concerned, there is not 
much difference between arrangements c and d in Fig. 18, 
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since the normal elastic curves for one-node vibrations are 
similar in shape, and the magnitude of the flywheel mass does 
not appreciably influence the value of the one-node frequency. 

The one-node frequency of marine installations varies from 
150 to 200 vibs./min. when the engine is installed amidships; 
and from 300 to 400 vibs./min. when the engine is installed aft. 

The problem of avoiding serious one-node criticals in a 
normal marine installation is not usually very difficult. There 
is usually only one serious critical speed to be considered, and 
this is generally well below the operating speed range in amid¬ 
ships installations, and well above it in after-end installations. 
Any adjustment of natural frequency which may be necessary 
can be made by an appropriate alteration of intermediate shaft 
diameter (see also Chapter 10). 

In marine practice it is usually the two-node frequency 
which is the crux of the torsional vibration problem, mainly 
because critical speeds of the second degree (two-node) are 
more numerous than those of the first degree (one-node), and 
because the vibration stresses in the engine crankshaft at 
certain of the two-node critical speeds can be very severe. 

Fig. 18 shows that the normal elastic curves for two-node 
vibrations differ according to the characteristics of the crank¬ 
shaft masses. At c (Fig. 18) there is a heavy flywheel at the 
after-end of the engine and one of the nodes of the two-node 
mode of vibration is situated between the flywheel and the 
aftermost cylinder. The other node is situated close to the 
propeller. The amplitude of vibration is different for each 
cylinder, and is very small at the propeller. 

At d (Fig. 18) there is no separate flywheel, the required 
flywheel effect being distributed along the crankshaft in the 
form of counterweights attached to the crankwebs. 

In this case the crankshaft node has been shifted to a position 
very dose to the centre of the cylinder group, whilst the other 
node has been moved closer to the propeller. 

The shape of the normal elastic curve is very nearly sym¬ 
metrical for the cylinder group, i.e. the crankshaft node divides 
the crankshaft into two parts ; the amplitudes of vibration at 
the cylinders situated on one side of the node being nearly 
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equal in magnitude but of opposite sign to those of correspond¬ 
ing cylinders on the other side of the node. This is an advan¬ 
tage, since it will be shown later that it implies almost complete 
cancellation of the major and some of the minor two-node 
criticals. The amplitude of vibration at the propeller is very 
small. 

As a general rule the flywheel effect incorporated in marine 
installations should be the minimum necessary for satisfactory 
starting and manoeuvring, so as to provide as high a value as 
possible for the two-node frequency. The actual flywheel effect 
to be adopted in any specific installation should be adjusted to 
keep all important critical speeds clear of the normal running 
speed. 

The size of flywheel necessary for satisfactory starting and 
manoeuvring of a marine oil engine installation may be deter¬ 
mined by the method given in Chapter 12. 

Approximate methods of calculating the two-node fre¬ 
quencies can be deduced from the shapes of the normal elastic 
curves. 

(i) Engine with Flywheel (Fig. 18c). 

If the moment of inertia of the flywheel is large compared 
with that of the crankshaft masses, the node will be situated 
close to the flywheel, i.e. the shape of the two-node normal 
elastic curve for the cylinder group in arrangement c is similar 
to that of the one-node curve in arrangement h. The two-node 
frequency for arrangement c can therefore be estimated by the 
method employed for estimating the one-node frequency of 
arrangement 5 , viz.,' 

F = 9*55 vibs./min., 

Jl • J2 

where 



G — 772,000 tons per sq. ft. for mild steel, 

1 P = — ft. 4 , 

32 

d — equivalent diameter of shaft in feet. 
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L = equivalent length of shaft from flywheel to 
centre of cylinder group in feet, 

Ji = total moment of inertia of crankshaft masses in 
tons-ft. sec. 2 , 

J 2 = moment of inertia of flywheel in tons-ft. sec. 2 . 

The frequency calculated by the above expression should be 
corrected by means of the correcting factors already given 
(Table 6). 

(ii) Engine without Flywheel (Fig. i8d). 

In this case the two-node frequency can be estimated by 
assuming that the node is situated at the centre of the cylinder 
group and applying Equation (7), viz., 

F = 9*55 Vf vibs./min., 

, r G. I P 

where C = j- v , 

G = 772,000 tons per sq. ft. for mild steel, 


d — equivalent diameter of shaft in feet, 

L = equivalent length of shaft from node to 
centre of cylinders on left-hand side of 
node, 

J s= total moment of inertia of crankshaft 
masses on left-hand side of node, in tons- 
ft. sec. 2 . 

The calculated frequency should be corrected by means of 
the correcting factor corresponding to the number of cylinders 
on the left-hand side of- the node. 

Example ga .—Estimate the two-node frequency for the marine 
installation shown in Fig. 15. 

L = 0.373 ft*, 

L = [22 + 3-3333] = 7-0833 ft-. 


In this case 
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i.e. C = 77 2QO ° * 0 373 __ y 00 tons-ft. per 

7‘ o8 33 radian, 

J = (i*635 + 0-8175 + 1-635) 

= 4-0875 tons-ft. sec. 2 . 

Hence, F = 9'55 

— 998 vibs./min. 

Since there are three cylinders on the left-hand side of the 
node, the correcting factor is 0-92, 

i.e. Corrected frequency = 998/0-92 

= 1085 vibs.jmin. 

This is 4 per cent, higher than the value obtained by the 
tabulation method, and is a much closer estimate than that 
obtained by the more elaborate three-mass approximation. 

The estimated value -would have been closer to the true 
value if the three masses on the left-hand side of the node had 
been of equal magnitude. 

Since the margin between the normal operating speed and 
one of the two-node criticals is often very small, it is necessary 
to calculate the value of the two-node frequency as accurately 
as possible, and the tabulation method should always be 
employed for the final calculations. 

An inspection of the normal elastic curves in Fig. 18, c and 
d, and the foregoing approximate expressions for two-node 
frequency, reveals the following characteristics of marine in¬ 
stallations :— 

(a) Since the amplitude of vibration at the propeller is 

small, and the rigidity of the crankshaft is very large 
compared with that of the intermediate shafting, 
alterations in the moment of inertia of the propeller 
or in the diameter of the intermediate shafting do 
not appreciably alter the two-node frequency. 

(b) The two-node frequency is appreciably altered by altera¬ 

tions in the diameter of the crankshaft or in the dis¬ 
position of the crankshaft masses. 
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(c) Within reasonable limits the two-node frequency of 

marine installations is directly proportional to the 
square of the crankshaft journal diameter. 

(d) In similar engines the two-node natural frequencies are 

inversely proportional to the bores of the cylinders. 

The two-node frequency of marine installations usually 
varies from 500 to 1500 vibs./min., according to the dimensions 
and number of cylinders, and the disposition of the major 
masses. An average value for installations of moderate power 
is 1000 vibs./min. 

The two-node frequency for a given engine does not vary 
appreciably with the position of the engine in the ship, since 
the influence of the intermediate shafting is very slight; whilst 
the increase of frequency as the number of cylinders is reduced 
is not as much as might he anticipated due to the relatively 
heavier flywheels which are required to ensure satisfactory 
starting and manoeuvring in engines having a small number of 
cylinders. 

In general, the arrangement shown in Fig. i8d is preferable 
because— 

(i) There is an appreciable increase in the value of the two- 

node frequency compared with arrangement c, and 
this generally enables all serious two-node criticals to 
be placed above the normal operating speed ranges. 

(ii) The symmetrical shape of the normal elastic curve 

implies that the major and certain of the minor 
critical speeds are eliminated. This considerably 
lessens the congestion of criticals in the lower- speed 
range. 

The shape of normal elastic curve shown in Fig. iSd is 
obtained when the engine masses are uniformly or symmetrically 
distributed along the crankshaft. This implies that the fly¬ 
wheel effect necessary to ensure satisfactory starting and 
manoeuvring must be secured by a system of counterweights 
attached to the crankwebs. In multi-cylinder engines this 
method of incorporating flywheel effect has the additional 
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advantage of improving the internal balance of the engine by 
providing partial primary balance of the individual cylinders. 

In the case of opposed-piston marine engines having four or 
more cylinders, the revolving and reciprocating parts of the 
engine are sufficient to provide all the flywheel effect necessary 
for satisfactory running without an auxiliary flywheel or crank¬ 
shaft counterweights. 

The symmetrical two-node normal elastic curve shown in 
Fig. i8d is also obtained when an auxiliary flywheel is placed 
at the forward end of the crankshaft. 

The diameter of the intermediate shafting and the moment 
of inertia of the flywheel, whether concentrated at one point or 
distributed along the crankshaft, provide means for adjusting 
the values of the one- and tw.o-node frequencies respectively, 
i.e. an alteration in the diameter of the intermediate shafting 
alters the one-node frequency without appreciably affecting the 
two-node frequency; whilst an alteration in the moment of 
inertia of the flywheel alters the two-node frequency without 
appreciably affecting the one-node frequency. 

The procedure recommended for dealing with marine in¬ 
stallations is therefore to determine from previous experience 
the probable value of the two-node frequency. The two-node 
frequency tabulation can then be completed down to the fly¬ 
wheel, leaving only the last two lines to be filled in by adjusting 
the moment of inertia of the flywheel to the value which makes 
the last torque summation in column H, zero. 

In installations of the type shown in Fig. 18 d, i.e. where 
the flywheel effect is obtained by counterweights on the crank¬ 
webs, a light turning wheel is still necessary at the after-end of 
the engine, so that small adjustments can be made by altering 
the moment of inertia of this wheel. 

The one-node tabulation can then he taken in hand. This 
is a less sensitive calculation, and if necessary small adjustments 
can be made by altering the diameter of the intermediate shaft¬ 
ing without seriously affecting the value already determined 
for the two-node frequency. 

Automobile Transmission Systems.—Fig. 19 shows a 
typical automobile transmission system in which the major 



Engine Flywheel 



ft bystem T Propeller Shaft System, 

Fig. 19. —Automobile transmission system. 
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masses are the engine crankshaft with its attached rotating 
and reciprocating masses, the engine flywheel, and the road- 
wheels. 

An approximate calculation of the natural frequencies of 
this system can be made by replacing the actual system by 
the equivalent three-mass system shown in Fig. 19. In this 
equivalent system J x is the total moment of inertia of the 
crank masses about the axis of rotation, J 2 is the moment of 
inertia of the flywheel and its attachments, and J 3 is the moment 
of inertia of the road-wheels reduced to crankshaft speed by 
the methods described in connection with geared drives in 
Chapter 5. C x is the torsional rigidity of the crankshaft, i.e. 
the torque required to twist this portion of the system through 
1 radian, and C 2 is the combined torsional rigidity of the pro¬ 
peller and axle shafts. 

Since the road-wheels cannot oscillate without causing a 
corresponding oscillation of the chassis, the value of J 3 is not 
strictly that of the moment of inertia of the road-wheels only. 
Actually, the correct assessment of road-wheel inertia is very 
complex. It involves questions of tyre and road-spring 
flexibility, the influence of tyre inflation pressure, and the 
coefficient of friction between the wheels and the ground. 
Fortunately, however, the road-wheels have a negligible effect 
on the value of the natural frequency of the crankshaft system, 
and it is therefore not necessary to assess their inertia with 
any great degree of accuracy. 

The natural frequencies of the three-mass system shown in 
Fig. 19 can be calculated by Equation (19), viz. :— 

cl+ j, + j s ) - <0* ) 

+ 01 1 . I s-.- L .1J. 3 = 0. 

As a general rule the value of C x is very much larger than 
C 2> so that a further simplification can be used for preliminary 
estimates of the natural frequencies of the system, i.e. the 
actual system can be assumed to be composed of two simple 
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two-mass systems, the crankshaft system and the propeller 
shaft system, as shown in the bottom diagram in Fig. 19. 

The natural frequencies of these systems are found by 
applying Equation (16). 

For Engine Crankshaft System, 

F = 9 ‘ 55 \ / " nr ' L T ^ vibs./min. . . (30) 

J i • J 2 

The node is situated in the crankshaft, usually close to the 
flywheel. 

For Propeller SfCizft System, 

F = 9'55 V ^rr 1 ~t ribs./min. . (31) 

’ U1 T J 2 ) J 3 

The node is situated in the axle shafts, as a general rule. 

Example 10.—The following values may be taken as fairly 
representative of light car practice:— 

J 1= =o-5 lb.-in. sec. 2 ; J3=2*5lbs.-ins. sec. 2 ; J g =5o lbs.-ins. sec. 2 ; 
C x = 1,200,000 lbs.-ins. per radian; C 2 =4000 lbs.-ins. per radian. 

For the three-mass system shown in Fig. 19 the frequency 
equation becomes 

0-015625 a) 4 — 45026 a) 2 -j- 63600000 = 0, 
whence oF = 2880256 or 1408, 

or F = 16200 or 358 vibs./min. 

For the separate systems shown at the bottom of Fig. 19, 

(i) Crankshaft system from Equation (30)— 

■p _ / 1200000(0*5 + 2-5) 

^ 55 V 0 . 5 x 2*5 * 

i.e. F = 16,200 vibs./min., which agrees with the value ob¬ 
tained from the three-mass system. 

(ii) Propeller shaft system from Equation (31)— 
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i e F = 358 vibs./min., which also agrees with the value ob- 

"^^theroa^J^t 

SJS i ti» a ' »*“" 1 f ”‘ 1 ”“ cr ^ 

becomes 368 vibs./min., i.e. an mcrease of only 3 P er f nt ’ 
a 50 per cent, reduction in the moment of inertra of the road- 

Wh Conversely, when J 3 becomes very large, Equation (31) 
reduces to 


f = g-55*s[- 


(Ji + Ja)’ 

ie the frequency of the propeller-shaft system when the 
inertia of the road-wheels is increased towards infinity becomes 

F = 9 W^V 5 = 34 8 ^ bs - /min - 

This is only 3 per cent, reduction in frequency for an infinite 
increase in the moment of inertia of the road-wheels. 

The important practical significance of the foregoing results 
is that in any system where the torsional rigidity of one section 
£ very much larger than that of another, close agreement with 
the actual frequencies is obtained by treating each part o 
Z system separately. This confirms that m aa rtmo 
transmission system the general practice of neglecting the 
influence of all parts to the rear of the flywheel in calculating 
crankshaft frequencies is unlikely to cause serious error, 
also indicates that alterations in the characteristics of the 
propeller shaft part of the system are not likely to effect the 
frequencies of the crankshaft system apprecia y. , 

In the case of the propeller-shaft system, since the moment 
of inertia of the road-wheels is very large compared with that 
of the flywheel and clutch, large errors in estimating road-wheel 
inertia do not make any appreciable difference to the value 
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obtained for the natural frequency of the propeller-shaft 
system. 

It should also be noted that large alterations in the inertia 
of the flywheel, J 2 , do not produce correspondingly large 
changes in the value of the crankshaft frequency. For example, 
if, in the foregoing example, J 2 is reduced to 1-25 lbs.-ins. sec. 2 , 
the frequency becomes 17,500 vibs./min., an increase of only 
8 per cent, in frequency for a 50 per cent, reduction of flywheel 
inertia. 

Conversely, if the moment of inertia of the flywheel is very 
large. Equation (30) becomes 

F = 9 - 55 VT i 'vibs./min. 

Ji 

Thus, in the foregoing example for very large values of 
flywheel inertia, the frequency of the crankshaft system becomes 
14,800 vibs./min., a reduction of only 8 per cent, in frequency 
for an infinite increase of the moment of inertia of the flywheel. 

The principal characteristics of a typical automobile trans¬ 
mission system are therefore— 

(i) A low-frequency vibration which is below the frequency 
of engine impulses for all normal operating conditions. 
In a four-cylinder four-stroke engine, for example, the 
dominating impulse frequency is two impulses per 
revolution, so that the synchronous condition arises 
at an engine speed of not more than about 200 r.p.m. 
In six- and eight-cylinder engines, where the dominat¬ 
ing impulse frequencies are three and four per re¬ 
volution respectively, the conditions are even more 
favourable, because the critical speeds will then occur 
at not more than 130 r.p.m. for the six-cylinder engine 
and 100 r.p.m. for the eight-cylinder engine. 

These engine speeds are sufficiently far below the 
normal operating speed range to render a more 
detailed investigation of this mode of vibration 
unnecessary. 

This low-frequency vibration is the one-node mode 
of vibration for the system as a whole, the node being 
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situated in the propeller shaft or rear axles. Large 
alterations in the moment of inertia of the road-wheels, 
or in the torsional rigidity of the crankshaft, do not 
appreciably alter this frequency, but alterations in 
the moments of inertia of the flywheel or engine, or 
alterations in the torsional rigidity of the propeller 
and axle shafts have an important influence. 

(ii) A high-frequency vibration which can be calculated 
with sufficient accuracy by neglecting all parts of the 
oscillating system to the rear of the flywheel. This 
vibration is a two-node mode of vibration for the 
system as a whole, with one node situated in the 
crankshaft near the flywheel, and the other in the 
propeller or axle shaft. Alterations in the moment of 
inertia of the flywheel or in all parts to the rear of the 
flywheel do not produce any appreciable change in 
the natural frequency of this mode of vibration, but 
alterations in the moment of inertia of the crankshaft 
masses, or in the torsional rigidity of the crankshaft, 
have an important influence. For example, a reduc¬ 
tion in the number of main bearings and the consequent 
reduction in the length of the crankshaft produces an 
appreciable increase of the natural frequency. 

The calculation of this mode of vibration and the 
evaluation of the corresponding torsional vibration 
stresses is the crux of the torsional vibration problem 
of automobile engine crankshafts. 

The procedure recommended, therefore, for calculating the 
natural frequency of the crankshaft system of an automobile 
engine is to obtain the equivalent oscillating system for the 
crankshaft masses and flywheel, by the methods described in 
Chapter 3, neglecting all masses to the rear of the flywheel. 
The tabulation method is then applied to this system to obtain 
the value of the natural frequency, the normal elastic curve, 
and the specific vibration torques acting in each section of the 
crankshaft. 

The main characteristics revealed by applying the tabulation 
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method to an automobile crankshaft system are similar to those 
already described for direct-coupled generator sets, and the 
same remarks apply to both types of installation. As a general 
rule the higher modes of vibration of an automobile crankshaft 
system are not of practical interest, because only high order 
criticals of small amplitude occur within the running range in 
the case of these higher modes. 

Typical values for the natural frequencies of the funda¬ 
mental mode of crankshaft vibration of automobile engines are 
17,000 to 24,000 vibs./min. for four-cylinder engines; 12,000 
to 17,000 vibs./min. for six-cylinder engines ; and 9000 to 
13,000 vibs./min. for eight-cylinder engines. 

Aero Engine Crankshaft and Air-screw Systems.— 
From the point of view of torsional vibration aero engines can 
be divided into two main classes, namely, radial and in-line 
engines. 

The simplest type of radial engine is the single-row arrange¬ 
ment in which the cylinders are all in one transverse plane, 
the lines of stroke being equally spaced round a single crankpin, 
as shown in Fig. 20. 

The simplest type of in-line engine is the single-bank type, 
in which the cylinders occupy different transverse planes and 
there is a crankpin in each line of stroke, as shown in Fig. 21. 

Radial engines are not, however, confined to the single-row 
type. Two-row, and three-row radials have been developed 
for the higher power outputs. In multi-row radials there is a 
crankpin to each row. For the purpose of calculating natural 
frequencies, therefore, a multi-row radial engine can be regarded 
as an in-line engine with as many cranks as there are rows of 
cylinders, the moment of inertia at each crank being the sum 
of the moments of inertia of the reciprocating and revolving 
masses of all the cylinders, connecting rods, etc., in each row. 

Similarly, in-line engines are not confined to a single bank 
of cylinders; engines with two-, three-, and four-banks of 
cylinders in " Horizontally Opposed,” “ V,” “ Fan,” “X,” and 
“ H ” formations having been developed for the higher powers. 
For the purpose of calculating natural frequencies, the effect 
of adding banks of cylinders to an in-line engine is merely to 



96 


TORSIONAL VIBRATION PROBLEMS 


increase the moment of inertia of the oscillating mass at each 
crankpin. 

There is thus a tendency for the two classes to merge, 
although the majority of present-day radial engines are of the 
single-row or two-row types, and the majority of present-day 
in-line engines are of the single-bank or two-bank (V-formation) 
types. 

The air-screw is driven either directly from the engine 
crankshaft or through reduction gearing, hut the present 
discussion will be limited to ungeared engines. Geared aero 
engines are dealt with in Chapter 5. 

Radial Engines. —Fig. 20 shows a typical ungeared single¬ 
row radial engine/air-screw combination. 

The equivalent system is shown at the bottom of the diagram 
and consists of two major masses, the moment of inertia of the 
air-screw being very much larger than that of the engine 
rotating and reciprocating parts.* 

The natural frequency of this system is given by Equation 
(16), viz., 

F = »55V C J^ + jf‘ ' "bs./min., 

where C = torsional rigidity of shaft between engine and 
air-screw in lbs.-ins. per radian, 

] v = moment of inertia of air-screw in lbs.-ins. sec. 2 , 
] e = moment of inertia of engine in lbs.-ins. sec. 2 . 

The moment of inertia of the air-screw is large compared 
with the moment of inertia of the engine masses, so that 
alterations in the moment of inertia of the air-screw do not 
appreciably change the natural frequency of the system. 

Hence, a first approximation to the natural frequency is 
obtained by neglecting J e in the numerator of the foregoing 
equation, 

i.e. F = 9-55 VC/L vibs./min. 

* It is shown in the Appendix to Volume I that aar-screw blade flexibility 
can have an important influence on the torsional vibration, characteristics of 
aero-engine/air-screw combinations. In this chapter, however, the air-screw 
blades are regarded as rigid. 



NATURAL FREQUENCY CALCULATIONS 


97 


An alteration in the torsional rigidity of the connecting 
shaft, C, or in the moment of inertia of the engine masses, J e , 
however, can produce a considerable change of natural frequency. 

The shape of the 
normal elastic curve 
is shown in the 
bottom diagram of 
Fig. 20. Due to the 
large air-screw inertia 
the node is very close 
to the air-screw and, 
as already explained, 
it is usually suffi¬ 
ciently accurate to 
assume that the in¬ 
stallation reduces to 
, a one-mass system 
with the engine 
masses swinging 
about a node at the 
air-screw. 

Example ii. —In the 
system shown in 
Fig. 20, J,, — 50 
lbs. - ins. sec. 2 ; 

Je = 5 lbs.-ins. 
sec. 2 ; and C = 

4,000,000 lbs.- 
ins. per radian. 

Calculate the 
natural fre¬ 
quency of vibra- 
tion and the 
effect of the following alterations on the characteristics of 
the oscillating system :— 



Normal Elastic Curve 

Equivalent 
■System 


Fig. 20. —Radial aero-engine/air-screw system. 


(i) Increasing J p to ioo lbs.-ins. sec. 2 . 

(ii) Reducing J* to 25 lbs.-ins. sec. 2 . 
VOL. I.—7 



torsional vibration problems 


(iii) Increasing J e to 6 lbs.-ins. sec. 2 . 

(iv) Reducing C to 3,000,000 lbs.-ins. per radian. 

The natural frequency of the system is obtained from the 
equation 

i.e. F = 9 ' 55 ^ 0000 ^^ -~~~ = 8950 vibs./min. 

(i) If J v — 100, F = 8750 vibs./min. 

(ii) If J P = 25, F = 9350 vibs./min. 

(iii) If J R = 6 . F = 8250 vibs./min. 

(iv) If C — 3,000,000, F = 7750 vibs./min. 

The foregoing calculations show that the effect of doubling 
the moment of inertia of the air-screw is to reduce the natural 
frequency by only 2-3 per cent., whilst the effect of halving 
the moment of inertia of the air-screw is to increase the natural 
frequency by only 4*5 per cent. 

This result is important from the practical point of view 
because it implies that an appreciable error in estimating the 
moment of inertia of the air-screw does not make any appreciable 
difference in the frequency calculation. 

The calculations also show that an increase of 20 per cent, 
in the moment of inertia of the engine masses causes an 8 per 
cent, reduction of natural frequency; whilst a reduction of 
25 per cent, in the torsional rigidity of the connecting shaft 
causes a 13-5 per cent, reduction of natural frequency. 

In general, therefore, changes in air-screw inertia, within 
practical limitations, do not appreciably alter the natural 
frequency of the oscillating systems of these engines, and the 
only effective methods of changing the frequency are either to 
alter the inertia of the engine masses or the stiffness of the 
shafts connecting the engine to the air-screw. 

If the system is treated as a simple one-mass system 
swinging about a node at the air-screw, the following results 
are obtained:— 
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F = 9-55 VC/J, vibs./mii 

When C = 4,000,000 and = 

F — 9-55V4oooooo/5 = 8550 vibs./min. 

When € — 4,000,000 and J e = 6, F = 7800 vibs./min. 

When C = 3,000,000 and J e = 5, F — 7400 vibs./min. 

These values are only from 2*5 to 5 per cent, less than the 
values obtained by using the two-mass method. 

The oscillating systems of multi-row radial engines are 
preferably dealt with by similar methods to those employed 
for in-line engines. 

In-Line Engines. —Fig. 21 shows a typical single-bank 
in-line engine air-screw combination. 

The equivalent system is shown at the bottom of the dia¬ 
gram and consists of a series of comparatively small flywheels, 
representing the moments of inertia of the engine masses, 
connected to one large flywheel representing the moment of 
inertia of the air-screw. The moment of inertia of the air¬ 
screw is large compared with that of the engine masses, and 
the torsional rigidity of the air-screw shaft is usually smaller 
than the torsional rigidity of the crankshaft sections between 
each line of parts. 

The general characteristics of the system shown in Fig. 21 
are similar to those of the direct-coupled generating sets already 
discussed in this chapter. 

The fundamental or one-node frequency can be calculated 
with a good degree of accuracy by means of the simple two- 
mass system shown at the bottom of Fig. 21, where 
J = total moment of inertia of engine masses 

= N . J e lbs.-ins. sec. 2 , 

N = number of cylinders, 

J e — moment of inertia of one line of parts, 

J p = moment of inertia of air-screw, in lbs.-ins. sec. 2 , 

C = torsional rigidity of equivalent shaft between air-screw 
and combined engine masses, assuming the engine 
masses are concentrated at the middle of the engine 
aggregate, in lbs.-ins. per radian. 
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The value of C is obtained as follows :■ 


C “ C, r 2 . C e * 

c = 2:c°i C (W-’ijc»- • ■ M 

Hence, the fundamental or one-node frequency of the 
system is given by the usual equation for a two-mass system, 
viz., 

F = vibs./min., . . (33) 

where K is a correcting factor which depends on the number 
of cylinders as shown in Table 6. 

Also, if CJC, = A, and J,/J, = B, 

,, r 2 . A . C„ 2 2. A . C e 

2. c< + ( N -i) A :c e 2 + a(n-i)‘ 

and the frequency equation becomes 

V-S&J 2 • A ( B + N > C ‘ I,A 

K V [2 + A(N - i)]N. B ' J,' ■ J4j 

For a four-cylinder engine K = o-qi and N = 4. 

Hence, F = 10-5^- j^ TA) ‘ J e vibs V min - • ( 35 ) 

-For a six-cylinder engine K = 0*91 and N — 6. 

Hence, F = I0 Wj: 1^2+ ~ ^ A) • jj vibs./min. . (36) 

As a general rule Jj> is very large compared with J e> so 
that the ratio J P jJ e is also very large. This implies that N 
in the numerator of Equation (34) is practically negligible 
compared with B. 

Hence Equation (34) reduces to 

9-55 / 2. A „ , 

“ TTVn[2 + A(N -~ij] ’ J? ‘ * W) 
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i.e. when the air-screw moment of inertia is very large compared 
with the moment of inertia of one line of cylinder masses, large 
changes in air-screw inertia do not have any appreciable 
influence on the value of the fundamental frequency of the 
system. The frequency is, however, altered appreciably by 
changes of shaft stiffness, or changes in the moment of inertia of 
the cylinder masses. 

For a jour-cylinder engine, Equation (37) becomes 


= io*5^/- 


r A “C. 
2(2 + 3. A)’ Jj 


For a six-cylinder engine, Equation (37) becomes 


Example 12.—Calculate the fundamental or one-node fre¬ 
quency of torsional vibration of the system shown in 
Fig. 22. 

This is a six-cylinder aero-engine/air-screw combination, 
where 

N = 6, J e = 0-15 lb-in. sec. 2 ; J* = 25-0 lbs.-ins. sec. 2 
C e — 2,800,000 Ibs.-ins./radian ; 

C P — 2,020,000 lbs.-ins./radian. 


= 072 ; B = Jj)/Je = 167. 


From Equation (36), 


/ 072(167 -f 6) 2800000 

“ 10 5 V§ x 167(2 + 5 x 072)' 0-15 
= 9570 vibs./min. 

Alternative solution, using Equation (39), 

F-io-5 */ -°‘ 72 ^ 38000 00 

^3(2 + 5 X 072) ’ 0-15 

= 9400 vibs./min., which is about 2 per cent, 
less than the more accurate value. 
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Example 13.—'Calculate the fundamental frequency of the 
system shown in Fig. 22 when the following alterations 
are made:— 


25-0 015 015 0-15 015 0-15 0-15 



Fig. 22.—Equivalent system; six-cylinders in-line aero-engine/air-screw 
system. 

{a) Moment of inertia of air-screw increased to 50 lhs.-ins. 
sec. 2 . 

(b) Moment of inertia of each line of engine masses in¬ 

creased to 0-30 lb.-in. sec. 2 . 

(c) Torsional rigidity of air-screw shaft increased to 4,040,000 

lbs.-ins./radian. 
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In each case the remaining characteristics of the system 
are unaltered— 

{a) When J„ = 50 lbs-ins. sec. 2 ; B = JdJ e = 50/0-15 = 334. 
Hence, from Equation (36), 

: TO-gJ " 0 72(334 + 6) 28OOOOO 
^ 3 x 334(2 + 5 X 0-72). 0-15 
= 9430 vibs./min. 


[b) When +=0-30 lb.-in. sec. 2 ; B=J 1) /J,=25/o-30=83‘4. 
Hence, from Equation (36), 


5 io-5 


4 


072(83-4 + 6)^ 


V3 x 83-4(2+5 X 072) 
— 6870 vibs./min. 


2800000 

0-30 


(c) When C„ — 4,040,000, 


A = C,/C e = 


4040000 

2800000 


= 144. 


Hence, from Equation (36), 


:0 Wr 


1-44(167 + 6) 


V3 x 167(2+5 x 1-44) * 
—10,550 vibs./min. 


2800000 
" o*i5 


The foregoing calculations show that doubling the inertia 
of the air-screw only reduces the frequency by about 2-5 per 
cent., whereas doubling the inertia of the engine masses reduces 
the frequency by 28 per cent., whilst increasing the stiffness 
of the air-screw shaft increases the frequency by 10 per cent. 

As a general rule the most effective method of altering the 
fundamental or one-node frequency of systems of this type is 
either to alter the moment of inertia of the masses furthest 
from the node, i.e. furthest from the air-screw, or to alter the 
stiffness of that section of the shaft nearest to the node, i.e. 
the air-screw shaft. Alterations to masses near the node or 
to shafts remote from the node do not make much alteration 
in natural frequency. These are the basic rules to be observed 
when frequency alterations are under consideration. 
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There are other possible modes of vibration of the system 
shown in Fig. 22 although it is usually the fundamental or 
one-node mode which is the crux of the vibration problem in 
installations of this type. 

The two-node mode of vibration can be evaluated approxi¬ 
mately by the method described in Chapter 1 in connection 
with the system shown in Fig. 10, i.e. the actual system is 
reduced to an approximately equivalent three-mass system 
from which both one-node and two-node frequencies can be 
calculated, using Equation (19). The value obtained for 
two-node frequency is, however, very approximate and should 
only be used as a means of judging whether there is likely 
to be any troublesome two-node critical speeds in the operating 
range of the installation. If an accurate value of the two- 
node frequency is required the tabulation method should be 
employed. 

Normally, there are no troublesome two-node criticals in 
the operating range of an in-line aero-engine/air-screw system, 
because only high-order harmonics are present in the operating 
range and these are comparatively feeble in intensity. Two- 
node frequencies should therefore be of interest only in abnormal 
cases, when the engine is very large or has a high normal 
operating speed, or when there is a very flexible shaft or coupling 
between the engine and the air-screw. In the latter case, 
however, the two-node frequency with a very flexible air-screw 
shaft will have approximately the same value as the one- 
node frequency with a comparatively rigid air-screw shaft. 

In cases where both one-node and two-node vibrations 
have to be considered it should be noted that the most effective 
method of changing the two-node frequency is to alter the 
moments of inertia of the masses remote from the nodal points, 
or, alternatively, alter the torsional rigidities of the sections 
of shafting in the vicinity of the nodal points. 

Alterations in the moments of inertia of masses near to the 
nodal points or in the torsional rigidities of shaft sections 
remote from the nodal points do not alter the frequency 
perceptibly. 

Furthermore, an inspection of the normal elastic curve 
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for the system shown in Fig. 22 shows that the one-node 
frequency can be altered without appreciably altering the two- 
node frequency by altering the moment of inertia of the crank 
masses in the vicinity of the right-hand or crankshaft node in 
the diagram at the bottom of Fig. 22. Alterations in the 
moment of inertia of the mass at the left-hand nodes, i.e. the 
air-screw, do not appreciably alter either one-node or two- 
node frequencies. 

When the approximate values of the one-node and two-node 
frequencies have been determined by approximate methods, 
the more accurate values should be calculated by the tabulation 
method, especially if it is required to evaluate the vibration 
stresses at critical speeds, because the frequency table contains 
data which is necessary for the evaluation of stresses. 

A typical frequency table for a six-cylinder in-line aero¬ 
engine/air-screw system is given ‘in Table 7. This table is 
based on the system shown in Fig. 22, and its construction is 
similar to that described in connection with Tables 1 and 2. 

The stress for ± i° deflection at the free end of the crank¬ 
shaft, column J in Table 7, is obtained by dividing the torque 
summations in column F by the modulus Z of the shaft 
section at which this torque acts 

a- . D 3 . 

where Z = —ins. 8 for solid circular shafts 

= " “ 1S * 3 for Mow shafts, 

D = outside diameter of shaft in inches, 
d — inside diameter of shaft in inches. 

The smallest value of Z in each section should be used. 
In the case of crank elements this is usually the crankpin 
section. The specific stresses given in column J of Table 7 
are nominal stresses, i.e. no allowance should be made for stress 
concentrations at fillets, splines, key-ways, etc. This is be-' 
cause the damping factors which will be used for calculating 
vibration stresses have been deduced from nominal specific 
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stresses. The concentration factors are applied to the vib ration 
stresses themselves. 

The natural frequencies of the fundamental or one-node 
TABLE 7. 

Frequency Tabulation: Aero-Engine System. 




(i) One-Node Mode: F = 9550 Vibs.jMin.; 

or = 1,00 

0,000. 



A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

Mass. 

Moment 

of 

Inertia. 

Torque 
per Unit 
Deflection. 

Defln. 
in Plane 
of Mass. 

Torque in 
Plane of 
Mass. 

Total 

Torque. 

Shaft 

Stiffness. 

Change 

in 

Defln. 

Modulus 

of 

Section 

of 

Shaft. 

Stress 

for 

1 Degree 
Deflection 
at Mass 
No. x. 

Lbs.- 
Ins. Sec,*. 

J .to 2 
Lbs.-Ins./ 
Radian. 

d 

Radian. 

Lbs.-Ins. 

DJ.co 2 .0 

lbs.-Ins. 

C 

Lbs.-Ins./ 

Radian. 


Z 

Ins*. 

f, 

Lbs./Ins. 2 

C 

Radian. 

No. 1 cyl. 

0-15 

150,000 

1*0000 

150,000 

150,000 

2,800,000 

0-0535 

i-5 

± 1.745 

No. acyl. 

0-15 

150,000 

0-9465 

142,000 

292,000 

2,800,000 

0-1042 

i-5 

3,400 

No. 3 oyl. 

o-ij 

150,000 

0-8423 

126,300 

4x8,300 

2,800,000 

0-1495 

1-5 

4,860 

No. 4 cyl. 

0-15 

150,000 

0-6928 

104,000 

522,300 

2,800,000 

0-1865 

i-3 

6,070 

No. 5 cyl. 

o-ij 

150,000 

0*5063 

76,000 

598,300 

2,800,000 

0-2140 

i-5 

6,960 

No. S cyl. 

0T5 

150,000 

0*2923 

43.900 

642,200 

2,020,000 

0-3180 

2-0 

5,570 

Air-screw 

25-00 

25,000,000 

-0*0257 

—642,200 

0 



“ 

_ 



pi) Tuo-Nede Mode 

: F = 28,00 

0 Vibs-IMin.; m* - 8, 

i8o,ooo. 



No. 1 cyl. 

O-IJ 

1,288,000 

1*0000 

1,288,000 

1,288,000 

2,800,000 

0-4600 

1-5 

±15,000 

No. 2 cyl. 

0-15 

1,288,000 

0-5400 

695,000 

1,983,000 

2,800,000 

07080 

i*5 

23,000 

No. 3 cyl. 

O-IJ 

1,288,000 

-0-1680 

- 216,500 

1,766,500 

2,800,000 

0-6300 

i-5 

20,500 

No. 4 cyl. 

0-15 

1,288,000 

-07980 

- r,025,ooo 

741,500 

2,800,000 

0-2645 

1-5 

8,620 

No. 5 cyl. 

O-IJ 

1,288,000 

-1-0625 

-1,370,000 

— 628,500 

2,800,000 

—0-2245 

1-5 

7,300 

No. 6 cyl. 

0-15 

1,388,000 

-0-8380 

—1,080,000 

- 1,708,500 

2,030,000 

—0-8460 

2-0 

14,850 

Air-screw 

2J-00 

214,500,000 

0-0080 

1,708,500 

0 






mode of torsional vibration of aero-engine/air-screw combina¬ 
tions varies from about 18,000 vibs./min. for small ungeared 
four-cylinders in-line engines to about 4500 vibs./min. for 
large six-cylinders in-line geared engines with two or more 
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banks of cylinders. Average values for single-bank four- 
cylinders in-line engines are 12,000 to 14,000 vibs./min., and 
for single-bank six-cylinders in-line engines from 10,000 to 
12,000 vibs./min. The two-node frequency of these engines is 
generally about three times the one-node frequency. 

The natural frequencies of the fundamental mode of vibra¬ 
tion of radial engines varies from about 8000 for small ungeared 
single-row engines to 3000 vibs./min. for large two- and three- 
row geared engines, average values being 4000 to 6000 vibs./min. 



EQUIVALENT OSCILLATING SYSTEMS. 

The oscillating systems of actual installations are usually much 
more complex than the ideal systems discussed in the preceding 
chapters. 

To facilitate calculation it is necessary, therefore, to replace 
the complex system by a simpler system, consisting of a series 
of exact masses connected by sections of weightless shafting, 
which retains as closely as possible the dynamic and elastic 
characteristics of the original arrangement. 

The accuracy with which the simplified system reproduces 
the vibrational characteristics of the original system depends, 
to some extent, upon experience and judgment, so that the 
results of torsiograph investigations are a valuable aid in deter¬ 
mining the allowances which should he made for each individual 
type of installation (see Chapter 8). 

In the case of vibrations of the second degree, or two-node 
vibrations, of a multi-cylinder engine direct-coupled to a marine 
propeller, for example, where the dear speed range between 
two consecutive critical speeds is sometimes restricted to ten 
revolutions per minute of the prime mover, an error in convert¬ 
ing the actual into the equivalent system can easily result in 
one or other of these criticals occurring so close to the 
running speed that an alteration to the system after it has 
been put into service is necessary for satisfactory operation. 

Figs. 23 and 24 show the actual and equivalent systems for 
a typical direct-coupled marine installation, and a typical 
direct-coupled electrical generating set, respectively. 

In Fig. 23 the actual system is reduced to an equivalent 
system consisting of eight exact masses connected by sections 
of shafting of uniform diameter. 
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I 


Fig. 23. —Equivalent system—marine installation. 


to the flywheel that the two can be regarded as one mass without 
much error. 


N?1 N?2 m m N!5 N?6 



Fig. 24.—Equivalent system—direct-coupled generator. 


The problem of converting a complex system into a simpler 
one can be divided into two main parts, viz.: I. Determination 
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i *3 

(ii) Crankpins (Fig. 25). 

For Solid, Crankpins, 

W==-.D 2 2 .B.S lbs., 

4 

K 2 = ^ -f R 2 ins. 2 , 

o 

where D 2 — diameter of crankpin in inches, 

B = length of crankpin in inches, 

R = distance of centre of gravity of crankpin from 
axis of rotation, in inches, 

i.e. W. K a = 2 . D a ! . B. s[^ + R a ] lbs.-ins. 2 , 

and J = ^ . D, a . B . s[^‘ 4 - R a ] lbs.-ins. sec*. (45) 
For steel S = 0-283, 

i.e. J = + R a ] lbs.-ins. sec. 2 . . (46) 

The foregoing expressions also apply to any solid cylindrical 
mass of uniform diameter, whose centre of gravity is situated 
at a distance R from the axis of rotation, e.g. eccentric pulleys. 

For Hollow Crankpins, 

W =* -(D 2 2 - d £). B . S lbs., 

1 K.^ p’ + ^ + R-Jins,., 

where d 2 — Diameter of hole through crankpin in inches, 

i.e. W . K ! = ^. B . S(D, a - i,*){[ Dl * **•* ] + R a ] 

lbs.-ins. 2 , 

and J = ^- g . B . S(D„ a - + R a } 

lbs.-ins. sec. 2 . (47) 

vol. 1 .—S 



«4 

For steel 
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s = 

J= 


0*283, 

B 

1735 


W-^){[5sl±A a ] + R»| 

Ibs.-ins. sec. 2 . (48) 



The foregoing expressions also apply to any hollow* cylin¬ 
drical mass of uniform cross-section, whose centre of gravity is 
situated at a distance R from the axis of rotation, e.g. eccentric 
sheaves. 



(iii) Crankwebs (Figs. 26 and 27). 

Referring to Fig. 26, consider a small piece of the web of 
width B feet, and thickness SR feet, at radius R feet, sub¬ 
tending an an gj e a degrees a t the centre of rotation. 
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The moment of inertia of this piece relative to the axis of 
rotation XX is 


where 


T 2 . Ti. R. B. ot°. S, R 2 .8R , 

J = , - - lbs.-ft. sec/-, 

J 360 . g 

S = specific weight of material in lbs. per cu. foot, 
g = 32-2 ft. per sec. 2 . 


Then, for the whole crankweb. 


J = 2 (oc°. B . R 3 )SR lbs.-ft. sec. 2 . 

The quantity 2 (a° . B . R S )SR is the area A under the curve 
shown at the right-hand side of Fig. 26. 

This curve is obtained by plotting values of (oc° . B . R 3 ) at 
different radii. Note that a° is 360° for ah values of R less 
than C in Fig. 26 ; also that when the radius R cuts the web 
boundary in more than two places, as at a : , a 2 , and <x 3 in Fig. 
26, ot°= (a 0 ! + a° 2 -f- a° 3 ). 

Let A = area under curve by planimeter in sq. ins., 

x = horizontal scale, i.e. 1 in. = % units of 
(a 0 . B . R 3 ); R and B being measured in feet, 
and a in degrees, 

y = vertical scale, i.e. 1 in. = y ft. 

Then the area scale is z = x . y, 

i.e. 1 sq. in. — % .y . units of (ot° . B . R 3 )SR. 


Hence, finally, moment of inertia of crankweb, 


For steel 


J = 2 ‘ —r—-- ' ^ lbs.-ft. se C . ! . 
360 .g 

S = 490 lbs. per cu. foot, 


( 49 ) 


i.e. J — lbs.-ft. sec. 2 . . . . (50) 

Example 14. —Obtain the moment of inertia of the crankweb 
shown in Fig. 27 by the method just described, and check 
the result by direct calculation. 


By the Graphical Method. 

The values of (a 0 . B . R 3 ) at different radii are given in the 
following table:— 
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TABLE 8. 


Inches. 

Feet. 

R 3 

Feet 3 . 

B 

Feet. 

Degrees. 

e? . B . K* 


0-042 

0-0001 

o *333 

360 

0-012 


0-125 

0*0019 

o *333 

360 

0-228 


0-208 

0-0090 

o *333 

360 

l-o8o 

3 i 

0*292 

0*0250 

o *333 

360 

3-000 

4 ^ 

0*375 

0*0527 

o *333 

304 

5*340 

5 i 

0*458 

0*0961 

0*333 

272 

8*710 

6* 

0*542 

0*1592 

o *333 

166 

8-8io 


0*625 

0*2441 

o *333 

107 

8*700 

8* 

0*708 

0-3549 

0*333 

90 

10*650 

9 l 

0*792 

0*4968 

0*333 

79 

13*100 


0*875 

0*6699 

o *333 

70 

15-600 

lit 

0*958 

0*8792 

0*333 

63 

18*400 

12 h 

1-042 

1*1314 

o *333 

58 

21-850 


These values were plotted using a horizontal scale of 
i in. = 5 units of (a 0 . B . R 3 ), i.e. x = 5 ; and a vertical scale 
of r in. = i/6th ft., i.e. y = 0*1666 ft. 

The area, measured by planimeter, was found to be 1275 
sq. ins. 

Tr T A . x . y 1275 X 5 X ot666 

Hence, T =-- = ——--- 

377 377 

— 2'82 lbs.-ft. sec. 2 . 

By Direct Calculation. 

Weight of web W = 4 ins. X 17 ins. x 12 ins. X 0*283 
= 231 lbs., 

K 2 ~ T 2 r(i 7 a + 12 2 ) + 4 ’ 5 2 
— 56-35 ^s. 2 
= 0*391 ft. 2 . 

Hence, W. K 2 = 231 X 0*391 = 90*5 lbs.-ft. 2 , 

and J = = 9^5 = 2-81 lbs.-ft. sec. 2 , 

g 32*2 J 

This value agrees with that obtained by the graphical method. 
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(iv) Crankshaft Balance Weights. 

These can be treated as forming part of the crankwebs to 
which they are attached. 

(v) Revolving Part of Running Gear. 

The revolving parts of the crankshaft have already been 
dealt with in the crankshaft calculations. There remains the 
revolving part of each connecting rod which may be assumed 
to be equivalent to three-fifths to two-thirds of the total weight 
of the connecting rod, concentrated at crankpin radius. 

This figure can be determined experimentally by suspending 
the rod horizontally with the big end resting on the table of 
a weighing machine. The weight registered is that of the 
revolving part of the rod, i.e. that portion of the total weight 
below the centre of gravity. The reciprocating weight can be 
determined in a similar manner, the rod being suspended hori¬ 
zontally as before, but with the small end resting on the weighing 
machine table. The result may be checked by adding together 
the revolving and reciprocating weights. The sum should be 
equal to the total weight of the rod. 

This method is not strictly accurate for connecting rods of 
normal design, since it neglects the effect of the oscillatory 
motion of the rod, but it is quite accurate enough for practical 
purposes (see Chapter 6). 

Let W = total weight of connecting rod in lbs., 
o' w 

then revolving weight = ~ , 


o W R a 

and moment of inertia J — —lbs.-ft. sec. 2 , . (51) 

where g = 32*2 ft. per sec. 2 , 

R = cranlr radius in feet. 


In the case of reciprocating steam engines, the revolving 
part of the valve driving gear must also he taken into account. 
The moment of inertia of the eccentrics and eccentric sheaves 
can be calculated by the methods already given for solid and 
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hollow crankpins, whilst the revolving part of the eccentric rod 
may he assumed to be that portion of the rod which lies below 
the centre of gravity. 

(vi) Reciprocating Part of Running Gear. 

The reciprocating parts follow the crank movements at 
mid-stroke, but remain practically stationary whilst the crank 
is turning over top and bottom dead centres, i.e. the influence 
of the reciprocating parts on small rotational vibrations is a 
maximum when the crank is at the position corresponding to 
mid-stroke, and disappears when the crank is on top or bottom 
dead centres. 

It is common practice to allow for this variation of the 
inertia of the reciprocating parts throughout the stroke by 
including only one-half of the weight of the reciprocating parts 
with the weight of the revolving part of the connecting rod 
to give an equivalent rotating mass concentrated at the 
crankpin. 

The average value of the moment of inertia of the reciprocat¬ 
ing parts may, however, be determined as follows :— 

Let v = linear velocity of the reciprocating parts at any 
instant when the crank angle is a degrees, 
measured from top dead centre, 
co = angular velocity of the crankpin, assumed con¬ 
stant, 

R = crank radius, 

L — length of connecting rod, 
n — the ratio L/R. 

Then an approximate expression for v at the crank angle a is 
v = to . R^sin a -h • ski 

Hence, the kinetic energy of the reciprocating parts at 
crank angle oc, assuming that their weight is W, is 
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HQ 

■NT TT J * 0)2 T 2 . K 6 

Now K e = ~ or J = —=- 5 . 

2 ° G) 2 

W R 2 / R \ 2 

Hence, • J == —j— (sin a -f j-. sin 2aj . . . (52) 

If the obliquity of the connecting rod is neglected, this 
expression reduces to 


T W. R 2 , . X2 W. R 2 , , x 

J = — r— ■ (sm a)* = —— (1 - cos 2a). . (53) 

& * • 5 


In the above expression the first term, viz. — , is 

independent of the crank angle a, and represents the average 
value of the inertia of the reciprocating parts for one revolution. 

The second term, viz. ^ - , . ^ - S - 2 - 0C ) > ma y be regarded as 

excess inertia of the second degree. The complete expression 
gives the instantaneous value of the inertia of the reciprocating 
parts corresponding to any crank angle z, and indicates that 
this value is zero at dead centres, and a maximum when the 
piston is at mid-stroke. 

A more exact expression for the instantaneous value of the 
inertia of the reciprocating parts at any crank angle z is 
obtained by writing the equation for kinetic energy in the 
form of an expansion in terms of multiples of cosines of oc, thus : 


Ke = 

i.e. J = 


W.w 2 .R 2 . . . 1 

——-—(A<> -f A x . cos a A 2 . cos 2z, 

-f- A 3 . cos 3a -j- A 4 . cos 4a 4* . 

W R 2 

—^—(A 0 + Aj. cos a -J- A*. cos 2 z 

-j- Ag. cos 3°c + A 4 . cos 4a -j- . . 


( 54 ) 


The coefficients A 0 , A 1( A 2 , A 3 , etc., vary with the ratio 
n — L/R as follows (see ** Balancing of Engines, Steam, Gas 
and Petrol/' by Archibald Sharp, page 126):— 
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TABLE 9. 



r 

, 1 a. 1 




2 

8 . n 3 ‘ 1 6 . 


‘ 

Ai = 

1 

1 , 1 

2 . n T 8 . « 3 

1 

256 . n 5 

+ 

A* = 

2 

32. n 4 



a 3 = 


_l 3 

2 .« l6, M 3 

27 

256 . w 5 

- 

A 4 = 


I I 

8 . 16. 



II 

l 

X 

16 . » 3 

I 

^ 256 . «• 

+ 

\ 

A,= 


32. n* 


nr 

A, = 



_ 3 

256 . »* 

- 


The values of these coefficients for several different con¬ 
necting rod/crank ratios are given in Table 10. 

Table 10 may be checked by noting that when the crank is 
on dead centres, i.e. when a = 0, the velocity and the kinetic 
energy of the reciprocating parts are both zero, or, in other 
words, the sum of the coefficients in Table 10 must always be 
zero, whatever the value of the connecting rod/crank ratio n. 

It should also be noted that the values given in Table 10 
confirm the approximate expression previously developed, and 
show that a very dose approximation to the instantaneous 
value of the inertia of the reciprocating parts at any crank angle 
a may be obtained by using the simple expression 
W R 2 

j = __l_- . (1 - cos 20c) lbs.-ft. sec. 2 , . . (53) 

where W — weight of retiprocating parts of one cylinder in 
lbs., 

R — crank radius in feet, 

g — 32*2 ft. per sec. 2 , 

a = crank angle measured from top dead centre. 
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TABLE io. 

Coefficients for Kinetic Energy and Moment of Inertia of 
Reciprocating Parts. 


Coefficients. 

n — Length of Connecting Rod/Crank Radius. | 

4- 

5- 

6. 

7. 

8 . 

A„ 

0-5080 

0-5051 

0-5035 

0-5026 

0-5019 

Aj. 

0-1270 

O-IOIO 

0-0839 

0-0718 

0-0627 

a 2 

-0-5001 

-0-5001 

-0-5000 

—0-5000 

—0*5000 

a 3 

—0-1280 

—0-1016 

-0-0842 

—0-0720 

—0-0628 

a* 

—0-0081 

—0-0051 

-0-0035 

-0-0026 

—0-0019 

A* 

O-OOIO 

0-0005 

0-0003 

0-0002 

O-OOOI 

A« 

o-oooi 

o-oooi 

0-0000 

o-oooo 

0-0000 


The total moment of inertia of the reciprocating parts for 
single-cylinder and multi-cylinder oil engines, neglecting the 
obliquity of the connecting rod, can be calculated from the 
simple expression 

T W. R 2 . , , . 

J = IT. Y' ^ ~ cos 2fl ^ * * ^ 


For Single-Cylinder Engines, 

J = o, when a = o and i8o° 


W.R 2 

g 


, when x = 90 and 270°, 


W.R 2 

i.e. the moment of inertia varies from o to twice in 

g 

W. R 2 

every revolution, the mean value being - — — 


This mean value is equivalent to assuming one-half of the 
weight of the reciprocating parts to be concentrated at crankpin 
radius. 


For Two-Cylinder Engines. 

Two Cranks at 180 0 . 

Ji = ^ ^ . (x — cos 2«) for No. r cylinder, 

W T?2 W R 2 

J 2 = —A— . [j; _ C0S2(« +180)] = - 2 ' — . (I - cos2a) 

for No 2 cylinder, 
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W R a 

J — (Ji + J2) = —^— * (1 — cos 2 a) for the two cylinders 

= 0, when a — 0 and 180° 

2 . W . R 2 , 

=-, when a — 90 ana 270 , 

2 W E 

i.e. the total moment of inertia varies from 0 to 


twice in every revolution, the mean value being 


This mean value is equivalent to assuming one-half of the 
weight of the reciprocating parts of each cylinder to be con¬ 
centrated at crankpin radius. 

Two Cranks at 90°. 

W. R 2 

Ji = — : —. (1 — cos 2a) for No. 1 cylinder, 

2 .g 

W R 2 W R2 

J 2 = — J —- - [1 - cos2(a -f 90)] = . (1 + cos 2a) 

. 2 -S 2 -5 

for No. 2 cylinder, 

W R 2 

J = (Ji + J2) — — j — for the two cylinders, 

i.e. the total moment of inertia is constant throughout a revolu¬ 
tion, and is equivalent to assuming one-half the weight of the 
reciprocating parts to be concentrated at crankpin radius. 

For Three-Cylinder Engines. 

Three Cranks at 120 0 . 

W. R 2 

Ji = ~2 ~ '~g ' ( r “ cos 2(X ) f° r No. 1 cylinder, 

t W. R 2 . i * W. R a 

J* * T7 ' ~ cos 2 ( a + 6o )J = ~~27g~ 

. [1 -f | (cos 2a -f V3 . sin 2a)], 

, W. R 2 r , , ,, W. R 2 

J 3 = ~~T 7 g~ ‘ [I ~ cos2(a + I20 ^ ~lF 7 g~ 

. [1 -f i (cos 2a — V$. sin 2a)], 
a W R 3 

J = (Ji + Ja + J 3 ) = - ■ „ ‘ — for the three cylinders, 

2 • 6 
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i.e. the total moment of inertia is constant throughout a revolu¬ 
tion, and is equivalent to assuming one-half of the weight of 
the reciprocating parts of each cylinder to be concentrated at 
crankpin radius. 

For Four-Cylinder Engines. 

Cranks in Pairs at 180° 

By the foregoing method, 

J = (Ji + J2 + J3 + J4) = 2 - ‘ ^^ . (1 — cos 2oc) 

= 0, when a = 0 and 180° 

= -—- -, when a = 90 and 270 , 

i,e. the total moment of inertia varies from 0 to - ‘ ^ ^ twice 

g 

2 W R 2 

in every revolution, the mean value being ~~J ~ — * 

This mean value is equivalent to assuming one-half of the 
weight of the reciprocating parts to be concentrated at crankpin 
radius. 

Cranks Equally Spaced at 90°. 

Inthiscase J~ (Ji + J, + J, + JJ = ? - - y—* , 

i.e. the total moment of inertia is constant throughout a revolu¬ 
tion, and is equivalent to assuming one-half of the weight of 
the reciprocating parts of each cylinder to be concentrated at 
crankpin radius. 

In general, the total moment of inertia of the reciprocating 
parts of multi-cylinder engines having more than two cylinders 
with equally spaced cranks is constant throughout a revolution, 
and is equivalent to assuming one-half of the weight of the 
reciprocating parts of each cylinder to be concentrated at 
crankpin radius, neglecting the obliquity of the connecting rod. 

The effect of the obliquity of the connecting rod can be 
taken into account by using the factors given in Table 10. 

The total moment of inertia of the reciprocating masses 
then consists of a constant term, calculated by using the appro¬ 
priate value of the factor A„ from Table 10, and one or more 
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harmonically varying terms, calculated by using the appro¬ 
priate values of the factors A l5 A a , etc., from Table io. 

In single-cylinder engines harmonically varying terms of 
all orders are present, but Table io shows that the first, second, 
and third orders (factors A x , A a , and A 3 ) are predominant. 

In multi-cylinder engines with equally spaced cranks, the 
only harmonically varying terms which are present are those 
whose order numbers are integral multiples of the number of 
equally spaced cranks, and the magnitude of any such order is 
its magnitude for one cylinder multiplied by the number of 
cylinders. 

Examples.— 


Two Cylinders with Cranks Equally Spaced at i8o° 
2 . W. R 2 


J= • 


-. (A 0 4 A 2 cos 2 a 4 A 4 cos 4«). 


Three Cylinders with Cranks Equally Spaced at 120 0 . 
o w R 2 

j ^ Aa__j— _ (A 0 _j_ CQS 3a + Ag CQS fa) 

Four Cylinders with Cranks in Pairs at i8o° (Four-Cycle 
Engine). 

T 4. W. R 2 , A . A , a . 

J = -——-. (A 0 4 A a cos 2 a 4 A 4 cos 4a). 

Four Cylinders with Cranks Equally Spaced at 90°. 

T 4.W.R 2 /A , . 

j _ 1 —-. (A„ + A 4 cos 4a). 

Six Cylinders with Cranks in Pairs at 120° (. Four-Cycle 
Engine). 


6 . W . R 8 
& 


(A 0 4 A 3 cos 3 a -f A 6 cos 6a). 


Six Cylinders with Cranks Equally Spaced at 6o°. 

T 6. W.R 2 /A , 4 
j —--- (A fl 4 A 6 cos 6 «). 


g 
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Eight Cylinders with Cranks in Pairs at 90 0 ( Four-Cycle 
Engine). 

8 . W . R a 

J — —L. ‘ — . (A 0 -f A 4 cos 4 a + A g cos 8a). 

Eight Cylinders with Cranks Equally Spaced at 45 0 . 

J =- - -■ (A 0 + A g cos 8a). 

Effect of Variation of the Moment of Inertia of the Reciprocating 
Masses. 


The variation of the moment of inertia of the reciprocating 
masses during each revolution causes a periodic variation of the 
natural frequency of torsional vibration. This is analogous to 
the variation of the natural frequency of a railway bridge as 
a locomotive moves from one end to the other. 

This variation of natural frequency prevents the amplitude 
of vibration from building up to the value which would he 
obtained with a constant moment of inertia and constant 
natural frequency, and increases the speed range over which 
resonant effects are experienced. The influence of the variation 
of the moment of inertia of the reciprocating parts on the 
magnitude of the damping factor which determines the ampli¬ 
tude of torsional vibration of four-stroke cycle engines is fully 
discussed in a paper by V. J. Kjaer, reprinted in Motorship, 
August, 1930, page 233.* 

The variation of natural frequency is larger in engines 
where the reciprocating parts are larger in proportion to the 
revolving parts, e.g. fast-running engines with solid forged 
crankshafts as compared with engines having built-up shafts; 
whilst the resultant effect in multi-cylinder engines depends 
also upon the shape of the normal elastic curve and the crank 
sequence. 

In the case of one-node vibrations of marine installations, 
for example, where the amplitudes of vibration are very nearly 

* See also M. Mancy: " Oscillations de torsion des arbres,” Mdcamque, 
No. 273, July-August, 1937. M. Scheuermeyer: " Eiafluss-de Ziindfolge 
auf die Dreschwingungen Reihenmotoren,” Werft Reederei Hafen, 1st March, 
*933, page 69. 
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the same for all cylinders, the moment of inertia of the recipro¬ 
cating masses for the engine as a whole is very nearly constant 
throughout a revolution, and is equivalent to one-half of the 
total reciprocating weight concentrated at crankpin radius. 

In the case of two-node vibrations of marine installations 
and one-node vibrations of direct-coupled generators, however, 
where the amplitudes of vibration are not the same at all 
cylinders, the variation of natural frequency might be appreci¬ 
able, e.g. in a six-cylinder, four-stroke cycle engine with cranks 
arranged in pairs at 120 0 direct-coupled to an electrical 
generator, the mean frequency was 760 vibrations per minute, 
whilst the variation of frequency was 754 to 766 vibrations per 
minute, i.e. a variation of nearly 4:1 per cent. 

In the case of crankshaft vibration of automobile engines, 
and one-node vibration of direct-coupled Diesel-generator sets 
and aero-engine/air-screw combinations, the shape of the normal 
elastic curve is such that the amplitudes of vibration are not 
the same at all cylinders. Moreover, the heavy masses, i.e. 
the flywheel and clutch of an automobile engine, the combined 
flywheel and generator of a Diesel-generating set, and the 
air-screw of an aero-engine/air-screw combination are situated 
near the nodal point. These heavy masses, therefore, do not 
vibrate with any appreciable amplitude, so that the frequency 
of the system is mainly determined by the moment of inertia 
of the crank masses. In such cases the influence of the re¬ 
ciprocating parts, especially if they form an appreciable pro¬ 
portion of the total oscillating mass of each cylinder, in causing 
a cyclic variation of natural frequency might be appreciable. 
For example, Dr. Geiger has calculated that for an eight- 
cylinder engine of this type the apparent damping due to 
imperfect resonance represented about 20 per cent, of the 
total damping, notwithstanding the small cyclic irregularity 
of this engine. 

The variation of natural frequency throughout a revolution 
can be obtained by calculating the moment of inertia of the 
reciprocating parts of one cylinder for a number of diff erent 
positions of tbe crankshaft. It is then necessary to make a 
separate frequency tabulation for each crankshaft position. 
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taking care to insert the appropriate values of the moments of 
inertia of the reciprocating parts in column D of the frequency 
table. 

In practical calculations, however, it is sufficient to make the 
usual assumption that the reciprocating parts can be taken 
into account by including one-half of their weight with, the 
weight‘of the revolving part of the connecting rod, all acting 
at crankpin radius. The effect of any variation of frequency 
which might be present can then be taken into account by 
adjusting the damping factor employed for determining the 
amplitude of vibration at the critical speed so that the calculated 
amplitude agrees with the observed value. 

The subject of apparent damping will, however, be dis¬ 
cussed in more detail in Chapter 7. 

The external vibration of the engine frame which accom¬ 
panies torsional vibration of the shaft system is also due to the 
varying moment of inertia of the reciprocating parts, and would 
not be present if the parts in torsional vibration consisted 
entirely of rotating masses with the centres of gravity all 
situated on the axis of rotation. Due, however, to the recipro¬ 
cating parts, a vertical force F, and a rocking moment M, are 
imposed on the engine frame. 

If, for example, the shaft is given a vibratory motion, 
(x = b sin co . t), the maximum values of F and M are as 
follows:— 

W 

F =~~.b.R.o 2 lbs. 

g 

— — 0-00034 - W. b . R . N 2 lbsi, . . (55) 

M — — ™ . R 2 . <w a . lbs.-ft., 

S 

= — 0-00034 ■ W. b . R 2 . N 2 lbs.-ft., . (56) 

where W = weight of reciprocating parts in lbs., 

b — maximum amplitude of vibration in radians, 
R = crank radius in feet, 

to — phase velocity of vibration in radians per 
sec. 

_ 2 . 7 T.N 

60 ’ 

N = revolutions per min., 
g — 32*2 ft. per sec. 2 . 
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The unbalanced force F is felt as a reaction at the main 
bearings, and is responsible for vertical vibration of the engine 
frame and knocking at pistons and driving gear. It is possible 
for this unbalanced force to cause a derangement of the piston 
driving gear in serious cases. 

The rocking moment M is responsible for transverse vibration 
of the engine frame. 

In multi-cylinder engines, the average force during a re¬ 
volution is one-half the values given by the foregoing expres¬ 
sions, multiplied by the number of cylinders. 

Reciprocating Parts .—The reciprocating parts of each 
cylinder of an oil engine consist of, 

One-third to two-fifths total weight of connecting rod. 

„ piston head. 

„ piston skirt (if fitted). 

„ piston rod. 

„ crosshead (if fitted). 

„ set of piston cooling gear, including water or oil in 
piston and rod. 

Let W = total weight of reciprocating parts for one 
cylinder in lbs., 

R = crank radius in feet, 
g — 32*2 ft. per sec. 2 . 

Then effective moment of inertia of reciprocating parts is 
W R 2 

J — - lbs.-ft. sec. 2 per cylinder. . (57) 

In the case of steam reciprocating engines, it is also necessary 
to take account of the reciprocating part of the valve gear. 
This can be done by the methods just described for dealing with 
the cylinder masses, and as a rule the effective moment of 
inertia of the reciprocating parts of the valve gear is combined 
with that of the nearest working cylinder. 

(vii) Engine-Driven Auxiliaries. —Crank-driven auxiliaries, 
such as air-compressors and scavenge pumps, can be treated as 
an additional set of running gear, and the total moment of 
inertia calculated by the methods already described for the 
main cylinder running gear. 
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In the case of lever-driven auxiliaries— 

Let W = weight of reciprocating parts of auxiliary in 
lbs., 

L = total stroke of auxiliary in feet. 

Then effective moment of inertia of auxiliary is 

w T 2 

J — ^ lbs.-ft. sec. 2 . . . . (58) 

This value is added to the moment of inertia of the cylinder 
from which the auxiliary is driven. 

Total Moment of Inertia of Crankshaft and Running Gear 
of Reciprocating Engines. —This is determined by summing up 
the moments of inertia of the crankshaft and the revolving 
and reciprocating parts of the running gear. The value per 
cylinder is then obtained by dividing this total by the number 
of cylinders. 

In the case of reciprocating steam engines, however, where 
the moment of inertia is not the same for all cylinders, each 
cylinder must be dealt with separately. 

Crank-driven auxiliaries are treated separately, whilst the 
moment of inertia of lever-driven auxiliaries is added to the 
moment of inertia of the cylinder from which the auxiliary is 
driven. 

These calculations should be tabulated as in Table n. 

The following expression may be used for determining the 
approximate total moment of inertia of the crankshaft and 
running gear of oil engines, in cases where working drawings 
are not available:— 

J = KL . D' 2 . S 3 lbs.-ft. sec. 2 per cylinder, . . (59) 

where D = diameter of cylinder in feet, 

S — stroke in feet. 

The value of K depends on the type of engine, approximate 
values being as follows :— 

K = 3*5 to 7-0 for medium speed trunk-piston engines, such 
as are employed for direct-coupled electrical generat¬ 
ing sets. The lower value is for engines without 

vol. 1.—9 
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crankshaft balance weights, whilst the higher value 
applies when crankshaft balance weights are fitted. 

K =5*o to io*o for large crosshead engines, such as are 
employed for marine propulsion. The lower figure 
is for engines without crankshaft balance weights, 
and the higher figure for engines with crankshaft 
balance weights. 

K — 3*5 for short-stroke opposed-piston engines, and 275 
for long-stroke opposed-piston engines. In this case 
S is the total combined stroke of the upper and 
lower pistons, and the stroke bore ratio is 3 and 4 
for short and long-stroke engines respectively. 


TABLE IX. 

Moment of Inertia of Crankshaft and Running Gear of a Six-Cylinder 
Four-Stroke Cycle Oil Engine, 13J-INCH Bore x i8-Inch Stroke. 


Item. 

No. of. 

Weight of 
One, Lbs. 

Tot.' 

Weight, 

Lbs. 

K*. 

Ft.*. 

W.K*. 

Lbs.-Ft. 2 . 

Lbs.-Ft] Sec, 2 . 

journals 

7 

144 

1008 

0-0595 

60 

1-865 

Crankpins 

6 

II 4 

684 

0-6220 

425 

I 3 ‘I 50 

Crankwebs 

12 

210 

2520 

0-3000 

766 

23*800 

Revolving part 
of connecting 
rod . 

6 

192 

1152 

0-5625 

648 

20*100 

Recip. part 

2 

6 

225 

1350 

0-5625 

760' 

23-600 


Total moment of inertia = 82-515, 
i.e. moment of inertia per cyl. — —— = 1375 lbs.-ft. sec. 2 . 


In the case of automobile and aero engines it is more 
convenient to express the moment of inertia in Ihs.-ins. sec. 2 
units, 


he. J = 


D 2 .S* . 

—r —lbs.-ms. sec. 2 . 


■ (60) 
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where J = moment of inertia of revolving and reciprocating 
parts of. one cylinder line, 

D = bore of cylinder in inches, 

S = stroke in inches, 

k = 5000 for automobile engines with crankshaft 
balance weights, 

— 10,000 for automobile engines without crankshaft 
balance weights; and for in-line aero engines 
with crankshaft balance weights, 

= 20,000 for in-line aero engines without crankshaft 
balance weights; and for radial aero engines. 

The values of J obtained by using these factors are approxi¬ 
mate and should be used for general guidance only. In the 
case of in-line engines with more than one bank of cylinders the 
value of J obtained from Equation (60), using the above values 
of k, should be multiplied by the number of banks to obtain 
the approximate moment of inertia of each crank line. 

In the case of radial engines the value of J obtained by 
inserting the above value of k in Equation (60) should be 
multiplied by the number of cylinders in each row to obtain 
the approximate moment of inertia at each crank throw. 

( 5 ) Moment of Inertia of a Marine Propeller or Air¬ 
screw.—The propeller is first reduced to an equivalent disc 
as follows (see Figs. 28 and 29). 

Describe a radius x and determine the total cross-sectional 
area of the blades at this radius. This total area divided by 
(2.7T. x) is the thickness of the equivalent disc at radius x. 

The complete equivalent disc is obtained by repeating this 
process at different radii. 

The boss and that part of the propeller shaft contained in 
the boss may be treated as a solid of revolution, 


i.e. moment of inertia of boss ■ 


*r.D 2 .L.S D 2 


where D = diameter of boss in ins.. 


L == length of boss in ins., 

S = specific weight of material in lbs. per cu. in., 
g — 386 ins. per sec. 2 . 
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For bronze S = o\3i5 lb. per cu. in., 



Fig. 28.—Equivalent disc. 

The moment of inertia of the propeller blades is obtained 
from the equivalent disc as follows :— 

In Fig. 28 the full lines show the outline of the equivalent 
disc for the propeller blades. SS is a line drawn parallel to the 



Fig. 29.—Moment of inertia of propeller blade. 


axis ZZ at any desired radius (a position midway between the 
points P and Q is convenient). 

Let the distance of SS from ZZ he R, and rule any line AB 
parallel to the axis ZZ, cutting- the outline of the equivalent disc 
at A and B. 
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Project A and B on to SS at C and D. Join C and D to any 
convenient point O on the axis ZZ, cutting AB at Aj and 
Then A x and B 2 are points on the " first derived figure/' 
Repeat this process for different positions of the line AB, 
thus obtaining the outline of the first derived figure. 

Treat the first derived figure as though it were the original 
figure, and so obtain the “ second derived figure/' 

Finally, use the second derived figure to obtain the “ third 
derived figure ” in a similar maimer. 

Let A = area of original figure in sq. ins., 

A x = area of first derived figure in sq. ins., 

A a = area of second derived figure in sq. ins., 

A 3 = area of third derived figure in sq. ins., 

S = weight of 1 cu. in. of the material. 

Then 

a =£V&; k, = ±\\.y.d x -, 

a *-fC*-*-*' 

where R ft = radius of boss; R„ = extreme radius of blades, 
i.e. weight of blades, 

W = 2.tt.S. f * x.y .dx lbs., 
or W = 2 .tt.S.R. A^bs. • • * (63) 


Moment of inertia of blades about axis ZZ, 

.__2.?r.S f * x * # y ' £ x ihs.-ins. sec. 2 , 

J g K 


i.e. 

where 

Also 


J = 


g 

2 . IT . S 


. R 3 . A 3 Ibs.-ins. sec. 2 , . 


(64) 


g = 386 ins. per sec. 2 . 

W. K 2 
J g 


i.e. radius of gyration K 


= ins - 


(65) 
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If the equivalent disc is not drawn full size, care must be 
taken to allow for the vertical and horizontal scales in calculating 
the values of A x and A 3 . 

Example 15.—Fig. 29 shows one blade of a three-bladed pro¬ 
peller, 14 ft. 6 ins. diameter. 

The equivalent disc for one blade of this propeller is also 
shown in Fig. 29; the horizontal scale having been made five 
times full size, and all thicknesses having been measured from 
a vertical line to reduce the work entailed in drawing the derived 
figures. 

The thicknesses of the equivalent disc are tabulated below:— 
TABLE 12. 


Section. 

Cross-Sectional Area of One 
Blade in Sq. Ins. 

Radius in Ins. 

Thickness of Equivalent 
Disc in Ins. 

I 

443*3 

18 

3-907 

2 

1807 

24 

1-200 

3 

166-6 

3*5 

0738 

4 

138-6 

48 

0-460 

5 

98-6 

60 

0-262 

6 

5 i -3 

72 

0-114 

7 

3 i *5 

78 

0-064 

8 

12-8 

84 ' 

0-024 

9 

0 

87 

° 


The equivalent disc was drawn to the following scales :— 
Vertical scale (radii): half full size (1 in. = 2 ins.). 
Horizontal scale (thickness): five times full size 

(1 in. = 1 Is in.). 

• Hence, area scale is 1 sq. in. = 2 X 1/5 — 2/5 sq. in. 

The areas of the first and third derived figures for one blade 
of this propeller, measured by planimeter on the drawing, were 
6o*o and 56-9 sq. ins. respectively. 

. 2 x 60 

A x : ; 24 sq. ms., 


Hence, 
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i.e. assuming S = 0-315 lb. per cu. in. for bronze, 
R = 48 ins. (see Fig. 29), 

W = 2 x 3-1416 X 0-315 x X 24 
= 2280 lbs. per blade. 

Also 

jl 2 X 56-9 

A 3 —---= 22- ■ sq. ins., 

T _ 2 X 3*1416 x 0*315 X 48 s X 22*8 

386 

= 12,900 lbs.-ins. sec. 2 per blade 


12900 

’ 2240 X 12 


= 0*48 ton-ft. sec. 2 per blade. 


Boss .—The boss and that portion of the propeller shaft 
contained in it is equivalent to a solid cylinder 33 ins. diameter 
and 33 ins. long. 


Hence, 


t „ D 4 • L __ 33 4 X 3 3 
J 12500 12500 

= 3130 lbs.-ins. sec. 2 
= o-n6 ton-ft. sec. 2 . 


Total moment of inertia of propeller 
Blades = 3 X 0-48 = 1*440 
Boss = o*ii6 


Total — 1*556 fons-ft. sec A 

The effective moment of inertia of the propeller is greater 
than the foregoing calculated values due to the effect of the 
entrained -water. According to Frahm, the allowance for 
entrained water varies from 20 to 30 per cent., with an average 
of 25 per cent, for propellers of normal design, i.e. the calculated 
moment of inertia should be increased by 25 per cent, before 
using it for calculating natural frequencies and vibration 
stresses. In the above example, therefore, the effective 
moment of inertia is 

J = I-556 X 1-25 = 1*945 tons-ft. sec. 2 

The exact value of the allowance for entrained water cannot 
very well be calculated mathematically, since it depends on the 
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design of the propeller and the characteristics of the ship's hull. 
Previous experience with similar installations is the best guide 
as to whether an allowance of 25 per cent, will be satisfactory 
or not. In this connection it should be noted that the moment 
of inertia of the propeller mainly influences the value of the 
one-node frequency of marine installations, and has relatively 
small influence on the value of the two-node frequency, where 
the amplitude of vibration at the propeller is small. 

It should also be noted that the effective moment of inertia 
of the propeller varies with the loading of the vessel, so that 
there is usually some difference between the one-node frequency 



Fig. 30.—Polar moment of inertia of air-screw or propeller blade, 

of vibration when the vessel is fully loaded and the propeller is 
fully immersed, and when the vessel is in ballast and the tips 
of the propeller blades are projecting above the water. 

An alternative method of obtaining the polar moment of 
inertia of a marine propeller or air-screw blade is shown in 
Fig. 30. 

This method is probably more accurate than the equivalent 
disc method just described, because it does not depend upon 
the accuracy of a somewhat laborious graphical construction. 
In the alternative method the cross-sectional areas of the blade 
A, at different radii R, are calculated and entered in the 
table shown in Fig. 30. In this table the first column contains 





EQUIVALENT OSCILLATING SYSTEMS 137 

the number of the section ; the second column contains the 
radii K., at which the various sections are situated measured 
from the axis of rotation, in inches ; the third column contains 
the cross-sectional areas A, of the various sections, in square 
inches; and the last column contains the products (A. R 2 ), 
in inches 4 , i.e. the product of cross-sectional area and radius 
squared at each section. 

Fig. 30 is drawn for the example already worked out by 
the equivalent disc method, i.e. the values of the cross-sectional 
areas and radii are taken from Table 12. 

Two curves are plotted from the values given in the table 
in Fig. 30, namely, a curve showing the variation of cross- 
sectional area with radius, and a curve showing the variation 
of the product (A. R 2 ) with radius. 

The weight of the blade is obtained from the first curve, as 
follows;— 

fR„ 

Total volume of blade = A . dR cubic inches. 

= area under full line curve in Fig. 30 

= A x . 

Weight of blade, W = S. A Xl 

where S = weight of 1 cu. in. of the material in lbs. 

The area under the curve is obtained by planimeter and 
care must be taken in determining the area scale. 

If the area is measured by planimeter in square inches and 
1 in. on the horizontal scale represents x ins. radius, whilst 
x in. on the vertical scale represents y sq. ins. of cross-sectional 
area, then the area scale is 

1 sq. in. = x . y ins. 3 . 

In Fig. 30, for example, assuming that the vertical scale is 
1 in. — 100 sq. ins. of cross-sectional area, and the horizontal 
scale is x in. = 10 ins. radius, then the area scale is 
1 sq. in. = 100 X 10 = 1000 ins. 3 . 

The area under the full line curve in Fig. 30 measured by 
planimeter is 8 sq. ins. 



138 TORSIONAL VIBRATION PROBLEMS 

Hence, A x — 8 x 1000 — 8000 ins. 8 . 

The material is bronze, i.e. S = 0-315 lb. per cu. in. 

The weight of the blade is therefore 

W — S . A x = 0-315 x 8000 = 2520 lbs. 

This value is about 10 per cent, greater than the value 
obtained by the equivalent disc method. 

The polar moment of inertia of the blade is obtained from 
the second curve in Fig. 30 as follows :— 

Polar moment of inertia = J 

S f®* A . R 2 . dR lbs.-ins. sec. 2 
= - (area under dotted line curve in Fig. 30) 


Q 



where S = weight of 1 cu. in. of the material in lbs., 
g — 386 ins./sec. 2 . 

The area scale is 1 sq. in. = x . z, 

where 1 in. on the horizontal scale represents x ins. radius, and 
1 in. on the vertical scale represents z units of the product 
(AR 2 ). 

In Fig. 30, for example, assuming that the vertical scale is 
1 in. = 100,000 ins. 4 of the product (AR 2 ), and the horizontal 
scale is 1 in. = 10 ins. radius, then the area scale is 

1 sq. in. = 100,000 X 10 = 1,000,000 ins. 5 . 

The area under the dotted line curve in Fig. 30, measured 
by planimeter, is 16 ins. 2 . 

Hence, A 2 = 16 x 1,000,000 = 16,000,000 ins. 5 . 

The polar moment of inertia of the blade is therefore 

, S . 0-315 c 

J = - . A 2 = x 16,000,000 

g 386 

= 13,050 lbs.-ins. sec. 2 . 
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This is only 1 per cent, greater than the value obtained by 
the equivalent disc method, indicating that the difference in 
the weight calculated by the two methods is due to a diff erence 
in estimating the weight at the root end of the blade. 

The radius of gyration K is easily obtained, as follows :— 



In the present example, A 2 = 16,000,000 and A t = 8000. 
Hence, X - ins. 



Pig. 31.—'Weight of fotir-bladed marine propellers, including C.I. tail cap. 

The method just described can be used equally successfully 
for determining the weight and polar moment of inertia of the 
blade when a piece is cut off the tip. This is useful in the case 
of air-screw blades where it is common practice to manufacture 
different diameter air-screws from one standard blade by cutting 
the desired amount off the tips. 
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For example, if the tip radius of the propeller blade of 
Fig. 30 is reduced from 87 ins. to 80 ins., the weight and polar 
moment of inertia of the shortened blade is obtained by stopping 
the graphical integrations at 80 ins. radius. The curves will, 
of course, require rounding off before calculating their areas, 
as shown by the chain dotted lines a and S, to allow for the 
rounding off at the tip of the shortened blade. 



Diameter of Propeller in Feet. 

Fig. 32.—WK 2 of four-bladed marine propellers. 

WK 2 

(Moment of inertia of propeller = —-{- 25 per cent, to 30 per cent. 

allowance for entrained water.) 

As already explained the calculated moment of inertia of 
a marine propeller must be increased by about 25 per cent, 
to allow for entrained water, but this correction' is not applied 
to air-screws. 

Figs. 31 and 32 contain the weights and WK 2 values for 
four-bladed marine propellers, and may be used for estimating 
purposes. 

Fi§ s - 33 an d 34 contain the weights and WK 2 values of 
metal and wooden air-screws. The values include the hubs, 
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although as a general rule the effect of the hub on the polar 
moment of inertia of an air-screw is negligible. 

The curves are based on good average values for two-bladed 
metal air-screws in the smaller diameters and for three-bladed 



metal air-screws in the larger sizes. In the case of wooden 
air-screws the values are for two-bladed designs throughout. 

The curves for four-bladed wooden air-screws he between 
the curves for metal and for two-bladed wooden air-screws. 

In using these curves It should be borne in mind that 
considerable variation in the polar moment of inertia of 
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air-screws of the same diameter and number of blades, but 
of different designs, is possible. Nevertheless, the values ob¬ 
tained from these curves will enable fairly accurate estimates 
of torsional vibration frequencies to be made, because quite 
a large variation in air-screw inertia does not make much dif¬ 
ference to the frequency calculation in normal engine-air-screw 
installations. 




Diameter of Airscrew in FeeV- 
Fig. 34.—WK a of air-screws. 

It should, however, be kept in mind that air-screw blade 
flexibility can have an important influence, especially in the 
case of high duty metal air-screws where blade scantlings are 
kept as small as possible to minimise weight (see the Appendix 
to Vol. I). 

Example 16*—Estimate the weight and effective moment of 
inertia of a solid bronze propeller, 16 ft. 0 in. diameter. 
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From Fig. 31, weight = 7*35 tons. This weight includes 
the boss and a cast-iron tail cap, hut does not include that 
portion of the propeller shaft contained in the boss. 

From Fig. 32, WK 2 = 77 tons-ft. 2 , 

j.e. J = i-2 5 (WK 

= 2-99 tons-ft. sec. 2 . 

This value includes the propeller boss and a cast-iron tail 
cap, but does not include that portion of the propeller shaft 
contained in the boss. 

Small Marine Propellers .—The weight and polar moment 
of inertia of small solid bronze three-bladed marine propellers 
may be estimated from the following formulae, in the absence 
of specific data:— 

Weight = W = D 3 /400 lbs. . . . (66) 

Radius of gyration = K = 0-27D ins., 

i.e. WK 2 = D 5 /55oo lbs.-ins. 4 (excluding entrained 

water) .... (67) 

where D = diameter of propeller in inches. 


(c) Moment of Inertia of Flywheel.—If the flywheel is 
simple in form, e.g. a plain disc and rim, the moment of 
inertia may be obtained as follows :— 

Rim.— J r = P - ' - t--? lbs.-ft. sec. 2 , . . (68) 

where W r = weight of rim in lbs., 

g — 32-2 ft. sec. 2 , 

D — external diameter of rim in feet, 
d — internal diameter of rim in feet. 

Disc. — Jd — ~ lbs.-ft. sec. 3 , . . (69) 

where D a = external diameter of disc in feet, 

dj = internal diameter of disc in feet, 
i.e. moment of inertia of flywheel — J = (J r + J*). 




Ftg - 35 -~Moment of inertia of flywheel. 
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If the flywheel is more complicated in form, e.g. a wheel 
with arms, or a turning wheel of light, ribbed construction, 
the equivalent disc method already described should be used 
(Fig. 28). 

Fig. 35 shows the equivalent disc and derived figures for 
a typical combined flywheel and turning wheel of light ribbed 
construction. 

An experimental determination of the specific gravity of 
the material of cast-iron flywheels indicated that the average 
specific weight was only 0-25 lb. per cubic inch compared with 
the value generally employed, namely 0*26. The experimental 
value of the radius of gyration was about 4 per cent, less than 
the calculated value, indicating that the more open-grained 


Fig. 36.—Experimental determination of moment of inertia. 

material was in the flywheel rim. If, therefore, a specific 
weight of 0*26 is used for calculating the weight and polar 
moment of inertia of a heavy flywheel, the variation of density 
of material may be taken into account by reducing the calculated 
weight by 4 per cent., and by reducing the calculated polar 
moment of inertia by 12 per cent., to obtain the probable actual 
values. 

These corrections may be important in systems where 
close tuning is necessary. 

Experimental Determination of Moment of Inertia 
of Rotating Bodies. —The calculated value of the moment of 
inertia may be checked by experiment, using the compound 
pendulum theory. 

Fig. 36 shows the arrangement. The flywheel is suspended 
vol. 1.—10 


Anchored Hexagon 
Bar, over fiats 
forming knife edge. 

~V-biock 
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from a knife edge and the natural frequency of oscillation deter 
mined, taking care to avoid having too large an angle of swing. 
The knife edge in Fig. 36 consists of a short length of hexagon 
bar supported in V-blocks. Care must be taken to ensure that 
the support is rigid. 

Let T = periodic time in seconds, i.e. the time for one 
complete oscillation, 

K = radius of gyration of wheel about the centre of 
gravity (C.G.) in feet, 

R — distance of C.G. of wheel from point of sus¬ 
pension in feet, 
g — 32*2 ft. per sec. 2 . 

.p /K a + R 2 

Then T = 2 . it . v-^5— secs., 

> g . R 

or K 2 = R - R 2 = [o-8i5(T 2 . R) - R 2 ] ft. 2 . (70) 

Hence, J = - . K 2 lhs.-ft. sec. 2 , 

g 

where W — weight of flywheel in lbs. 

Another simple method of determining the moment of 
inertia experimentally is shown in Fig. 37. 

In this case the rotating body is suspended by two light 
wires so as to be free to oscillate in the horizontal plane. 
Referring to Fig. 37, 

Let W = weight of body in lbs., 

L = length of suspension wires in feet, 

R = radial distance of each suspension wire from the 
axis of oscillation in feet. 

W R d 

Then restoring force F = W . sin a = — *- , 

W R 2 $ 

restoring couple M = 

restoring couple per unit displacement 
p M W. R 2 
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where 

i.e. 

Hence, 



T = periodic time in seconds, 

J = moment of inertia of body about axis of 
oscillation in lbs.-ft. sec. 2 . 


T = 2 . TT 


J.L 
W. R 2 ' 


T W. R 2 . T 2 W.R 2 .TV 
J == ~z —2—t~ = ~ ~ - r - t lbs.-ft. sec. 2 . 
4 • *r a • L 39-5 . L 


( 7 i) 



Fig. 37.—Experimental determination of moment of inertia of flywheel. 

It should be noted that the above expression is independent 
of the number of suspension wires, so that three wires may be 
used for supporting heavy bodies. Care must be taken to keep 
the amplitude of the oscillations small. 

Example 17.—(A) A motor-carwheel, fitted with a 27-in. x 4-4-in. 
tyre, was suspended on a knife edge, as shown in Eig. 36. 



148 


TORSIONAL VIBRATION PROBLEMS 


The distance from the point of suspension to the axis of 
the wheel was 8*688 ins., the weight of the wheel was 
33 lbs., and the number of complete oscillations per minute 
was 42. Calculate the moment of inertia of the wheel. 


In this case, 


Hence, 


or 


W - 33 lbs., 

p 8*688 

R =-= 0*724 ft., 

12 J 

rr\ 60 

T — — = 1*429 secs. 
42 ^ * 


K 2 = o*8i5(T 2 . R) - R 2 

= (0*815 X I*429 2 x 0*724) — 0724 2 
= o* 68 i ft. 2 , 

T = — E» _ 33 x 0-681 

J g ' 32-2 


= o- 6 g 8 Ib.-ft. sec. 2 . 

(B) The same wheel was suspended by means of two wires, as 
shown in Fig. 37. The length of each wire was 5-5 ft. 
and the radial distance of each wire from the axis of 
oscillation was 7*68 ins. The time for fifty complete 
oscillations was 170 secs. Calculate the moment of inertia 
of the wheel. 


In this case 


Hence, 


R = 


= 0*64 ft.. 


W - 33 lbs., 

L = 5*5 ft., 

7*68 _ 

12 
~ 170 

T = — — 3 - 4 secs. 

.. _ W. R 2 . T a _ 33 X o-64 2 X 3'4 a 

J 39-5 L 39'5 X 5'5 

= 0'ji8 lb.-ft. sec. 2 . 


This is within 3 per cent, of the value previously obtained. 
(d) Correction for Mass of Shafting. —It was shown in 
Chapter 1 that as a general rule the mass of the shaft can be 
neglected if the product of the length of the shaft in feet, multi¬ 
plied by the frequency in vibrations per second, does not exceed 
1000. 

In the case of systems consisting of two masses, A and B, 
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separated by a length of shafting, the mass of the shaft can be 
taken into account as follows. Estimate the position of the 
node by the methods already given. Add one-third of the 
moment of inertia of the length of shaft between the node and 
mass A to the moment of inertia of mass A ; and add one-third 
of the moment of inertia of the length of shaft between the node 
and mass B to the moment of inertia of mass B. 

If there is more than one mass at one end of the system, 
the appropriate proportion of the moment of inertia of the 
connecting shaft should be equally divided amongst these 
masses. 

When the inertia of the shaft cannot be neglected, e.g. 
very long shafts with light end masses, the methods given in 
Chapter 8 should be used [see Eqn. (402)]. 

(e) General. —Table 13 contains expressions for calculating 
the weights and radii of gyration of a number of standard 
solids. 

Since most engineering structures are composed of standard 
forms, this table and the following rules will be found useful for 
estimating moments of inertia. 

Rule jc.—The moment of inertia of a body with respect to 
any axis is the sum of the moments of inertia of any constituent 
parts into which we may conceive it divided, 
he. J“Z(J x + J, + ete.). - . . (72) 

Rule 2 .—The moment of inertia of any body about any 
axis is equal to its moment of inertia about a parallel axis 
through the centre of gravity, plus the moment of inertia which 
the body would have about the given axis if all collected at its 
centre of gravity, 

i.e. + • • • ( 73 ) 

where J xa = moment of inertia about given axis xx, 

J aG = moment of inertia about a parallel axis 
through the centre of gravity, 

W = total weight of body, 

R — distance of the centre of gravity from the 
given axis xx. 
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Table 13, 


Moments of Inertia op Squids. 

Jx> = K xx 

Jxx = Moment of Inertia about Axis XX, In Lbs. Ft. Secf 
W - Weight of Body, in Lbs. K=Radius of Gyration, in Feet, 

S = Specific Weight of Material In Lbs./Ft 3 . g= Z 7 -'% Ft./Sec. 2 
All Linear Dimensions to be measured in Feet. 


Weight, in Lbs. Radius of Gyration, in Feet. 
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The following Table of Specific Weights of materials gives 
average values for each class of material:— 

TABLE 14. 

Specific Weights of Materials. 

Lbs. per Cubic Inch. 


Aluminium ....... 0-097 

Brass ........ 0-300 

Bronze and gunmetal ..... 0-315 

Copper ....... 0*320 

Duralumin ....... 0-102 

Iron ........ 0-260 

Lead ........ 0-412 

Magnesium alloy (elektron) .... 0-065 

Monel metal. 0-323 

Steel ........ 0-283 

Tungsten alloy (heavy alloy) . . . 0-600 

Rubber. 0-040 

Air-Screw Blade Materials. 

Birch.0-023 

Compressed and impregnated wood . . 0-050 

Mahogany.0-032 

Micarta.0-049 

Oak ........ 0-029 

Walnut.0*023 


Notes .—The specific weight of wood is subject to a wide 
variation for varying moisture content. 



Fig. 38.—Moment of inertia of frustum of cone. 

Tungsten alloy is a material recently introduced as the 
result of investigations carried out at the General Electric 
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Company’s Research Laboratories, Wembley. This material 
has approximately the same physical properties as mild steel 
and is readily machinable with ordinary tools. The material 
has just over twice the specific weight of steel and has been 
used successfully for balancing internal combustion engines 
where space limitations prohibited the use of ordinary steels. 
Its tensile strength is 40 tons per sq. in., yield-point 36 tons 
per sq. in.. Young’s modulus 32,000,000 lbs. per sq. in., Brinell 
hardness 250 to 290. 

The specific weight of rubber given in the above table is 
an average value for material used in the manufacture of 
transmission couplings. 

Example 18. —Estimate the moment of inertia of the conic 
frustum shown in Fig. 38 about the axis xx. The material 
is cast iron. 

The moment of inertia of the frustum shown at (a), Fig. 38, 
is the difference between the moment of inertia of the large 
cone shown at (6), about axis xx, and that of the small cone 
shown at (c) about axis xx. 


Moment of Inertia of Large Cone. 


4.D 


t x 075 


Total height, L= ~—--r 

6 (D-*) (075-0-5) 

— 3 ft. 

Hence, from Table 13, 

Weight W = - ' S , where S = 450 lbs. per cu. ft. 

for cast iron 

- 3,1416 x ° 75 a X 3 X 450 
12 

= 199 lbs., 

TT2 _ ( 8 • L 2 + 3 • D 2 ) _ 8 x 3 2 + 3 X 0-75 2 
^ ~ 80 ~ 80 

= 0-921 ft. 2 . 

-= I - ?2 ^- I = 5-®lb S .-ft. S ecA 


Hence, J a 
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Moment of Inertia of Small Cone. 


Weight : 


- 3-1416 X o-5 2 X 2 X 450 
12 

= 59 lbs.. 


where 


K 2 *, = ^ (L 2 + D 2 ) + R 2 , 

R = distance of centre of gravity from axis xx 

h\ 




Yj ax — 3( 22 + °' 5 2 ) 


= 2*409 ft. 2 . 


80 


+ i- 5 2 


Hence, 


59 X 3-409 = 4.4 lbs - ft sec . a . 

jxx 32‘2 


Moment of Inertia of Frustum. 

Jxm = (5 - 68 — 4*4) = i'28 Ibs.-ft. sec?. 

The expression for the weight of a frustum is 
7 T.L. S„ 


W = 


-(D 2 + D . d + 

3-1416 x 1 X 450 1 
12 


(0.752 + o*75 X 0-5 + o*5 2 ) 

= 139 lbs. 

* 1 T7 L 2 r D 2 + 3.P.^ + 6.^ -| 3r P 5 -^ 5 ] 

Also K.™ - ro [ D 2 + D . d + d? J~ I “8oLd® - d s J’ 

v _ I r o’75 2 + 3 X 0-75 X 0-3 + 6 X o-5 2 ] 

1 * e * “ roL 075 2 + 075 x 0-5 + 0-5 2 J 

3 r o- 7 5 & - o-5 5 1 
_t " 80L075 3 — 0-5®J 

= 0-295 ft?. 

Hence, J - X « g _ jjy3 ^ 

This agrees with the value previously calculated. 



X56 torsional vibration problems 

Example iq. —Fie. 39 shows two designs of steel crankweb 
for an engine with a crank-throw of 2 ins. Calculate the 
weight and moment of inertia about the axis of rotation 
XX in each case. 

Case I. Oval Web. 

From Table 13 the weight and radius of gyration of an 
elliptical lamina are 

W = 77. a . b . c . S, and K 2 siC = a + + R 2 - 


1. 




jn G . 39.—Moment of inertia of crankwebs. 


In this example a = 2*375 his.; b — i *75 i ns - > c ~ °‘75 i ns ’> 
S = 0-283 lb. per cu. in. for steel, 

R = distance from axis of rotation to centre 
of gravity of ellipse — 1 in. 


Hence, 

Also 


7 = 3-1416 X 2-375 X r '75 X 0-75 x 0*283 
= 2*77 lbs. 

__ 2 - 375 2 + i- 75 2 ■ r , 


= 3*18 ins. 2 , 

j __ yy . K 2 /386 = 2 ^ 18 = 0-0228 lb.-in. sec. 2 . 


Case II. Semi-Circular Ends. 

From Table 13 the weight and radius of gyration of a 
lamina with semi-circular ends are 
W — (tt . r + 2 . a)r . c . S, 

Kt _ 2 . a{ izr* ± a?) + 3 • A™* + ^ ) , R2- 

^ xx 12{<7rr + 2 «) 
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In this example 

r = 175 ins. ; a = (475 - 3-5) = 1-25 ins., 
c = 075 in.; S = 0*283 lb. per cu. in. for steel. 

Hence, 

W = (3*1416 x 1*75 4- 2 x 1*25)175 x 075 x 0*283 
= 2*97 lbs., i.e. 7*5 per cent, heavier than Case I. 

Also K\ x 

_ 2 x 1*25(12 x ! 75 2 +i > 25 8 )+3 x3*1416 x 175(2xi*75 a -}-i*25 3 ) 
~ 12(3*1416 x i*75 + 2X 1*25) 

-f i 2 = 3*32 ins. 2 , 

i.e. J = W. KV386 = 2 ^38^ ^ ~ °' 02 55 lb .-in. sec. 2 , or 
12 per cent, greater than Case I. 

Example 20.—Fig. 40 shows a crankweb for an automobile 
engine crankshaft with an integral balance weight. 
Calculate the weight and moment of inertia about the axis 
of rotation XX. 



The following dimensions are given:— 

R = crank-throw = 2 ins. ; r = 3*25 ins.; 

R a = 1*25 ins.; c = 0*5 in. 

From the geometry of the web, referring to the left-hand 
diagram in Fig. 40, 
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d = Rj/sin 30 0 — 2 . Ri = 2 x 1-25 = 2-5 ins., 
a = (i-f R) sin 30° = {d + R)/2 = (2-5 + 2)/2 = 2-25 ins., 
b — 2VV 2 — a 2 = 2V / 3-25 2 — 2'25 2 = 4*69 ins., 
e = (d + R) cos 30° = o-866(i + R) = 3-897 ins., 

/ = (f - ~) = 3-897 ~ 2*345 - 1-552 ins., 
g = /. sin 30° = fj% — 0776 in., 

h — (<? + o-5&) sin 30°= ^ ==3-121 ins. 

Also sin S —g/r = 0-776/3-25 = 0-238, 

8 = 13 * 75 °. 

sin 0 = hjr = 3-121/3-25 = 0-960, 

0 = 74 ° • 

The web can be divided into two circular segments and two 
triangles, as shown in the right-hand diagram in Fig. 40. 

Segment A. 

r = 3-25 ins. and a = 2 . S — 2 X 13-75 = 27-5°. 

Then from Table 13, 

Weight = W = . where S = 0-283 lb. per cu. 

in. for steel, 

= 3*1416 X 3'25 a x 27-5 x 0-5 x 0-283/360 = 0-358 lb. 
Kx = r 7 3 - 3 ' 25 2 /2 = 5*28 ins. 2 . 

Hence, moment of inertia of segment about polar axis XX = J, 
J = WKY386 = 0-358 x 5*28/386 = 0-0049 lb--in. sec. 2 . 
Segment B. 

r = 3-25 ins., a. = 2.6 — 2 X 74 = 148°. 

Weight = W =3-1416 x 3*25® x 148 x 0-5x0*283/360=1-93 lbs. 
K 2 ^ = 3-2572 = 5-28 ins. 2 . 

Hence, J = WK 2 /386 =i- 93X 5-28/386=0-0264 lb.-in. sec. 2 . 
Triangle C a = 2-25 ins.; b — 4-69 ins. 
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Then, from Table 13, 

Weight = W = 0-5 . a . b . c . S 

= 0-5 X 2-25 x 4-69 x 0-5 x 0-283 
= 0745 lb. 

K 2 ^ = a a /2 -j- 5 2 /24 = + ~~ = 3‘445 ins. 2 . 

The moment of inertia about polar axis XX is, therefore, 
J = WK a /386 = 0*745 X 3‘445/386 = 0*0066 lb.-in. sec. 2 . 


The total moment of inertia of the crankweb about polar 
axis XX is obtained by adding together the values for the 
separate pieces, thus:— 


Part. 

Weight 

Moment of Inertia 

J. 

i-Segment A 

0*358 lb. 

0-0049 lb.-in. sec. 2 

i-Segment B 

i* 93 ® 

0-0264 

2-Triangles C 

1-490 

j 0-0132 

Total for web . 

3.778 lbs. 

0-0445 lb.-in. sec. 2 


II. Equivalent Elasticities. 

(a) Elasticity of Shafting. —When the shafting is not of 
uniform diameter throughout its length, the stiffness of each 
section requires separate consideration. It is convenient to 
replace the actual shaft by a shaft of uniform diameter D, the 
torsional rigidities of the sections of the equivalent shaft 
between the various masses being maintained the same as in the 
original system by an appropriate adjustment of the lengths. 

The length of the equivalent shaft is determined as follows : 

From Equation (1), 

M G.fl 

L L ’ 

I _ T:_ f or a solid shaft of diameter D. 

* VO 


where 
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Hence, torsional rigidity 

« M G. X„ 7 r. D 4 . G , , 

C = T = ~T^ = U7IT' ' ■ <7+) 

i.e. the torsional rigidity is directly proportional to the fourth 
power of the shaft diameter, and inversely proportional to the 
shaft length. 

Let L-l — actual length of shaft, 

Dj =» actual diameter of shaft, 

L — equivalent length of shaft, 

D — equivalent diameter of shaft. 

Then, for both sections of shaft to have the same torsional 
rigidity, 

it. D x 4 . G _ tt . D 4 . G 
"iiTIT 32 . L ’ 

/D 4 \ 

or equivalent length L — for solid shafts. . (75) 

In a similar manner it can be shown that for a hollow shaft 
of actual diameters D x and d lf and actual length L v the length 
L of an equivalent solid shaft of diameter D is 

Equivalent length L=L 1 [g~_J. . . . ( 7 6) 

If there are several shafts and/or flexible couplings in series 
the overall torsional rigidity of the complete assembly is 
obtained as follows :— 

Let C = overall torsional rigidity, 

C a , C>, C e , etc. = torsional rigidities of the individual 
elements, 

L = equivalent length of the complete assembly, 

L a , L s , L e , etc. = equivalent lengths of the individual 
elements. 

Then L ~ (L s -f L 6 *f L e + etc. . . .), 

hut L = U/C; L fl = U/C e ; L & = U/C 6 ; L c = U/C c ; etc., 

where U is a constant. 

C ^ (c a + C* + C c + eta * ‘ ’) ’ * (77 ^ 


Hence, 
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Tapered Shafting.—For small vertex angles the equivalent 
length of the frustum of a circular cone is 

L== 3(Di-D ! )[^ 5_ ^ 5 ]' ' ' (7S) 

where D — diameter of equivalent uniform circular shaft of 
length L, 

Lj = axial length of the frustum, 

D x — diameter of large end of frustum, 

D 2 = diameter of small end of frustum. 


Equation (78) can be written 

T . L x .D^+K + i) 
3 . D 2 4 . K 3 J 


where K = Dj/D,,. 


( 79 ) 


When K = 1, i.e. when the shaft is of uniform diameter, 
Equation (79) reduces to Equation (75), which is 
correct. 


For values of K up to and including 1*2 the error in assuming 
that the tapered shaft is equivalent to a parallel shaft of the 
same length and of diameter (D x + D 2 )/2 is less than 3 per cent. 

Hollow Tapered Shaft.—In the case of a shaft having 
a tapered bore the following method can be employed:— 

Let L = equivalent length of the actual hollow shaft, 

L 0 — equivalent length of a solid shaft having the same 
dimensions as the outside dimensions of the 
actual shaft, 

Li — equivalent length of a solid shaft having the same 
dimensions as the bore of the actual shaft, 

C, C 0 , C i = torsional rigidities corresponding to L, L 0 and L ?: 
respectively. 

Then C = tt . D 4 . G/(32 . L); C 0 = 7r. D 4 . G/{32 . L a ) ; 

C, = 7 T - D 4 - G/(32 . Li), 

where D = diameter of equivalent solid parallel shaft. 

Hence, L = L 0 . Lj(Li - L 0 ). . . . (80) 

Equation (80) can be used for all normal types of hollow 
shaft. In the case of a hollow cylindrical parallel shaft, 
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outside diameter inside diameter d x and length L 1} for 
example :— 

From Equation (75), 


L 0 = L x . D 4 ^ 4 ; U = L a . D i jd 1 ‘ l . 

Hence, L = L 0 . L,/(L, - L 0 ) = L a . D 4 /(D X 4 - d^), 

which, agrees with Equation (76). 

Circular Shaft of Varying Diameter.— The effective 
length of a section of shafting 




T 

q n 

.1 


Ejjj 


Fig. 41.—Fillet allowance. 


which joins another section of 
larger diameter is greater than 
the actual length owing to local 
deformation at the juncture. 

The smaller shaft, in effect, 
buries itself in the larger one, 
as shown in Fig. 41. The 
length of the smaller shaft is 
therefore virtually increased "by 


the amount l, and the length of the larger shaft decreased by 
the same amount. 

The allowance l depends on the ratio of the shaft diameters, 
and may he obtained from the factors in Table 15. 


TABLE 15. 

Effective Lengths of Shafts op Varying Diameter. 


Ratio: :■ 

Ratio: j5j. 

1*00 

0 

1*25 

0-055 

1*50 

0-085 

2*00 

0*100 

3*00 

0*107 

Infinity 

0-125 


Shaft Couplings.—In the case of solid forged couplings 
the factors already given for shafts of varying diameter may 
be used. 

In normal designs the thickness of the couplings is about 
one-quarter of the shaft diameter. Hence, if a factor of O'125 
is used, the following general rule for dealing with solid forged 
couplings is obtained. • 
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Assume that the shaft extends into the coupling a distance 
equal to one-half the thickness of the flange, and that the 
remainder of the flange thickness has a diameter equal to the 
pitch circle diameter of the coupling bolts. 

In the case of keyed couplings, assume that the torsional 
rigidity is that of the shaft for one-half the length of the 
coupling, and that of the collar for the remainder. 

In the case of a splined or serrated shaft, such as the air¬ 
screw shaft of an aero engine, assume that the shaft extends 
into the attached member a distance equal to one-third the 
length of the splines or serrations and that the effective outside 
diameter of the splined or serrated portion is equal to the pitch 
circle diameter of the splines or serrations. 

Backlash in splined or serrated shafts tends to reduce the 
torsional rigidity of the connection by an amount which is 
not constant but which varies with the torque transmitted. 

In other words, the effect of backlash is to make the con¬ 
nection non-linear, a subject which is discussed in Chapter io. 

In the case of members that are shrunk on to the shaft, 
assume that the shaft enters the attached member for a length 
equal to one-quarter to one-half the diameter of the shaft, 
the smaller value applying to tightly shrunk-on members. 

In the case of a continuous sleeve or liner which is shrunk 
on to the shaft over a considerable length, assume that the 
effective outside diameter of the shaft in way of the sleeve is 
increased by the thickness of the sleeve, i.e. the effective radius 
is the radius of the shaft plus half the sleeve thickness. The 
stiffening effect of sleeves depends on the tightness of the fit, 
the length of the sleeve in relation to the shaft diameter, and 
the material of the sleeve. 

The above rale applies to cases where the sleeve is long, is 
made of the same material as the shaft, and is tightly shrunk on. 

When the sleeve is short it is made of more elastic material 
than the shaft, and a moderate fit is used, e.g. a bronze finer 
pressed on to a shaft, the stiffening effect is usually negligible. 

As a general rule the stiffening effect of short collars or 
thrust rings having an axial length less than one-quarter the 
diameter of the shaft is also negligible. 
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Cast-Iron or Bronze Shafts.—When the actual shaft is 
made of cast iron or bronze, the equivalent length of steel shaft 
is given by 

m 


‘-MS® 


where L = equivalent length of solid steel shafting, 

D = diameter of equivalent shaft, 

G = modulus of rigidity of steel, 

L x == actual length of cast-iron or bronze shaft, 

D x == actual diameter of cast-iron or bronze shaft, 

G : — modulus of rigidity of cast iron or bronze. 

Table 16 gives the values of the moduli of rigidity for 
various materials :— 


TABLE 16. 
Elastic Constants. 


Material. 

Modulus of Elasticity, E. 

Modulus of Rigidity, G. 

Aluminium 

10,000,000 lbs./in. 2 

3,800,000 lbs./in.® 

Bronze (phosphor, mangan¬ 
ese, and aluminium) 

15,000,000 

6,000,000 

Cast iron .... 

17,000,000 

7,000,000 

Duralumin 

10,500,000 

3,800,000 

Gunmetal and brass . 

14,000,000 

5,000,000 

Magnesium alloy (electron) 

6,500,000 

2,600,000 

Monel metal 

25,000,000 

9,000,000 

Steel 

30,000,000 

12,000,000 

Steel (spring wire) 

30,000,000 

11,500,000 

Steel (stainless). 

28,000,000 

11,800,000 

Tungsten alloy (heavy metal) 

32,000,000 

— 

Wrought iron . 

28,000,000 

11,000,000 

Rubber . 

500 

100 

Compressed and impreg¬ 
nated wood . 

3,850,000 

320,000 

Wood . 

1,500,000 

80,000 

Micarta . 

1,300,000 

400,000 


The values given in the above table are average values for 
each material. In the case of metals the variation is not 
great, but in the case of non-metallic materials there might 
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be an appreciable variation between different samples of each 
class. 

The values given for rubber are the average values for the 
grade of material used in transmission coup lin gs, but the 
actual value in any given .case can be adjusted over a con¬ 
siderable range by varying the specification of the rubber. 

Note .—G = . ^ —r, where a = Poisson’s Ratio 
2(1 ■+■ a) 

~ \ to | for most metals. 

Example 21. —Calculate the length of a solid steel shaft, 8 ins. 
diameter, which has the same torsional rigidity as the 
composite shaft shown in Fig. 42. 



Eig. 42.—Equivalent length of complex shaft. 

Section (a).—10 ins. of 6-in. diameter shaft. 

The allowance for local deformation at the juncture of 
the 6-in. and 8-in. diameter shafts (D 1 /D 2 .= 8/6 = 1*33) is 
0*07 . D 2 by interpolation from Table 15. 

Hence, Equivalent length = (10 + 0*07 X 6)[gJ, 

L a = 32'93 ins. of 8-in. diameter. 
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Section (b ).—30 ins. of 8-in. diameter shaft. 

The actual length is reduced by the allowance made on 
section (a) for local deformation at the juncture of the 6-in. 
and 8-in, shafts, 

i.e. Equivalent length = (30 — 0-07 x 6), 

L 6 = 29*58 ins. of 8-in. diameter. 

Section (c).—18 ins. tapered 8-in. to 12-in. diameter. 
Equivalent length = - j^s] • 

T _ 18 x 8* f 1 1 q 

1 - 3(12 - 8)1.8’ k»J 

= 8*44 ins. of 8-in. diameter, 

Section {<$)— 6 ins. of 12-in. diameter shaft. 

The effective length of this section is the actual length plus 
one-half the thickness of the coupling flange, 

i.e. Equivalent length = (6 -f I ’ 5 )[~i] J 

L* = 1*48 in. of 8-in. diameter. 

Section (e). —3-in. thick coupling, bolts on 15-in. P.C.D. 
Equivalent length = 

i.e. L e = 0*12 in. of 8-in. diameter. 


Section (J). —3-in. thick hollow coupling, bolts on 15-in. 


P.C.D. 

In this case the material is cast iron. 
Hence, Equivalent length = f [ 


I20b0000 

7000900 



i.e. L f = 0*26 in. of 8-in. diameter. 

Section (g ).—30 ins. of hollow cast-iron shaft. 

Equivalent length = [30 + 
i.e. L g = 20*60 ins. of 8-in. diameter. 
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Total Equivalent Length, 

L = (L a + Lj -f- L t -f- L s + L e + L f -f L g ) 

= 93-41 ins. of 8-in. diameter solid circular shaft (see 
Fig. 42). 

In practice the small refinements introduced into the fore¬ 
going calculation do not appreciably influence the value of the 
natural frequency. 

For example, if the couplings and the local deformation at 
the juncture of the 6-in. and 8-in. sections are neglected in 
Fig. 42, and if the tapered portion is assumed to have a uniform 
diameter equal to its mean diameter, the calculation of the 
equivalent shaft is shortened as follows :— 

Six-inch Section: 

04 

Equivalent length = 10 x ^ = 31-6 ins. 

Eight-inch Section: 

Equivalent length — 30-0 ins. 

Taper eel Section (mean diameter = 10 ins.): 

54 

Equivalent length = 18 x ^ = 7-4 ins. 

Twelve-inch Section: 

8 4 

Equivalent length = 6 x — 4 1*2 ins. 

Hollow Cast-Iron Section: 

Equivalent length = 

= 19*6 ins. 

Hence, Total equivalent length — 8 g -8 ins. 

This is 4 per cent, less than the more accurately calculated 
value, and since the frequency of torsional vibration is inversely 
proportional to the square root of the length, the probable 
error in the frequency calculation would be 2 per cent, high 
when using the approximate value for the equivalent length. 

Torsional Rigidity of Shafts of Non-Circular Cross- 
Section. —Table 17 contains expressions for calculating the 
equivalent lengths of shafts of non-circular cross-section. 



r68 


TORSIONAL VIBRATION PROBLEMS 


The classical work of Saint Venant on the torsion of prisms 
showed that in bars having symmetrical but non-circular cross- 
sections plane transverse sections do not remain plane when the 
bar is twisted, but become curved or warped. This warping 
brings about a different distribution of shear stress and shear 
strain from what would occur if transverse sections remained 
plane after twisting. As a general rule the greatest intensity 
of shear stress in a bar of symmetrical but non-circular cross- 
section occurs at a point on the perimeter of the cross-section 
nearest to the shaft axis or centroid of the cross-section. Thus 
in the case of an elliptical cross-section the maximum shear 
stress occurs on the boundary of the ellipse at the extremity 
of the minor axis. If the plane section had remained plane 
after twisting, the maximum shear stress would have occurred 
at the point situated at the greatest distance from the axis of 
twist, i.e. at the extremity of the major axis, and the shear stress 
would have been a minimum at the extremity of the minor axis. 

Similarly, in the case of a rectangular bar the maximum 
shear stress occurs on the boundary of the rectangle at the 
middle of the longer side. The shear stress at the comers of 
the rectangle is zero. 

These examples show that the simple theory used for 
solving torsion problems relating to circular bars, viz. that 
within the elastic limit shear stress and shear strain are pro¬ 
portional to the distance from the centre of the bar, cannot 
be applied in the case of shafts of non-circular cross-section. 

The subject has been investigated both analytically and 
experimentally (see Bibliography). An account of Saint 
Venant’s analytical work is given in Todhunter and Pearson’s 
“ History of the Elasticity and Strength of Materials,” Vol. II, 
Part I, Chapter X, Cambridge University Press, whilst the 
elegant experimental work of A. A. Griffith and G. I. Taylor, 
using the soap film analogy suggested by Prandtl, is described 
in their paper, “ The .Use of Soap Films in Solving Torsion 
Problems,” Proceedings, Institute of Mechanical Engineers , 
1917, p. 755. A good summary of the subject is contained in 
Seely’s ” Advanced Mechanics of Materials,” Chapter IX, 
Chapman & Hall (London). 
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The expressions contained in Table 17 have been mainly 
deduced from Saint Venant’s empirical formula and from the 
results of Griffith and Taylor’s soap film experiments. The 
following general conclusions should be noted:— 

(1) The soap film experiments showed that at external 

corners, such as the comers of a rectangular or tri¬ 
angular bar, the shear stress due to twisting is zero ; 
whilst at internal comers, such as the comers of 
key-ways and the roots of splines and serrations, the 
shear stress due to twisting is very high. In general, 
the stress at any point on the boundary of a section 
where the section is convex outward is less than if 
the boundary of the section were straight, and at a 
sharp external comer the stress is zero. The stress 
at any point on the boundary of a section where the 
section is concave is greater than if the boundary of 
the section were straight, and at sharp internal 
comers the stress is theoretically infinite, assuming 
that stress remains proportional to strain. In prac¬ 
tice, however, since all materials are more or less 
ductile, the stress at sharp internal comers remains 
finite because of local yielding of the material, which 
brings about a redistribution of stress in the neighbour¬ 
hood of the highly stressed region. The extent of 
this mitigating influence depends upon the ductility 
of the material and the shape of the comer. The 
simple precautionary measure of providing the largest 
possible radius in all corners should always be taken. ■ 
The foregoing points can be verified by referring 
to some of the examples in Table 17. Thus the 
stress at the comer of a key-way is considerably 
greater than the stress at the centre of the key-flat 
when there is a small radius at the corner of the 
key-way, but becomes nearly equal to the stress 
at the centre of the key-flat when the corner radius 
is increased. 

(2) The soap film experiments showed that a long thin 

rectangular torsion member is not so stiff as a member 
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TABLE 17. 

Tohsional Rigidity of Shafts. 


Cross- Section of 
Shaft 

Equivalent Length 
of Circular Bar of 
Diameter 0 

Maximum 
Shear Stress 

of 

Section 

1 


L= L,D 4 

[if] 

r _ S-1 M 

Jtr>2 

a d \ 

1 

i- 

OH 

J Dl* 

At Teripheru 


L=LiD 4 

f 1 1 

r SI DiM 

$(Df-d}) 
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3 (Dt-df) 
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/ 
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f_ J'M 

3 ob 2 
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a .b. 
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L-UD 4 

fe] 

r 4-8 M 

J <J3 
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L=L,D 4 

ESP] 

r _ 20 M 

*/• X 
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r _ 

3 0/3 

ar X 

0-866 Df 


L-L1D 4 

[/• 70 D, 4 ] 

r .. ^4W 

T 0/3 

a/- X 

07650, 2 

t 




L = Length of solid circular shaft of diameter D 
Having the same torsional rigdity as length Lj 
of the actual shaft 

M = "Twisting moment transmitted by shaft. 
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having a square section of the same cross-sectional 
area. 

For example, from Table 17, the equivalent length 
of a rectangular section when a = zb is 
L = L 1 .D 4 /(4-96& 4 ), 

whereas the equivalent length of a square section 
of the same cross-sectional area, when the length of 
each side is a Xi is 

L = L a .I> 4 /(r-43% 4 ), 

where, for equal cross-sectional areas, — 2b 2 , 
i.e. L = Lj. D 4 /(572& 4 ). 

Hence the torsional rigidity of the square section is about 
15 per cent, greater than that of a rectangular section of equal 
area in which the longer side is twice the shorter side. 

The torsional stiffness of a long thin rectangular member is 
nearly the same whether the member is in the form of a simple 
rectangular bar or is rolled up into a U-, C-, S-, or L-shaped 
member, provided the width of the member remains constant 
and the length of the median line is unaltered. 

This explains the considerable reduction of strength and 
stiffness when a narrow longitudinal slit is cut in a cylindrical 
tube, i.e. the slit converts the tube into a member having a 
narrow rectangular cross-section of length tt(D 1 + d-^fz and 
thickness (D x — d x )j2. 

Thus, if the width b of the rectangle is small compared 
with the length a, the terms containing b in the numerators 
of the expressions for the equivalent length and shear stress 
of a rectangular section given in Table 17 are negligible. 
Hence these expressions reduce to 

L = L 1 .D 4 {- -i—and /= 

1 l3*i . a. b s ) J a,b* 

In the case of a slit tube the length of the equivalent rect¬ 
angle is a — -f- dj)f 2, and its width is b = {D 1 — d-^ jz. 

Inserting these values in the foregoing expressions for 
L and f t 
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T — T T ~) 4 1*64 \ , , 7’6M 

1 ^(Di+^pt -^) 2 

which are in good agreement with the values given for a slit 
tube in Table 17. 

The soap film experiments also showed that the stiffness 
of any section is reduced appreciably by any discontinuity, 
such as a key-way, even if the discontinuity does not reduce 
the area of the section appreciably. 

Conversely, any addition to the area of a particular section 
increases its stiffness, provided the configuration of the original 
area remains unaltered. Thus, in the examples given in 
Table 17 the equivalent length of a tube of external diameter 
D l3 internal diameter o-6D 1} and length L x , is 

L = 1-15 L x . DVD/, 

whereas the equivalent length of the same section when 
a single key-way, DJ4 wide and Dj/io deep, is cut in it is 

L = 1*28 . D 4 /D! 4 , 

when the radius in the comer of the key-way is r — D 1 /ioo. 

(3) In the case of severe discontinuities, such as key-ways 
and serrations, it should be noted that the values 
given in Table 17 for the maximum shear stresses 
at points of high stress concentration are theoretical 
values. Due to local yielding these theoretical 
. values are not realised in practice in the case of vibra¬ 
tory loading, a point which is discussed more fully 
in Chapter 7. 

General Expressions for the Torsional Rigidity of 
Non-Circular Shafts in Torsion. 

(a) Solid Symmetrical Sections .—Saint Venant found that 

the torsional rigidity of any solid symmetrical section 
is nearly the same as that of' an elliptical section 
having the same area and the same polar moment 
of inertia as the actual section. 

(b) Thin Tubular Sections .—The following expressions 

give approximate values for the maximum shear 
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stress and equivalent length of thin tubular sections 
having a uniform wall thickness. (See Seely, 
“Advanced Mechanics of Materials/’ pp. 176 and 
177) 

/=M/(2.A.2), .... (82) 

L = P . L x . D 4 /(40'8. A 2 . t), . . (83) 

where / = maximum shear stress in lbs. per sq. in.; 

M = torque in lbs.-ins., 

A = area enclosed by mean periphery of section, in 
sq. ins., 

t == wall thickness in inches, 

P = length of mean periphery in inches, 

L — equivalent length of solid circular shaft of dia¬ 
meter D, 

L x = actual length of tubular section. 


For example, consider the case of a hollow cylindrical 
section, outside diameter D x and inside diameter d x — k . D x , 

A = l ■ w • D ‘ 2 < 1 + w i6 ’ 

t = (B 1 - dj)/z = D x (i - k)lz, 

P = ir(D x -f d^jz = it . D x (i 4- k)j 2 . 

5-i. M_ 

'd^(i + k)*(i-ky 
2 . L x . D 4 
Di 4 (i + k) 3 (i — k)‘ 


Hence, 

/ = 

and 

L = 


Also, from the expressions given in Table 17 for a hollow 
circular section, 

/= 5 •! D a .M/(D x 4 - d^) = 5-i M/D x 3 (i - h*), 
and L = L x . D 4 /(D X 4 - d^) = L x . D 4 /D x 4 (i - k*). 

The error in the approximate expression for different values 
of k is shown in the following table:— 
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Value of 

Stress/. 

Equivalent Length. 

k. 

Exact. 

Approximate. 

Exact. 

Approximate. 

o-8o 

8-64 m FV 

7-87 M/D^ 

1*72 L, . D 4 /D n 4 

1-69 Li . D 4 /Di 4 

0-85 

10-65 

9-95 

2-10 

2-09 

o-go 

14-80 

14-10 

2*92 

2-91 

0-95 

27-20 

26-80 

5-43 

5’4° 

0-975 

52-30 

52-30 

10-40 

10-25 


In the case of elliptical tubes the values of A and P can be 
computed from the following expressions:— 


A =z - a .b = area enclosed by mean periphery, 




+ & 2 


— length of mean periphery. 


where a = mean length of major axis, 

b — mean length of minor axis. 

The empirical expression given in Table 17 for the shear 
stress due to twisting a bar of rectangular cross-section yields 
values which are within 4 per cent, of the exact values. The 
expression for the equivalent length of rectangular bars yields 
values which axe within 7 per cent, of the exact values when 
the ratio ajb lies between 1 and 2, and within 5 per cent, when 
this ratio is greater than 2. 


Example 22.—A torsional pendulum consisting of a flywheel 
of moment of inertia 0-357 lb.-in. sec. 2 is rigidly attached 
to the free end of a i-in. diameter solid steel bar 12 ins. 
long. The other end of the bar is firmly clamped as 
shown in Fig. x. 

Calculate. 

I. The natural frequency of torsional vibration of the. 
system. 

II. The maximum torque which can be imposed on the 
bar if the shear stress must not exceed 10,000 lbs. 
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per sq. in. Also the angle of twist at the flywheel 
when this torque is applied statically at the same 
point. 

III. The required lengths of shaft, assuming that the solid 
circular bar is replaced by bars having the various 
cross-sections shown in Table 17; that a shear 
stress of 10,000 lbs. per sq. in. must not be exceeded 
when the alternative bars carry the same torque 
as the solid circular bar; and that the natural 
frequency must be the same as for the solid circular 
bar. 

I. Natural Frequency of System. 

From Equation (7), 

F = 9'55V / C/J vibs./min., 
where C = G. IJL lbs.-ins. per radian 

— P* ■ G _ i 4 X 12000000 
— 10*2 . L ~ 10-2 X 12 

= 98,000 lbs.-ins. per radian, 

J = 0-357 lb.-in. sec. 2 . 

Hence, F = 9-55 a/ — = 5000 vibs./min. 

v 0*357 J ' 

II. Maximum Torque. —From Table 17, for a solid circular 
section, 

/=5*i M/D 3 , 

where / = 10,000 lbs. per sq. in., D = 1 in. 

Hence, M = 10,000 x i 3 /5*i = i960 lbs.-ins. 

Angle of Twist at Flywheel. 

From Equation (1) 

.M-L 

gi,' 

but C = G. IJL, 

i.e. 8 = M/C, 

where M = i960 lbs.-ins., 

and C = 98,000 lbs.-ins. per radian. 

Hence, 8 — 1960/98,000 = 0*02 radian or 1*15°. 
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Ilia. Hollow Circular Section (assuming d x — o*6 DJ. 

In all the following examples the appropriate expressions 
for shear stress and equivalent length are taken from Table 17. 

Shear Stress. 

/= 5-1 D x . M/p! 4 - df) 

= 5-85 1 /Dj 3 , when d x = o*6 . D lf 
i.e. D x 3 = 5-85 X 1960/10,000, when M — i960 lbs.-ins. 

and f— 10,000 lbs. per sq. in., 
Dj = 1*05 ins., and d x = 0-63 in. 

Length of shaft. 

L = L 

If the frequency is to remain the same as for a solid circular 
bar 1 in. diameter and 12 ins. long, the actual length Lj of 
the hollow bar must be equivalent to 12 ins. of 1 in. diameter 
solid circular bar, i.e. L/D 4 == 12, a value whidh holds for all 
the following examples. 

In this case, 

L x = 0*87 Di 4 . L/D 4 , where I>! = 1*05 ins., 
i.e. L x = 0*87 x i*05 4 x 12 — 12*6 ins. 

IIIJ. Hollow Shaft with Longitudinal Slit 
(assuming d x — 0*6 . D x ). 

Shear Stress. 

f- 7-6 -M 
• / “(D 1 + 4 )(D 1 -i 1 ) 8 
= 29*7 . M/D x 3 , when d x — o-6 . D x , 
i.e. Dp* == 29*7 X 1960/10,000 = 5-82, 

or D x = i-8 ins., and d t = 1-08 ins. 

Length of Shaft. 

T _ *5 Lx • D 4 

Px + ^P*-^) 8 ' 

or L x = (Dx T ^iJPx ,^i) 3 . L/(i-5 . D 4 ) 

= 0-068 . D x 4 . L/D 4 , when d x = 0*6 . D lf 
where D x = r*8 ins, and L/D 4 = 12. 

Hence, L x = 0-068 in. x i-8 4 X 12 = 8-6 ins. 

VOL. I .—12 
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IIIc. Ellipse (assuming a — zb). 

Shear Stress. 

f — 5*1. M }[a . V s ) = 2-55 . M jb 3 , when a = zb, 
i.e. b z — 2*55 x 1960/10,000 = 0-5, 
or b — 0*794 hi., and a — zb = 1*588 ins. 

Length of Shaft. 

T _ Li. D 4 (a 2 + 5 2 ) 

2 . a z . b 3 ' 

or L x — 3*2 . 5 * . L/D 4 , when a — zb 

— 3*2 x 0-794* x 12 = 15*2 ins. 

III^. Rectangle (assuming a = zb). 

Shear Stress. 

f=(i 5 .a + 9 .b).MI( 5 .a*.b*) 

= 1*95 . M/ 5 3 , when a — zb, 
or b 3 = 1*95 x 1960/10,000 = 0*382, 

whence b — 0*725 in., and a = zb — 1*45 ins. 

Length of Shaft. 

L = Lj . D 4 (a z + b z )/( 3*i . a 3 . 5 s ) 

= L a . D 4 /( 4 * 9 6. 5 4 ), 

he. = 4*96 x 0*725* x 12 = 16*4 ins. 

Hie. Square. 

Shear Stress. 

f = 4*8 . M [a 3 , 

or a 3 — 4*8 x 1960/10,000 = 0*94, 

whence a = 0*98 in. 

Length of Shaft. 

L — Li. I> 4 /(i *43 . tf 4 ), 
i.e. Lj = 1*43 . . L/D 4 

= 1-43 x 0*98* x 12 
= 15*8 ins. 



EQUIVALENT OSCILLATING SYSTEMS 


179 


III/. Equilateral Triangle. 

Shear Stress. 

f — 20 . M/a 3 , 

i.e. a? — 20 x 1960/10,000 = 3-92, 

or a = 1-575 ins. 

Length of Shaft. 

L = 4-53 . L t . D 4 /a 4 , 

or L x = i>57 4 x 12/4-53 = 16-3 ins. 

Ill g. Hexagon. 

Shear Stress. 

/ = 5-3. M/D, 3 

or D x 3 = 5-3 x 1960/10,000 = 1-04, 

i.e. D x = 1-014 ins. 

Length of Shaft. 

L = L x . D 4 /(i-i8 . D x 4 ), 
i.e. L x = i*i8 . Djl 4 . L/D 4 

= 1-18 X I-OI4 4 X 12 = 14-9 ins. 

IIIA. Octagon. 

Shear Stress. 

/= 5-4. M/D] 3 , 

or D] 3 = 5-4 x 1960/10,000 = 1-06, 

Dt = 1-02 ins. 

Length of Shaft. 

L = Lj. D 4 /(r-i. D/), 

i.e. L x = i-i . 3 V. L/D 4 = i-x x 1-02* X 12 = 14-3 ins. 

Torsional Resilience.—The work done by a torque M in 
twisting a bar through an angle 6 is 
W=M. 0 / 2 , 

but, from Equation (1), 

M/I, = 2 .fid = G . 0 /L, 

M = 2 ./. IJi, and 0 = 2./. L/G . 

W = 2. 1 ,,. p. L/G . d 2 ins.-lbs.. 


or 

i.e. 


( 84 ) 
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where W — total resilience in ins.-lbs., 

I, = polar moment of inertia of cross-section of shaft 
in ins . 4 units, 

/ = maximum shear stress in lbs. per sq. in., 

L — length of bar in inches, 

G = modulus of rigidity in lbs. per sq. in., 
d = diameter of bar in inches. 

For a hollow circular bar, outside diameter (L and inside dia¬ 
meter k.d, 

l p = 77 . d *{r - #)/32, and V = 7r. d\ 1 - £ 2 )L/4, 
where V = volume of bar in cubic inches. 

Hence, W„ = resilience per unit volume 

—/ 2 ( 1 -f & 2 )/(4. G) ins.-lbs. per cu. in. . (85) 

In the case of a very thin tube k is very nearly unity, so that 
Equation (85) reduces to 

W s = / 2 /2. G for a very thin tube. . . (86) 

In the case of a solid shaft k is zero, so that Equation (85) 
reduces to 

W 3 =/ 2 /4G, for a solid circular shaft. . (87) 

As already explained the foregoing expressions cannot be 
applied to non-circular sections because plane transverse 
sections do not remain plane after twisting. 

The specific resiliences of non-circular bars can be computed, 
however, from the following expression :— 

W a = M . dfzV, 

where 9 = total angular deflection of bar in radians due to 
torque M lbs.-ins. 

V = total volume of bar in cubic inches. 

In this example M = i960 lbs.-ins., 6 — 0*02 radian. 

Hence, W s — i960 X 0-02/2V = 19-6/V ins.-lbs. per 

cubic inch. 

The values of W„ are given in the last column of Table 18. 
Equations (86) and (87) show that for a given maximum 
stress and a given weight of material a very thin circular 
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tube stores twice as much energy as a solid circular bar, and 
it will be found that any other solid section is even less efficient 
than the solid circular section. The examples given in Table 18 
show that the resilience per unit volume approaches that of 
a solid circular bar the nearer the cross-section of the bar is 
to a circular cross-section, e.g. a square section is more efficient 
than a triangular section, and a hexagonal or octagonal section 
is more efficient than a square section. 

TABLE 18. 

Resilience of Torsion Bars. 


Section. 

Length of 
Bar. 

Ins. 

I*. 

Volume of Bar. 
Cu. Ins. 

Weight of . 
Bar. 

Lbs. 

Resilience per 
Unit Volume. 
Ins.-Lhs. per 
Cn. In. 

Solid circular . 

12-0 

9-42 

2-67 

2-08 

Hollow circular 

12-6 

6-96 

1-97 

2-82 

Hollow circular with longi¬ 
tudinal slit . 

8-6 

14-00 

3*97 

1-40 

Solid elliptical 

15-2 

15-00 

4*25 

131 

Solid rectangular 

i 6*4 

17-25 

4.87 

1-14 

Solid square . 

15*8 

15-20 

4-30 

1-29 

Solid equilateral triangular 

16-3 

17-50 

4-95 

I-I2 

Solid hexagonal 

14-9 

13-20 

3-74 

I-48 

Solid octagonal 

14*3 

1130 

3 ’ 2 i 

*'73 


The presence of discontinuities, such as key-ways, serra¬ 
tions, etc., also has a considerable influence on the specific 
resilience of the bar, because the maximum stress to which 
the bar can be subjected with safety is determined by the high 
local stresses which occur in the region of the discontinuity. 
The average stress is, therefore, considerably lower in most 
cases than the average stress in a bar of corresponding cross- 
section but without any discontinuity. It should be noted, 
however, that the effect of a discontinuity on the permissible 
maximum stress, and therefore on the specific resilience of a 
bar, depends on the material of which the bar is made as well 
as on its cross-section and type of discontinuity. As a general 
rule, the specific resilience of two bars of identical form, con¬ 
taining a discontinuity such as a key-way, but of different 






182 TORSIONAL VIBRATION PROBLEMS 

materials, will not be in direct proportion to the stress¬ 
carrying capacity of the two materials, because there will 
be a more favourable redistribution of stress in the neighbour¬ 
hood of the discontinuity in the case of the more ductile 
material, due to local yielding at the highly stressed zones. 
Also, in the case of two identical bars made of the same 
material, the specific resilience will be greater for the bar 
which has the larger radii at the discontinuity, e.g. in the 
comers of a key-way or at the roots of serrations. 

Example 23. —Calculate the natural frequencies of the system 
described in Example 22, when all the bars are 12 ins. 
long and are made of the following materials : steel, cast 
iron, aluminium, bronze, magnesium alloy, and wood. 
From Equation (7), 

F = 9 - 55 VC/J. 

where C = G. Ij,/L, 

i.e. F = 9-55 

If only the length L and the modulus of rigidity G are 
altered this expression can be written 


In Example 22 it was shown that the frequency of the 
system with steel bars having the various cross-sections de¬ 
scribed in Table 18 was 5000 vibs./min. 

Table 16 shows that the modulus of rigidity of steel is 
12,000,000. 

Hence, F t = KVGi/Li vibs./min., 

where F x = the natural frequency of the system when 

the modulus of rigidity of the material 
is G 1( and the length of the bar is L t . 
Similarly, F 2 — KVG 2 /L 2 , 

- 
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In this case, = 12,000,000, 

L-l = length of bar from column 2 of Table 18, 
L 2 = 12 ins., 

G 2 = modulus of rigidity from Table 16, 

F x = 5000 vibs./min., 

1,e ‘ 1 5 000y \/' 12000000 x 12 ~ 2'4^" 1 ' 

The values of F 2 can be computed from the above expression 
by the appropriate values of G 2 and from Tables 16 and 18 
respectively. The results are given in Table 19. 

TABLE 19. 

Natural Frequencies of Torsional Pendulum. 


Section. 

Material. 

Steel. 

Cast Iron. 

Aluminium. 

Bronze. 

Magnesium. 

Wood. 


vibs./min. 

vibs./roin. 

vibs./min. 

vibs./min. 

vibs./min. 

vibs./min. 

Solid circular 

5000 

38IO 

2810 

353 ° 

2320 

4°7 

Hollow circular. 

5X20 

39OO 

2880 

3620 

2370 

417 

Hollow circular 







with Iongl. slit' 

4120 

3 MO 

2310 

2900 

1910 

335 

Solid elliptical .* 

5610 

4270 

3150 

3960 

2600 

457 

Solid rectangular 

5840 

4450 

3280 

4120 

2710 

475 

Solid square 

5720 

4350 

3210 

4040 

2650 

485 

Solid triangular. 

5810 

4430 

3270 

4100 

2700 

473 

Solid hexagonal. 

5560 

4240 

3130 

3930 

2580 

453 

Solid octagonal. 

544 ° 

4150 

3060 

3840 

; 2520 

442 


The considerable reduction of torsional stiffness and the 
consequent reduction of natural frequency due to cutting 
a longitudinal slit in a hollow circular shaft should be noted. 
In the particular example given above the dimensions of the 
slit tube were increased to maintain the same maximum fibre 
stress under a given torque as for the plain tube. If the 
dimensions had not been increased the reduction of stiffness 
due to slitting the tube longitudinally is given by the expressions 
in Table 17. 
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For a plain cylindrical tube, 

L = L 1 DV(D 1 *-^) 

= 1*15 when d x — o-6D x . 

For a slit tube, L = L t . D 4 ( -— 1 

l(Di 4 - - d x f) 

= 14-65 Lj. D 4 /Di 4 , when ^ — o-6D l5 

i.e. the torsional rigidity of the slit tube is nearly i/ioth that 
of the plain tube, when d x — o-6Dj. 

(b) Crankshaft Stiffness.—The reduction of the actual 
length L in Fig. 25 of each crankshaft element between main 
bearing centres to an equivalent length of plain shafting L e of 
diameter D of the same torsional rigidity may be carried out 
as follows:— 

Referring to Fig. 25, 

v Torsional rigidity of unit 

Let C = G.I„ = — .G.D 4 = length of the equivalent 
33 shaft. 

Torsional rigidity of unit 
c i~— GfDJ — dj) = length of the crankshaft 
6 journals, 

r — L __ Torsional rigidity of unit 

3 32' ( ^ 2 ~ length of the crankpin, 

q £ I _ T . W 3 . E _ Flexural rigidity of one 
" .. ' 12 crankweb. 

Then, assuming that the deflection of the crankshaft 
element is mainly due to twisting of the crankpin and journals, 
and bending of the crankwebs, and that the hearing clearance 
is sufficient to permit free displacement of the journals : 


(i) Journals. 

Let Lj = length of equivalent shaft having the same tor¬ 
sional rigidity as each journal, 

A = length of journal. 


Lj_ A 
C "Cj 


or 


Li = 


A. C 
C, ’ 


Then 
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i.e. L x = for hollow journals 

(Ah ~~ a i J 
A D 4 

— ’.-j- for solid journals. 

•L'l 

(ii) Crankfins. 

Let L 2 =5 length of equivalent shaft having the same 
torsional rigidity as each crankpin, 

B — length of each crankpin. 


Then 

i.e. 



(iii) Crankwebs. 

Let L 3 = length of equivalent shaft corresponding to two 
crankwebs. 


Fig. 43 shows the deflection of a crankweb due to a couple M. 

Let Y = radius of curvature of web, 

9 = difference in inclination of web at journal and 
crankpin, i.e. the angular deflection of the next 
following journal due to flexure of the crankweb. 

Then from the theory of beams 
M/I = E/Y, 

or Y — E . I/M = C s /M, 

where C 3 = E . I = T. W 3 . E/12 = flexural rigidity of the 
crankweb. 

Also, from Fig. 43 ^ 

6 — R/Y = M^/C 3 = 12. M . R/(T. W 3 . E), 

or, for two crankwe] 9 — —^- 5 . 
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M. L 3 _ 24. M . R 
"C~ “ T. W 3 . E J 

_ _24.R ir.G.V* 

^ ~ T. W 3 . E A 32 
2-356 R . G . D 4 
“ T . W 8 . E ' 

Assuming that E = 30,000,000 lbs. per sq. in. and 

G = 12,000,000 lbs. per sq. in. for steel, 

L s — °'^-p 2 for two steel crankwebs. 


Hence, 

i.e. 



(iv) Total Equivalent Length of One Crankshaft Element. 


L fi = (Lj + L 2 -f- L») 

rA. D 4 BD 4 0-942 R. D 4 i 
"LB/ + D 2 4 + T. W 3 j' 
for solid journals and crankpins. 


( 88 ) 


In applying the foregoing method, it should be noted that— 

(i) Local deformation at the juncture of journal and crank- 

pin and web increases the effectjva length of the 
journal or crankpin. J 

(ii) The effective lever arm of the couplp acting on the crank¬ 

webs is less than the crank/adius R, due to the 
attachment of the crankpafand i journal. 

(iii) The effect of restraint at the bearings is to increase the 

stiffness of the crankshaft. \ 
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For normal running clearances of 4/1000 to 8/1000 
of an inch, the increase of torsional rigidity compared 
with that of a free shaft is 5 to 10 per cent. 

Exact mathematical treatment is not possible, since the 
elastic characteristics of the shaft in the neighbourhood of 
critical speeds depend, amongst other things, upon the bearing 
clearances which are variable and are, therefore, not even taken 
into account accurately in direct measurements of crankshaft 
stiffness. 

In the case of one-node torsional vibrations of marine 
installations, where the length of the crankshaft is a small 
proportion of the total length of shafting in the system, the 
equivalent length of the crankshaft can be assumed to he the 
same as the actual length without making any appreciable 
difference in the value of the natural frequency. In normal 
installations of this type, the error in the value of the natural 
frequency corresponding to an error of io per cent, in the 
equivalent length of the crankshaft would be less than half 
per cent. 

In the case of two-node vibrations of marine installations, 
and one-node vibrations of close-coupled electrical generating 
sets, however, the elastic properties of the system are mainly 
determined by the torsional rigidity of the crankshaft. 

Since the natural frequency is approximately inversely 
proportional to the square root of the shaft length, an error 
' olhro per cent, in calculating the equivalent length of the 
crankshai,. corresponds to an error of about 5 per cent, in the 
value of the 3*3tural frequency. 

The equivalen^length of the crankshaft should therefore 
he determined as careiully as possible, and the following simple 
empirical formula, orig\uatejJJ^4Iajor B. C. Carter, has proved 
to be satisfactory fqrtMs purpose. (See “ An Empirical 
Formula for Crankshaft Stiffness in Torsion/’ by B. C. Carter, 
D.I.C., M. I. Mech.E./ Engineering, 13th July, 1928, p. 36.) 

Carter’s empirical formula for the equivalent length of a 

crankshaft in bear mav be stated thus 
:anl^ 

.exure. 
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L e = D 4 


fA -j- o*8 T 
l D, 4 - £ 




075 B 


for hollow journals and crankpin, 


T.W 3 ]' ' 

1 - 5^ 1 , % 

T.W 8 _t * ^°) 


for solid journals and crankpin. 

The symbols correspond to those shown in Fig. 25. 

This formula, which is similar in form to Equation (88), is 
based on actual observations, on a number of small shafts of 
different designs representing marine, aircraft, and motor-car 
practice. Assuming the test results to be exact, the range of 
error for all the results was ± 12 per cent., corresponding to 
a range of error in the frequency calculation of ± 6 per cent. 

The Carter formula was used for calculating the equivalent 
lengths of the crankshafts of the engines of T. S. M. V. 
Polyphemus, tested by the Marine Oil-Engine Trials Committee. 
(See Appendix to “ Marine Oil-Engine Trials,” Sixth Report, 
Proc. Inst, of Mech. Engineers, 1931, Vol. 121, pp. 268 and 286.) 
These engines are each six-cylinder, four-stroke cycle, single- 
acting type, 620 mm. bore, 1300 mm. stroke, rated at 2750 
B.H.P., and 138 r.p.m., with a crankshaft diameter of i6f ins. 
The error between the calculated frequencies and the torsiograph 
frequencies was + 2 per cent, for the one-node frequency 
observed during the shop trials with the engine coupled to a 
dynamometer; and -f 0*6 per cent, for the two-node frequency 
observed during the sea trials. ~~ 

A similar closeness of agreement between the calculated and 
observed values of the two-node frequencies o* a large number 
of opposed-piston engine installations (whgfe the crankshaft is 
of the type shown at D in Fig. 44, and spherical bearings are 
employed) has been obtained by the author, using the Carter 
formula for the equivalent length of the \rankshaft. 

Example 24.—Calculate the equivalent lengrth of the crankshaft 
element shown in Fig. 25, assuming jMe following dimen¬ 
sions, the diameter of the equivalent jagitf t to he the same 
as the diameter of the journals:— 
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Solid journals A = 9 ins., Dj = 8J ins., d x — 0. 

Solid crankpin B = 7$ins., D 2 = 8| ins., d 2 = 0. 

Crankweb R = 9 ins., T = 4 ins., W = 12 ins. 


Diameter of equivalent shaft D = journal diameter = 8^ ins. 
Hence, 


L e = D 4 [ 




JL5R.1 
T. W 3 _ 


(90) 




f o-75 x 7-5 ) 1 i’5 x 9 ' 

l 8£* J ^ 4 X I2 3 J 


= 12*20 ins. + 5*625 ins. + 9*025 ins. 
= 26*85 ins., say 27 ins. 


Fig. 44 gives the values of the ratio LJL, for a number^ of 
different crankshaft designs, calculated by the Carter formula. 
L is the actual length of one crankshaft element between main 
bearing centres, and L e is the length of the equivalent journal, 
i.e. the length of plain solid cylindrical shafting of diameter 
equal to the diameter of the crankshaft journal, which has the 
same torsional rigidity as the actual crankshaft in bearings. 
The unit throughout is the diameter of the journal. 

Examples A, B, and C represent solid forged, built, and 
semi-built shafts employed for slow and medium speed marine 
and land engines. 

Example D is an opposed-piston oil engine crankshaft. 

Examples E to K represent high-speed aero engine and 
automobile engine crankshafts; G and H being examples used 
in single-row and double-row radial aero engines respectively. 
In the majority of the examples given in Fig. 44 the values 
;/p°ted for the ratio L e [L have given good agreement between 
calculated and observed frequencies for engines fitted with 
f crankshafts of the proportions specified. 

A fundamental difference between the Carter empirical 
formula for crankshaft stress. Equation (90), and the formula 
based on theoretical considerations, Equation (88), is that the 
former contains a considerably .sm aller allowance for the 
stiffness of the crankpin, set by an increased allow¬ 
ance tor web flexure. T~ son, although considerable 
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Fig. 44.—Torsional stiffness of crankshaft elements. 
(Uni+jr xtiameter of shaft.) 
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test experience with a great variety of crankshaft forms has 
shown that the Carter formula is exceedingly reliable for 
computing the overall stiffness of a crank element comprising 
journals, webs, and crankpin, there is no reliable experience 
to show that it enables the stiffness of the individual members 
of the crank element to be correctly assessed. From an in¬ 
vestigation of the stiffnesses of the individual members of a 
shaft element of the type shown at D in Fig. 44, the author 
found that the Carter formula did, in fact, over-estimate the 
stiffness of the crankpins and under-estimate the stiffness of 
the webs, although the overall stiffness of the crank element 
was in good agreement with the experimental results. 

As a result of this investigation, however, the following 
alternative semi-empirical expression was developed, and this 
gave a better indication of the distribution of stiffness in the 
crank element for the particular case investigated. 




R-o-gPd-D,) )-} 
T.W 3 JJ 


(9i) 


In this expression the symbols have the same meanings as 
in Equation (89). 

The form of Equation (91) is similar to that of Equation 
(88), the only differences being the inclusion of fillet allowances 
con journals and crankpin, and the adoption of an effective 
cran-tk arm equal to the distance between the centres of gravity 
of the vj.imer semi-circular, cross-sectional areas of the crankpin 
and jouii^ai. 

In ail i'f.he examples shown in Fig. 44, Equation (91) gives 
values for tx\ e ra ti 0 L 6 /L which agree with the values obtained 
from Equation (89) within ± 10 per cent., and in the majority 
of cases the Agreement is within i 5 per cent. Exceptions 
are examples Ic and K, probably due to the relatively short 
crankthrow in ex- am pi e j an q to the thin web in example K. 

Where there is a i ar g e discrepancy between the equivalent 
length obtained by using Equation Jbq) and that obtained by 
using Equation ( 9 x )»' .and where there is no experimental ex¬ 
perience to indicate valuers nearer the true value, an 

average of the two calcnq a t e( t values will probably give reason¬ 
ably accurate results. 
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Crankshaft stiffness can also be determined by strain energy 
methods, taking into account strain energy due to bending, 
torsion, and shear. 

According to this method the effective stiffness of the crank¬ 
shaft is not a constant quantity but depends on the relative 
values of the forces applied to the shaft. The stiffness cannot 
therefore be finally determined until the form of the elastic 
curve is known, and on this account the stiffness in one-node 
vibration differs from the stiffness in two-node vibration. The 
strain energy method is chiefly of interest in the case of crank¬ 
shafts containing elements of the types shown at D and H in 
Fig. 44, i.e. where there is no journal bearing between adjacent 
crankpins and consequently where flexural displacements are 
liable to be more pronounced. 

Although the strain energy method gives a form of crank¬ 
shaft deflection which agrees more closely with experimental 
observations of shaft deflections under statically applied 
torques, there is little difference in the frequencies calculated 
by this method and by using the simple formulae for crankshaft 
stiffness, Equations (89) and (91). 

Furthermore, torsiograph observations show that in general 
the recorded frequencies, even for shafts containing elements., 
of the types shown at D and H in Fig. 44, are in good agree¬ 
ment with the frequencies calculated by using Equations 
(89) and (91) for crankshaft stiffness. 

It would therefore appear that the very much more involved 
calculations which must be made to determine crankshaft 
stiffness by the strain energy method are not a necessary part 
of practical frequency calculations. 

Automobile Engine Crankshaft Elements.— Fig. 45 
contains some typical crankshaft elements, the appropriate 
expression for calculating the equivalent length of the element 
being stated in each case. In all cases the formulse have been 
derived from Equation (89). 

The element shown at A in Fig. 45 represents each cylinder 
section of an in-line engine where there is a journal bearing 
at each side of the crankthrow. 

The crankpin and journal may be either solid or hollow, 
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and three types of crankweb are shown in the diagram, hype 
X is the usual rectangular form and calls for no special com¬ 
ments. Type Yis a circular form, the effective width W being 
the diameter of the circle. This type of web is sometimes 
used as a journal bearing, usually with a roller bearing mounted 
on its periphery, in which case, of course, W must' be large 
enough to provide a web which is concentric with! the axis 
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of rotation. Type Z is a balanced form in which the web 
is extended beyond the journal to counterbalance the rotating 
masses. This type of web is used on four-, six-, and eight- 
cylinder in-line automobile engines, and its effective width 
W is measured at a distance R/2 from the axis of rotation. 

In applying the formula for the equivalent length, allow¬ 
ance should be made for variations of journal length A, and of 
crankpin length B for different cylinders of the same engine. 
Also, if the crankpins and journals are solid, d x and d % are zero. 

The element shown at B in Fig. 45 is found in three-bear¬ 
ing, four-cylinder in-line and in five-bearing, eight-cylinder 
in-line automobile engines. It is also found in two-row radial 
aero engines and in the Fullagar type of opposed-piston oil 
engine. 

If the crankpins and journals are solid, then d 1 and 
in the expressions for equivalent length are zero. In these 
expressions no allowance has been made for the circular 
facings at the junction of the crankpins with the centre web. 
In the majority of examples this allowance is covered by the 
normal allowance for deformation at the junction of a crankpin 
with a web, but in exceptional cases the facings can be treated 
as enlarged portions of the crankpins, using the method already 
given for dealing with shafts of varying diameter. 

For instance, the value of L e /L given for example J in 
Fig. 44 is obtained from the expression for L a from example B 
of Fig. 45, as follows :— 


L2 “M(i>>~^) + Tr 


i-5R 


w 

and from example J in Fig. 44, 

I> = i*o; T>i = 1*0; d t — 0 ; B = o-6 ; R = i-o ; 
Ti = o-6; W t = 1-33 ; and L = 1-3. 
ce, L 2 = (0*75 x o-6) + 1 *5/(0*6 x i- 33 3 ) 

= 0-45 + 1-06 = 1*51, 

L 2 /L = 1-51/1*5 = 1-oi. 

circular facings are taken into account, the effective 
oAthe crankpin is modified as follows 
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Diameter of circular facings = D s = 1-25, from example J 
of Fig. 44, 

Length of circular facings = C = 0*15, 

i.e. D 3 /D 2 = 1*25, and from Table 15 the appropriate allow¬ 
ance l[D i for local deformation at the junction 
of the crankpin and the facing is 0*055, 
or l = 0*055, D 2 = 0*055, si* 106 £>2 = i-o. 

Also, the effective length of the remaining portion of the 
facing reduced to crankpin diameter D a is 

h = (C - J)D 2 4 /D 8 4 = (0*15 - o-055)/i*25 4 = 0*039. 

Thus the modified length of the crankpin is 

— B + l + = 0*6 4- 0-055 + 0 ‘°39 = °'694 

and the modified equivalent length is 

L 2 = (075 x 0-694) 4- 1*06 = 0-52 -j- 1-06 = 1-58, 
or L 2 /L = 1*58/1 -5 = 1-053. 

Thus the effect of making allowance for the circular facings 
is to increase the equivalent length of the element by about 
5 per cent. 

It should be noticed that if the length C of the circular 
facing is less than the allowance l determined from Table 15, 
then the modified length of the crankpin when the circular 
facings are taken into account should be assumed to be 
Bi = (B + C). 


The equivalent length of the element shown at J in Fig. 44 
can also be determined by Equation (91) as follows:— 

T Tyf fB + o* 4D 2 1 0*5(2R - o-4D 0 -I 

- D LIdT^V?/ + UTw? J' 

Where B = o-6; D = 1*0; D 2 = 1-0 ; d 2 = o ; R = ro ; 
Tj. = o-6; W x = 1*33. 

Hence, L a = (o-6 + 0*4) -f- 0*5(2 — o*4)/(o-6 x i-33 3 ) 

= i*o + 0-57 = 1-57, 
and since L — 1*5; L 2 /L = 1-05, 
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In this case, therefore, the collars cannot be neglected in 
calculating the equivalent length of the element. It should be 
noted, however, that if the length of the collar is less than the 
allowance l, determined from Table 15, then the effective length 
of the crankpin is B x , i.e. the effect of the collar is negligible. 

The element shown at I> in Fig. 45 is similar to that shown 
at B, except that the centre crankweb is inclined and the 
effective length of the crankarm S is measured along the 
inclined centre line of the web. 

The element shown at E in Fig. 45 is found in four-bearing, 
six-cylinder in-line engine crankshafts. In this case the 
effective length of the lever arm is 0-866R, where R is the 
crankthrow. Also the torque 'acting at right angles to this 
lever arm is 0-866 times the torque acting at right angles to 
the crank arm. Hence the effective length of each half of 
the centre web in terms of the torque acting at right angles 
to the crankarm is 075R, i.e. the allowance for flexure of 
the centre web in example E of Fig. 45 is 0-75 of the allowance 
for flexure of the centre web in example B. 

The element shown at F in Fig. 45 is found in opposed- 
piston engines of the type having three crankthrows to each 
cylinder, such as the Junkers and Doxford engines. 

The stifness of a crankshaft element depends to some 
extent upon the shape of the web (see Engineering, 1st Nov., 
1929, p. 549), and this is particularly the case when the crank- 
pins are hollow. If the crankweb shown at the left-hand 
side at G in Fig. 45 is regarded as a standard of comparison, 
then the effect of bevelling the web as shown at the right- 
hand side at G in Fig. 45 is to reduce the stiffness of the crank 
element by from 7 to 14 per cent., say an average reduction 
of 10 per cent. 

A small bevel or radius which is confined to the very edge 
of the web, however, does not affect the stiffness to any ap¬ 
preciable extent. The effect of making the web square cornered, 
as shown by the dotted lines at G in Fig. 45, is to increase 
the stiffness of the element by about 1 per cent. 

These considerations should be borne in mind when means 
for altering the stiffness of a crankshaft are being considered. 
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It should be remembered, however, that stiffness obtained 
by adding material to the web, especially if the material is 
added near the crankpin, does not necessarily imply an in¬ 
creased natural frequency, because the polar moment of inertia 
of the web is also increased and this tends to lower the fre¬ 
quency. It is for this reason that an increase in journal 
diameter is more likely to raise the frequency than an increase 
in crankpin diameter. 

Example 25.—Fig. 46 shows a two-bearing, four-cylinder 
engine crankshaft. Obtain an expression for the overall 
equivalent length. 

The overall equivalent length of this crankshaft is obtained 
from the expressions for the equivalent lengths of crankshaft 
elements given in Fig. 45, as follows:— 

ZL e = overall equivalent length = (2L X -f 2L 2 + L 3 ), 

where 2L X = L e from example A of Fig. 45. 

Inserting the symbols from Fig. 46 in the expression for 
L e in Fig, 45, example A, the following expression is obtained 
for 2L x - :— 

2L x = (A + o-8T) + (075B . D 4 /D x 4 ) + i- 5R . D 4 /(T . W 3 ). 
Also, 2 . L a = 2 . L 3 from example B in Fig. 45, 

Le. 2 . L 2 = (i«5B . D 4 /IV) + 3 .R. D 4 /(T X . W x 3 }, 

and L 3 = L s from example C of Fig. 45, 

i.e. L s = B x . DVD, 4 + B x *. D 4 /(i5 . R 2 . IV). 

Hence the overall equivalent length of this crankshaft is 
SL e = (A + o-8T) + D 4 [(2-25B/IV) 

+ i-sR{r/(T. W) + 2/(T,. W,*)} + (Bj/D,*) 
+ B 1 */(i 5 .R*-D 1 *)]. 

This expression neglects the effect of the enlarged portion 
of the centre crankpins, but this can be taken into account 
separately by the method just discussed. 

Example 26.—In the case of the crankshaft element shown at 
A in Fig. 44, determine the values of the ratio L„/L, 
(a) when a hole 0-5 diameter is bored through the crankpin 
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and journals, and (b) when the hole through the crankpin 
is displaced radially outwards from the centre of the 
crankpin by an amount 0-125. 


(a) From Equation (89), 



Fig. 46. —Two-bearing, four-cylinder, four-S.C., S.A. engine crankshaft. 


In this case D = 1; D x = 1; D 2 = 1; d x = 0-5 ; 
^2 = 0-5 ; B — 1; R = 1; T = 0-5 ; and W = 1*5. 

Hence, 

t _ f 1 ’ 0 + o-8 X 0-5] , fo-75 x i-o) , f 1*5 x 1-o'! 

*~ i i'-o-s 1 / + 

— (1-49 + 0-8 + 0*89) 

= 3-18, 

and since L = 3*0, L e /L = 1-06. 
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(b) From Table 17 the equivalent length of a hollow shaft 
with a concentric hole is 

L = L 1 D 4 /(D 1 4 — if), where L t , D x , and d 1 are the actual 
dimensions of the shaft, and D is the 
diameter of the equivalent shaft 
= i^yL^jD^, when d 1 = 0-5©!. 

Also from Table 17 the equivalent length of a hollow shaft 
with an eccentric hole of diameter d t — o\5D x and 0-125©! 
eccentricity is 

L = i*i 6L x . D 4 /D x 4 , 


i.e. the equivalent length of the shaft with the eccentric hole 
is about 9 per cent, greater than that of the shaft with the 
concentric hole. 

Hence the allowance for the crankpin in the equivalent 
length of the crank element must be increased by this amount 
when the hole is bored eccentrically, i.e. the modified equivalent 
length is 

L e = i*49 + (o-8 x 1-16/1-067) -j- 0*89 
= i-49 + 0-87 + 0-89 = 3-25, 
and L e /L — 1-08. 

The effect of boring the holes through the crankpin and 
journals is, therefore, to increase the equivalent length by 
about 6 per cent, when the crankpin hole is concentric and about 
8 per cent, when it is eccentric, compared with the equivalent 
length for solid crankpin and journals. 

In practice eccentrically disposed crankpin holes are used 
to facilitate machining and the insertion of oil-sealing plugs 
in shafts which have comparatively short crankthrows, and 
also to strengthen the web section at its junction with the 
crankpin. An eccentric crankpin hole also has the advantage 
of providing a larger reduction in the centrifugal loading on 
the bearings, and in the moment of inertia of these parts. 

The following values for L e are obtained by using Equation 
(91) instead of Equation (89):—- 
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For Solid Journals and Crankpin. 

L e = (i'0 + o-4) + (i-o + o-4) + (i - o*4)/(o-5 x 1-5*) 
= i*4 + i'4 + °*36 = 3 *i6, 
and L e /L = 3-16/3-0 = 1-05. 

For Hollow Journals and Crankpin. 

L e =I'4/o-9375+i*4/o*9375+o’36=i-49+i-49+o-36 
= 3 * 34 . 

and L e jL = 3-34/3*0 = i’ll. 

For Hollow Journals and Crankpin, with Eccentric Hole in 
Crankpin. 

L e = i* 49 +(i- 49 Xi*i 6 /r-o 67 )-l-o* 36 =r- 49 +i* 62 H-o -36 

= 3 * 47 > 

and L e /L = 3-47/3*0 = 1-16. 

Hence the comparative values of L e given by Equation 
(91) show that the effect of boring holes through the crankpin 
and journals is to increase the equivalent length by about 
6 per cent., which is the same percentage reduction of stiffness 
as was obtained by using Equation (89). The effect of boring 
the crankpin hole eccentrically, however, is to increase the 
equivalent length of the undrilled shaft by about 11 per cent., 
which is a greater reduction of stiffness than that indicated 
when Equation (89) is used. 

As already mentioned, if there is no previous experience to 
indicate which value is likely to be nearer the true value, 
an average of the two values should be used. 

Experimental Determination of Crankshaft Stiff¬ 
ness. —There is considerable evidence that experimental 
methods in which the crankshaft is mounted in its bearings 
and subjected to a statically applied torque give reliable 
values of crankshaft stiffness for use in frequency calculations. 

In a paper read before the Liverpool Engineering Society 
and published in the Transactions of the Society, Vol. LV, 
pp. 122 to 127, Mr. K. O. Keller describes the results of a tor¬ 
sion test carried out on a large opposed-piston marine oil 
engine crankshaft of the type shown at D in Fig. 44. This 
shaft was 42 ft. long, with 17-in. diameter journals and 18-in. 
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diameter crankpins, and the test was carried out by anchoring 
the coupling at one end of the shaft by means of a plate lever, 
and by applying a torque to the other end of the shaft by means 
of a similar lever and dead weights. The measured overall 
deflection of this shaft under a torque of 280,000 lbs.-ft. was 
0-015 radian, corresponding to an overall torsional rigidity 
of 18,600,000 lbs.-ft. per radian. The equivalent length of 
17-in. diameter plain shafting is therefore about 36 ft., corre¬ 
sponding to a ratio LJL — 0-85, which agrees with the value 
given for example D in Fig. 44. 

The frequencies calculated from this value for crankshaft 
stiffness were subsequently found to agree with the frequencies 
recorded by torsiograph measurements. 

In the case of small engines Dr. Geiger has stated that 
carefully carried out static torsion experiments on crankshafts 
give results which can be used in frequency calculations with 
the assurance that the calculated frequencies will be in good 
agreement with torsiographic measurements. 

The crankshaft should be mounted in its bearings, and 
Dr. Geiger states that bearing clearance has no apparent 
influence on the running stiffness of the shaft, since the torsio¬ 
graph shows the same natural frequency whether this is 
measured at a very strong critical speed where shaft distortion 
due to bearing clearance might be expected to he greatest, 
or at a very weak critical speed where comparatively small 
distortions due to bearing clearance might be expected. 

This experience is also characteristic of many hundreds of 
torsiographic observations made by the author, both on large 
marine engine systems and on small high-speed engines. 

Fig. 47 shows two lever arrangements for applying a pure 
torque to a shaft. 

The arrangement shown at (A) is the simpler system and 
consists of two rigid bars connected to one another and to the 
torque lever on the shaft by suitable links or cables. The load 
W is applied at the middle of the shorter bar and produces a 
clockwise torque of magnitude M = WR, where R is the length 
of each aim of the torque lever, which is rigidly secured to 
one end of the shaft under test. The other end of the bar under 
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test must be secured against rotation by a torque reaction 
lever or other suitable means. In this arrangement there is 
a small initial torque due to the weight of unbalanced parts 
which can, if desired, be eliminated by suitable counter¬ 
weights. 

The arrangement, shown at (B) in Fig. 47, consists of two 
sets of arrangement (A), and has the advantage of enabling 
either clockwise or counter-clockwise torques to be applied to the 
shaft under test merely by rolling the weight W along the loading 
bar. When the weight is at the centre of the loading har there 
is no torque on the shaft. When the weight is rolled a distance 
X to the right-hand side of the centre of the loading bar a 
clockwise torque of magnitude M = W . R . X/L is applied 
to the shaft, where the symbols have the meanings indicated 
in Fig. 47. When the load is moved a distance X to the left- 
hand side of the centre of the loading bar a counter-clockwise 
torque of the same magnitude is applied to the shaft. It is 
interesting to note that although the sum of the reactions 
at the two supporting brackets is, of course, equal to the 
load W, these reactions are equal only when the load is at 
the centre of the loading bar. For all other positions of the 
load they are unequal, and if the load could be applied at a 
distance L from the centre of the loading bar the reaction on 
one supporting bracket would be equal to the load W, and 
would be zero at the other supporting bracket, i.e. the system 
virtually reduces to the system shown at (A) in Fig. 47. 

The arrangement shown at (B) in Fig. 47 provides a very 
convenient method of plotting torque-deflection diagrams 
under increasing and decreasing torques, for example, when 
studying hysteresis effects, the changes of torque being ob¬ 
tained merely by rolling the weight along the loading har. 
It should be noticed, however, that the lever or other means 
provided for taking the torque reaction on the shaft under 
test must be arranged to take care of both clockwise and 
counter-clockwise torques if it is intended to roll the weight 
over the full length of the loading bar. A simple method of 
locking the weight carriage in any desired position should 
be provided (see also Fig. 148). 




Fig. 47.—Lever systems for static torsion tests. 
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The total torsional deflection between one end of a crank¬ 
shaft and the other when a torque corresponding to the full 
load of the engine is applied at one end of the shaft varies 
from about 0-5° for medium and low-speed shafts, where 
the working stress is low, to about i-o° for the more highly 
stressed shafts of high-speed automobile and aero engines. 
These deflections are measurable with quite simple measuring 
equipment, such as a micrometer or clock gauge. A simple 
and reliable method of 
measuring the twist in the 
shaft is to provide two 
comparatively light measur¬ 
ing levers, one at each end 
of the shaft. These levers 
should be independent of 
the main torque loading 
and reaction levers to avoid 
errors due to lever distor¬ 
tion, and should be of 
sufficient length to show a 
measurable deflection on 
the dock gauge at low 
values of torque loading. 
Clock gauge readings should 
be taken from each of the 
measuring levers. The true 
twist of the shaft between 
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Fig. 48.—Torque-deflection 


the points where the measuring levers are attached is obtained 
from the difference of the two clock gauge readings, as follows :— 


Let r — radius at which clock gauge readings are taken, 
c = clock gauge reading at free end of shaft, 
c t — clock gauge reading at anchored end of shaft. 
Then 8 — twist in shaft = (c — c^/r radians 

= 57*3 (c — c x )/y degrees. 


By providing two measuring levers in this way any error 
due to slipping of the anchorage lever is eliminated. 

A typical torque-deflection diagram is shown in Fig. 48. 
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This diagram was obtained'by applying a pure torque to a 
crankshaft, the torque being applied statically with the shaft 
in its bearings. The torque was gradually increased from zero 
to a maximum and then gradually reduced back to zero again, 
with the result that a definite hysteresis loop was formed. 

The hysteresis effect is due to a number of diff erent causes, 
for example, localised elastic deformation at lever attach¬ 
ments and at couplings; bending deflections of keys, splines, 
and serrations, and gear-wheel teeth; backlash in gears, 
splines, serrations, and key-ways, all contribute to the forma¬ 
tion of a hysteresis loop. Fortunately, however, the distor¬ 
tion due to these causes is usually confined to short portions 
of the curve at each end of the torque range, and between 
these distorted portions the load-deflection diagram consists 
of two parallel lines of constant slope. The slope of these 
two lines is the true measure of the torsional rigidity of the 
shaft, and the dotted line in Fig. 48 represents the torque- 
deflection diagram which would be obtained if all localised 
distortions could be eliminated. 

The torsional rigidity of the shaft is easily computed from 
the slope of the dotted line, as follows:— 

Let M = torque at any selected point on the dotted line in 
Fig. 48, in lbs.-ins., 

9 = the angular deflection in radians corresponding to 
torque M, measured on the dotted line in Fig. 48. 
Then C = torsional rigidity of the shaft in lbs.-ins. per radian 
= M/ 0 . 

Mass Elastically Connected to the Main System.— 

In Fig. 49 a mass J is connected to the main system at X by 
a shaft of torsional rigidity C. 

This elastically connected mass may be replaced by an 
equivalent rigidly connected mass J e , the magnitude of J e 
being determined as follows:— 

Let J — moment of inertia of the elastically connected 
mass in lbs.-ins. sec. 2 , 

J e = moment of inertia of equivalent rigidly connected 
mass in lbs.-ins. sec. 2 , 
vol. 1.—14 
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C = torsional rigidity of the connecting shaft XY in 
Ibs.-ins.- per radian, 

to = phase velocity of the forced vibration of the whole 


system, including J 



radians per sec., 


F = frequency of forced vibration of the whole system 
in vibs. per min., 

oj e = phase velocity of the natural vibration of the 
elastically connected system XY 
2 . 7 T . F e 

—-— radians per sec., 


F e = frequency of natural vibration of the elastically 
connected system XY in vibs. per min., 

9 V — amplitude of vibration of J in radians, 

9 X = amplitude of vibration at X in radians. 



Fig. 49.—Elastically connected mass. 


Then torque at X due to vibration of J with a phase velocity 
and an amplitude 9 V is 

Mj = J . o > 2 . 6 V Ibs.-ins. 

Torque at X due to vibration of J e with the same phase 
velocity and an amplitude 6 X is 

M 2 = J e . o» 2 . 6 X Ibs.-ins. 

Hence, for J, to have the same effect as J on the torsional 
vibration characteristics of the whole system, 


M 1 = M a , 
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If C is infinite, i.e. if J is rigidly connected to the system. 


But it will be shown later that for any finite value of C (see 
Equation (234)), 


Hence, 


Now 


J« ~ " 


■\£ 


J 

* > 2 "' 

X -Tr ] 


~r 

j j 

4 tt 2 . F 2 . J ~~ r F 2 .J’ 
3600 C 91*2 C 


( 92 ) 


If C/J = to 2 , i.e. if the natural frequency of the elastically 
connected system is equal to the frequency of the forced vibra¬ 
tion, the value of J 6 is infinite. 


Example 27.—Calculate the natural frequencies of torsional 
vibration of the system shown in Fig. 7, using the values 
given in Example 4, by the method just described. 

From Example 4, 

Jj — 2073 lbs.-ins. sec. 2 , 

J 2 = 1036 lbs.-ins. sec. 2 , 

Cj = 4,770,000 lbs.-ins. per radian, 

C 2 = 3,180,000 lbs.-ins. per radian, 

F = natural frequency in vibs. per min. 

The three-mass system shown in Fig. 7 can be reduced to an 
equivalent two-mass system by finding the equivalent value of 
J3 3 -t Jgj 

le t=_Jj _=_m. 

z F 8 J» x SBjk X F a 
9I*2C 2 91-2 X 3180000 

_ 1544 x 188000 
“ 188000 — F 2 ‘ 
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The system then reduces to a simple two-mass system 
consisting of Jj and (J e -f J 2 ) connected by a shaft of torsional 
rigidity C 2 , 

i.e. F = 9-55 / c i(Ji + J« + Js) 


f r , £ , 1544 x 188000"] 

4770000 p°73 + 1036 + Xoo-F* ] 


r 1544 x 188000I 

V 2073^1036 + i g f 0 oo — ' F 2 J 

Whence, F 4 — 1100000 F 2 -f-177500000000 = o, 
and F = 443 and 950 vibs. per min. 


These values agree with the values of the one-node and two- 
node frequencies calculated by the three-mass method. 
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CHAPTER 4. 

FLEXIBLE COUPLINGS. 

Figure 50 shows a flexible coupling in which the torque is 
transmitted through flexible spokes. 



Let a — thickness of each spoke, in inches, 
b — width of each spoke, in inches, 

/ = bending stress in each spoke, in lbs. per sq. in., 
i = slope of deflection curve of each spoke, 
n — number of spokes, 

7 = radius to point of fixation of spoke in hub, in inches, 
y — deflection of one end of spoke relative to the other 
end, in inches, 

C = torsional rigidity of n spokes, i.e. of the whole coupling, 
in lbs.-ins. per radian, 

E = modulus of elasticity in lbs. per sq. in., 

I — moment of inertia of cross-section of each spoke 
about its neutral axis, in ins. 4 units = a 3 . i/12, 
for rectangular spokes. 
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L — bending length of each spoke, in inches = (R — r), 

M — fixing couples at ends of each spoke, in lbs.-ins., 

P — end reaction of each spoke, in lbs., 

R — radius to point of fixation of spoke in rim, in inches, 
T == torque transmitted by coupling, i.e. by n spokes, in 
lbs.-ins., 

Z = modulus of section of each spoke, in ins. 3 units = 
a 1 . b ’6 for rectangular spokes, 
d = angular deflection of rim relative to hub, in radians. 

I. Sjtokes Fixed at Both Ends .—The spoke loading diagram 
is shown in Fig. 50. 

For force balance, P r -f- P* = 0, 

where P f is the reaction at the rim and P* is the reaction at 
the huh, 

or P* = - P r , 

i.e. the reactions are equal in magnitude but opposite in direc¬ 
tion, say ± P. 

For couple balance, P.L + M r -{-M* = o. 

Assuming that torque is transmitted from the rim to the hub, 
Input torque (at rim) = T r = P . R -f M f — P(L -f r) -j- M r 
per spoke. 

Output torque (at hub) — T* — — P . r -{- M*, 
but M i = -(P.L + M r ). 

Hence, T* = - (P . R + M r ), 

i.e. the output torque is equal in magnitude but opposite in 
direction to the input torque. 

It is convenient to regard the spoke loading as made up of 
two systems, viz. 

(i) A load P at the rim and a corresponding fixing couple 
— P. L, and shearing force — P, at the hub, i.e. 
each spoke is loaded as a cantilever. 

The deflection is therefore y 1 —V. L 3 /(3 . E . I), 
and the slope at the rim is == P . L 2 /(2 . E . I). 
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(ii) A fixing couple M r at the rim and an equal and op¬ 
posite fixing couple — M f at the hub. These couples 
impose a constant bending moment on each spoke. 
The deflection is therefore y z = M r . L 2 /(2 . E. I), 
and the slope at the rim is i z — M r . L/(E . I). 

The total deflection of the rim relative to the hub is therefore 
3'=Ji+y2 = L 2 (2.P.L + 3 -M r )/(6.E.I) ) 
and the slope at the rim is 

i=yjR = L 2 (2 . P.L + 3. M r )/(6 . E . I. R), 
but the slope at the rim is also given by i = i x -f H, 
i.e. i = L( 3 . P . L + 6. M r )/(6 . E. I). 

Since these two expressions for the slope must be equal, 

M f = P. L(2 . L — 3 R)/(6 . R — 3 * L). 
and the transmitted torque for n spokes, i.e. for the whole 
coupling, is 
T = »(P . R -f M r ) 

= n . P(6 . R 2 - 6 . R . L -J- 2L 2 )/(6 . R - 3 . L). (93) 
The deflection is y = 6 E P I( ^ R R _ L) 
and the corresponding angular deflection is 

8 =y[R . == 6 . E. 1(2. R — L )‘ ‘ * (94) 

The torsional rigidity of n spokes, i.e. for the whole coupling, 
is therefore 

C = T /0 = 4. n . E . 1(3 . R 2 - 3 - R • L + L 2 )/L 3 . (95) 
The maximum bending stress in each spoke occurs at the 
hub and is given by the following expression :— 
f _ T.L( 3 R-L) 

/max “«.Z(6.R 2 -6.R.L + 2.L 2 )' * ^ 1 

2. Spokes Insecurely Fixed .—In practice it is possible that, 
due to insecure fixation of the spokes, particularly at the hub, 
the fixing couples at each end of the spoke are nearly equal. 
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The following expressions apply when this occurs, i.e. when 

M r = M a - i :— 

Since P . L -f- M r -j- ^ 1 * = o, 

hence, M r = M a = — P . L/2, 

i.e. deflection of rim relative to hub — y — P . L 3 /(i2 . E . I), 
or angular deflection = Q = y.R = P . L 3 /(i2 . E . I. R). (97) 

The transmitted torque for n spokes is 

T==*3(P.R-P.L/2) = w.P(R + r)/2 . (98) 

and the corresponding torsional rigidity is 

C = T /0 = 6. m . E . I. R(R + r)/L 3 . . (99) 

The maximum bending stress in each spoke occurs at the 
points of fixation in the rim and hub, and is given by the 
following expression :— 

, T(R-r) T.L 

/m ““«.Z(R + r) ».Z(2.R-L)- (I00) 

3. Spokes Fixed in Hub and Free in Rim .—The loading 
diagram is shown in Fig. 50. 

In this case M r = 0 and M A = M = — P . L. 

The input torque is 

T r = P . R per spoke, 
and the output torque per spoke is 

T 4 = —P.r-fM= —P.r —P.L = —P.R, 

i.e. the total torque transmitted by n spokes, i.e. by the whole 
coupling, is 

T = « . P. R. 

The deflection of the rim relative to the hub is 
J — P - L 3 /( 3 . E . I), 
and the corresponding angular deflection is 

0 = y/R — p • l®/(3 . e . i . r). . . (101) 
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The torsional rigidity of n spokes, i.e. of the whole coupling, 
is therefore 

C = T /0 = 3 . E . I. Rs. W /L 3 , (102) 

and the maximum bending stress in each spoke occurs at the 
hub and is given by the following expression :— 

/max = T. L[(n . R . Z). (103) 

Uniformly Stressed Spokes. —Since the primary purpose of 
a flexible coupling is to introduce the greatest amount of 
flexibility into a system, i.e. to provide the greatest possible 
deflection under a given load for a given expenditure of material, 
the volumetric efficiency of the coupling is well represented 
by its resilience or the energy stored per unit weight. 

For maximum volumetric efficiency the spring elements 
should represent as large a proportion of the total weight of 
the coupling as possible, and each spring element should be 
as uniformly stressed as possible so that the physical properties 
of the material are used to full advantage. For example, 
it has been shown that in the case of torsion bars a hollow 
cylindrical section possesses the greatest resilience per unit 
weight because it is subjected to very nearly uniform shear 
stress. A solid cylindrical torsion bar is only half as good, 
whilst any other section is less than half as good. 

The volumetric efficiency of couplings of the type shown 
in Fig. 50 can therefore be increased by shaping the spokes 
so that they are uniformly stressed. This can be done very 
simply when the spokes are fixed at the hub only, and Fig. 51 
shows three methods of improving the efficiency of flexible 
spokes. 

In Diagram I, Fig. 51, the thickness of the spoke a tapers 
uniformly towards the hinged end, i.e. towards the rim, whilst 
the width of the spoke b remains constant. In Diagram II 
the thickness remains constant, and the width tapers gradually 
towards the rim. 

Spoke of Constant Width and Tapering Thickness {Diagram I, 
Fig. 51).—The deflection of the tip under a load P is given by 
the following expression 
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where 
and 


12 . P . L 3 . K 3 


J . K 3 /. 


K ■ 


( 3 K - i)(K - i) \ 

. b(K - i) 3 V" 6s ' 2.K 2 J’ 

P = T/(R . «), 

K — ratio of thickness at hub to thickness at rim. 


(104) 


For uniform stress the thickness of the spoke should be 
proportional to the square root of the bending moment, which 
gives the parabolic shape shown dotted in Diagram I of Fig. 51. 




Fig. 51.—Flexible spokes. 


In a truly uniformly stressed spoke of constant width and 
variable thickness the tip deflection is 

y = 8 . P . L S /{E . a 3 . b), 

and the corresponding angular deflection of the rim relative to 
the hub is 

0 = 8.P.L 3 /(E.« 3 .&.R). . . (105) 

The torque transmitted by n spokes for this deflection is 
T = P . R. n. 
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Hence the torsional rigidity of the coupling is 

C = T/e=E.« 3 . 6 .R 2 , w /( 8 .L 3 ). . (106) 

The maximum bending stress occurs at the hub and is given by 
/mas = T. Lj(n .R.Z) — 6 . T. L/(a*. b. R. n) . (107) 

The equivalent length L e of plain cylindrical shafting of 
diameter D, which has the same flexibility as the coupling, 
can be obtained as follows :— 

The torsional rigidity of a length L e of plain cylindrical 
shafting of diameter D is 


Hence, 


C = 7r. D 4 . G/(32 . L.) = E. a s . b . R 2 . »/(8 . L 3 ). 

= ■ • < 108 ) 


Table 16 shows that for nearly all metals the ratio E/G is 
about 2-5, so that the above expression for L s can be written 
1)4 L 3 

Le = Z^aKbTRKn ‘ ' (l ° 9) 


Spoke of Constant Thickness and Tapering Width (Diagram 
II, Fig. 51).—The deflection of the tip under a load P is 
given by the following expression :— 

12 . P . L s . K / log# K (3 — K)\ 
y ” E . a 3 . 6(K - i)*K(K - 1) 2 


-) • (no) 


For uniform stress the width of the spoke should be pro¬ 
portional to the bending moment, which gives the triangular 
shape shown dotted in Diagram II of Fig. 51. 

In the case of a truly uniformly stressed spoke of constant 
thickness and variable width, the tip deflection is 


y = 6 . P. L 3 /(E. a 3 .6), 

i.e. the angular deflection of the rim relative to the hub is 

0 = 6.P.L 3 /(E.« 3 .&.R). . . (in) 

Hence the expressions for torsional rigidity and maximum 
stress are as follows:— 


C-E.« 3 .6.R 2 .«/(6.L 3 ), . . (112) 

/rm« = 6.T.L/(a 2 .6.R.«). . . (107) 



220 


TORSIONAL VIBRATION PROBLEMS 


The expression for the equivalent length of cylindrical 
shafting is in this case 


_ D 4 - L 3 

4 ~ 4-25 a z . b . R 2 . ri 


( 113 ) 


A good practical approximation to a uniformly stressed 
cantilever of constant width and varying thickness is obtained 
by making the tip thickness one-third the root thickness 
(K = 3 in Diagram I of Fig. 51), and an equally good approxi¬ 
mation for the case where the thickness is constant and the 
width varies is obtained when the width at the tip is one-sixth 
the width at the root (K = 6 in Diagram II of Fig. 51). 

These approximations have the advantage of providing 
sufficient material at the tip of the spoke to take care of shear 
loading and in all actual examples it is important to check 
the shear stress in sections near the tip. 

It is possible to increase the flexibility of the spoke still 
further by varying both width and thickness, but the gain in 
flexibility over the simple approximations given above is hardly 
sufficient to compensate for the increased manufacturing 
difficulties. 

Expressions for torsional rigidity, equivalent length, and 
maximum bending stress for different types of spoke are given 
in Fig. 52. These expressions have been derived by the 
foregoing methods. 

Resilience of Flexible Couplings.—The resilience of 
a coupling may be defined as the capacity of the coupling for 
storing energy or, in other words, it is the amount of energy 
which is restored when the load is removed from the coupling. 
In general, for strains within the elastic limit of the material, 
the resilience is one-half the product of the force or torque 
and the linear or angular displacement which it produces. 

In the case of direct tension or compression, for example, 

W = resilience = load X deflection/2 = P . S/2, 

P L 

but E = modulus of elasticity — stress/strain = ~= , 

A, O 

assuming uniform distribution of stress. 
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• S ymbols 

C — Torsional 'Rigidity of Coupling, (n. Spokes), in lbs. Ins./Radian 
Le= Equivalent Length in Inches of Cylindrical Shaft of DiA. D. 

/ = Maximum Bending Stress in each Spoke, in lbs./Ins 2 
n = Mumber of Spokes in Coupling. 

T — Total Torque Transmitted by Coupling, (n Spokes), m Lbs. his. 
W = Strain Energy for n Spokes, in In. lbs. 

V = Volume of One Spoke in Cu. ins. 

K — 1~/r, 


Fig. 52.—Flexible spokes. 
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where L - length of specimen; A — cross-sectional area of 
specimen, i.e. 

.( 114 ) 

where V = volume of specimen = A . L, 

/ = stress = P/A. 

Hence, if / is the stress at the elastic limit, then Equation 
{114) represents the greatest strain energy which can be stored 
in the specimen without permanent distortion. If the stress 
distribution is not uniform the equation is of the same form as 
(114), but the numerical factor is less than one-half when / 
is the maximum stress anywhere in the specimen. 

Torsional Resilience.— When a specimen is subjected to a 
uniformly distributed shear stress within the elastic limit the 
stored strain energy, or shearing resilience, is given by the 
following expression:— 

w = \ .(1x5) 

where W — shearing resilience in in.-lhs., 

/ = shear stress in lbs. per sq. in., 

V = volume of specimen in cubic inches, 

G = modulus of rigidity in lbs. per sq. in. 

This expression is similar to Equation (114), and represents 
the greatest strain energy which can be stored in the specimen 
without permanent distortion. 

If the shear stress distribution is not uniform the equation 
is of the same form as (115), but the numerical factor is less 
than one-half if / is the maximum shear stress anywhere in 
the specimen. 

In the case of a hollow cylindrical shaft subjected to tor¬ 
sional strain within the elastic limit, the shear stress is directly 
proportional to the radius, and the maximum shear stress 
occurs in the outermost fibres, i.e. at the outer radius R x . 
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Let f s = maximum shear stress in lbs. per sq. in., i.e. the 
stress at the outer radius R x 
R x = outer radius of shaft in inches, 

R 2 — inner radius of shaft in inches, 

K = R 2 /R v 

V — Volume of hollow shaft = rr. L(R t 2 — R 2 2 ), in 
cubic inches. 


Then the shearing resilience of any tubular element at radius r, 
and of thickness dr, and length L is 


dW= 2 - 


ir.r.L.f* 

2.G 


. dr, 


where / = shear stress at radius r =f s . rjR v 


Hence , w = ^n#Jh 


r* .dr = 


4 . G . 


(Rr 4 - R 2 4 ) 


= • (Ri2 ~ Ra2)(Ri2 + R2) 

/.M j + K 2 ).V 

4-G. 


This expression approaches the value W = \ 


//._V 


(116) 
as K 


approaches unity, i.e. when R 2 is very nearly equal to R x . 

Thus in the case of very thin tubes the strain energy stored 
is very nearly equal to the maximum theoretically possible 
(Eqn. 115). This is because for very thin tubes there is prac¬ 
tically uniform distribution of shear stress. 

Equation (116) becomes W =/ 4 a . V/4 . G when K = 0 
or R a = 0, i.e. for a solid cylindrical shaft. Thus the capacity 
of a solid cylindrical shaft for storing shear strain energy is 
only about one-half that of a very thin tube containing the 
same volume of material subjected to the same maximum shear 
stress. 

Flexural Resilience .—The resilience of a beam can he found 
from the following well-known expression for flexural resilience, 
when the bending moment diagram is known :— 

M 2 
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where M = bending moment, 

E = modulus of elasticity, 

I — moment of inertia of cross-section of beam 
= a 3 . 612, 
a — depth of beam, 
b = width of beam. 


In a simple cantilever of length L and constant rectangular 
section, i.e. depth a and width 6, carrying a tip load P, 

Bending moment at distance x from tip = M = P . x. 

6 P 2 r 1 

Hence, W = —-V-^ j x z . dx (from Eqn. 117), 


W = 


2 . P 2 . L 3 


a? .b . E' 

but f b — maximum fibre stress = M/Z, 
where M = P . L = the maximum bending moment, 
and Z = modulus of section = a 2 . 6/6, 
i.e. P —fj, • Z/L =/ 6 . . bj (6 . L). 

Hence, 

W = g' —, and since a. b . L = volume of beam — V, 


r8. E* 


(118) 


If the section of the beam varies throughout its length so 
that the maximum fibre stress is constant at all sections the 
expression for strain energy is altered as follows :— 

Let I # = moment of inertia of section at fixed end of cantilever 
= a 3 . bji 2 . 

Then, assuming that the cross-section varies in wddth, constant 
skin stress is obtained when the width is directly proportional 
to the bending moment, 

*' e * I = a 3 . b . xf( 12 . L). 
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The expression for resilience becomes, therefore, 

w-6-P s -Lf L „ J ,_3-P 8 -L» 


6 . P 2 . Lf b , 3 . P= 

W = , - I % .&%— ~— - 

a z .b. EJo 


or, substituting the value P =/*. a 2 . &/(6. L), 
v _ / a ».a.a.L 
12.E ’ 

but volume of beam = V = a . b . L/2 (since the plan form 
of the beam is a triangle). 


It can be shown that Equation (119) applies to any rect¬ 
angular beam in which the skin stress is constant, and that 
for any other solid section the numerical factor is less than 
one-sixth, i.e. the resilience per unit volume is less for a given 
maximum fibre stress. For example, in the case of a round 
section the value of the numerical factor is one-eighth. 

It should be noted that the total resilience of a spoke of 
type III in Fig. 52, i.e. where approximately uniform skin 
stress is obtained by varying depth of the beam, is about 
25 per cent, greater than that of a spoke of type IV where 
the width of the beam varies, assuming the same root section 
in each case. This is because the volume of material in the 
spoke is about 25 per cent, greater for Type III. 

Diagram III in Fig. 51 shows a cantilever consisting of 
two flanges separated by a thin web in which the stress due 
to flexure is approximately constant throughout the material. 
In the following discussion the web will be neglected and it 
will be assumed that the flanges do not buckle. 

In this case, I — — a£)b . xj( 12 . L), assuming that the 

plan form of the heam is triangular, as for a rectangular beam 
with constant skin stress, where x is the distance measured 


from the tip, 
and W — 


6. L 

(«i 3 — a z s )b . Ej 


P 2 . x . dx 


3.P 2 -L* 


(«i 3 — a z 3 )b . E’ 


VOL. I. —15 
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but 


P 


= / fr .Z/L = 


Ua* - a*)b 
6 . . L ' 


ie w ^ ~ a ^ b - L _ A 2 ifl • h L ( J ~ K i 3 ) 

12 . E . a x - 12 . E 

also, volume = V = {a x — a*) .b , L/2 — a x {i — K x ) . b . L/2, 
where K x = a 2 /a u 


i.e. W = f )?. V(i -r Kj + 1^/(6 . E). . . (120) 


The following table shows the variation of strain energy 
per unit volume with K x :— 


Ki = aJa t . 


* 

i 

1 


W. 

/»V(froo E) 
/.V(«7 E) 
/» 2 /(3-43 E) 
/v/(2‘6o E) 
/ 6 */(2 -oo E) 


The value K t = o corresponds to a solid rectangular beam, 
i.e. the expression for resilience agrees with Equation (119). 

The value Kj = r is approached when the flanges are made 
very thin compared with the total depth of the beam. For 
this condition the expression for resilience approaches that 
for uniformly stressed material (see Equation 114). 

In the case of spring elements of flexible couplings it is 
not practicable to employ members of the type shown in 
Diagram III of Fig. 51, and even if this could be done it is 
doubtful whether the numerical factor in the expression for 
resilience would be very much greater than that for a beam 
with uniform skin stress, viz. one-sixth, bearing in mind that 
effective means would be required to prevent buckling of the 
thin flanges. 

Fig. 52 summarises the formulae for spoked couplings 
and contains expressions for calculating the torsional rigidity, 
equivalent length, and resilience of the complete coupling, 
and the maximum bending stress in each spoke. 

In designing couplings of this type, the spokes should be 
stressed to the maximum permissible value to obtain maximum 
resilience. The length of the spokes will usually be fixed by 
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consideration of the maximum permissible diameter of the 
coupling and the size of the hub, and the maximum torque 
to be transmitted by the coupling will be known. In this 
connection it should be noted that it is usually safe to make 
the coupling as strong or a little stronger than the shaft on 
which it is mounted, because the torque passing through the 
coupling even under conditions of torsional resonance is the 
same as that passing through the shaft except in abnormal 
cases. 

Since the stress in the spokes for a given torque is inversely 
proportional to « 2 . b, whilst the volume is proportional to 
a. b, the product / 6 2 . V increases as the depth of the spoke a 
decreases. 

It is an advantage, therefore, to make the spokes as wide 
as the space available and other structural requirements permit. 
A good starting-point is to assume that the width is one-half 
the length of the spoke. 

The spokes may be separate members, as shown in Fig. 51, 
or they may he formed integral with the hub, as shown at IV 
in Fig. 53. The former method enables the spring members 
to be made of high tensile spring steel, whilst the latter method 
overcomes the difficulty of ensuring complete fixation of the 
roots of the spokes. 

The number of spokes is limited by the diameter of the huh, 
and so a further advantage of making them separate members 
is that in cases where the number of spokes required to give 
the maximum permissible bending stress under the applied 
torque exceeds the number of slots which can be economically 
cut in the periphery of the hub, several thinner spokes can be 
accommodated in each slot, as shown at IV and V in Fig. 51. 
This laminated construction provides a certain amount of 
inter-leaf damping which may be useful in certain applications. 

In the case of spokes formed integral with the hub, or with 
a ring which in turn is splined or keyed to the hub, care must 
be taken to avoid excessive stress concentration at the roots 
of the spokes by providing a generous radius between each 
pair of spokes as shown at IV in Fig. 53. 

This radius should not he less than the thickness of the 
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spoke at its root, in which case the pitching of the spokes 
round the periphery of the hub is approximately -n . a, i.e. 



the number of spokes which can be accommodated round the 
periphery of a hub of radius r is (2 . r[a). 

This avoids any serious concentration of stress at the roots 
of the spokes. If it is necessary to provide a greater number 


Fig. 53 ,—Spring couplings. 
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of spokes than is given by the above rule care must be taken 
to allow for this concentration of stress. For example, if the 
root radius is made one-quarter the root thickness, then the 
stress concentration factor will be about 2 for spring steel. 

In general, for maximum resilience the volume of active 
material, i.e. the volume of the spring elements, must be as 
large a proportion of the total volume as possible ; the spring 
elements should be as uniformly stressed as possible ; and the 
material should be stressed to the maximum permissible 
limit. 

These considerations imply that the width/thickness ratio 
of the spokes should be large, taking into account structural 
limitations, and that a sufficient number of spokes should be 
provided to ensure that the material is stressed to the maximum 
permissible limit under the given loading conditions. 

There are so many variables in the design of a coupling of 
this type that it is impossible to generalise further than this, 
and in practice the best compromise is usually obtained by 
successive trial for a particular application. 

Table 20 compares the resilience per unit volume for dif-. 
ferent types of spring elements, assuming 100 per cent, for 
uniformly stressed material. 

Uniform tension or compression members are impractical 
for use in spring couplings, unless made of rubber, because they 
are far too rigid. 

The most efficient torsional spring element is a hollow tor¬ 
sion bar made of high-tensile steel, and elements of this type 
are commonly employed in practice, for example as quill 
shafts in geared drives. It is not always possible, however, 
to accommodate the required length of torsion bar in the 
space available. 

An advantage of hollow or solid torsion bars is that a con¬ 
siderable amount of flexibility can be introduced into an os¬ 
cillating system without any appreciable increase of inertia, 
whereas the moment of inertia of the housings of flexible 
couplings might alter the inertia characteristics of the system 
considerably. In some cases, and where doubt exists, it is 
advisable to investigate this point. 
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The solid cylindrical torsion bar is only about half as effi¬ 
cient as a very thin hollow torsion bar. It is commonly found 
in engineering practice in the form of thin quill shafts made of 
high-tensile steel for use in geared drives, and even more 
generally in the form of helical springs. 

TABLE 20. 

Resilience per Unit Volume. 


Type of Spring. 

Resilience per 
Unit Volume. 

Per Cent. 

Uniformly stressed bar in tension or com- 



pression ....... 

/ 7 (*.E) 

loo 

Limiting value for a very thin hollow cylin- 



drical torsion bar. 

/, 7 ( 2 .g) 

100 

Limiting value for flexural member with very 



thin flanges of rectangular cross-section 

/» 7 (a.E) 

100 

Solid cylindrical torsion bar 

/, 7 ( 4 -G) 

50 

Flexural members with uniform skin stress 


everywhere, and rectangular cross-section . 

A 7 ( 6 . E) 

33 

Flexural members similar to Type III in 



Fig- 5 Z . 

A 7 ( 7 -i-E) 

28 

Flexural members similar to Type IV in 



Fig. 5 Z .’ 

A 7 ( 7‘8 . E) 

26 

Simple cantilever of uniform rectangular 



section (Type II in Fig. 52) 

/» 7 (i 8 • E) 

11 

Flexural members similar to Type I in Fig. 52, 

/» 7 (i 8 . E) to 

11 to 8 

spokes securely fixed .... 

/* 7(*4 • E) 


Flexural members similar to Type I in Fig, 52, 

A 7 (i 8 • E) to 

n to 5-5 

spokes insecurely fixed .... 

. 47(36 . E) 


Note .—Table 20 does not take account of differences between G and E 
and between /, f t and / s for diSerent materials. The percentages given in the 
table do not, therefore, give a direct comparison between flexual and torsional 
members. This matter is discussed later in connection with Tables 21 and 22. 

Flexural members with very thin flanges in relation to their 
depth axe not practicable because of the difficulty of connecting 
the flanges together so that buckling is prevented, and also 
because their bulk occupies space which can be filled more 
effectively by other forms of spring element. 

In the case of flexural spring members, therefore. Table 20 
shows that the greatest efficiency is obtained in practice when 
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these are designed to have a uniform skin stress everywhere. 
It is interesting to note, however, that the efficiency of such 
an element is only one-third that of a truly uniformly stressed 
element, hut that it is about three times as efficient as the 
elements shown at I and II in Fig. 52. 

In the case of flexible couplings employing flexible spokes, 
therefore, care should he taken to shape these so that the skin 
stress is as nearly as possible uniform throughout the spoke, 
in which case the torsional rigidity of the coupling is given by 
the following simple expression :— 



Resilience of coupling = W = , 

U . XL 

. (121) 

but 

W = T. 0 / 2 , 


i.e. 

II 

U> ^ 


and 

r - t/0 - 3 • E • 12 

C - T /*-V.A’.*' 

■ ( I22 ) 

where 

C = torsional rigidity in lbs.-ins./radian, 



E = modulus of elasticity in lbs. per sq. in., 

T = torque transmitted by coupling in Ibs.-ins., 

V = volume of one spoke in cu. ins., 
ft = skin stress in lbs. per sq. in. (uniform throughout 
the spoke), 

n = number of spokes. 

So far only the form of the spring elements has been con¬ 
sidered, and nothing has been said about the relative merits 
of different materials. 

Table 21 contains the properties of some typical materials. 
The working stresses quoted in this table are about one-half 
the fatigue limits for the respective materials, which provides 
a sufficient factor of safety if the parts are free from severe 
stress raisers, such as sharp comers or other discontinuities. 

The following expression for the maximum permissible 
shear stress when repeated torsional stresses are superimposed 
on various mean stresses is given by Dr. S. F. Dorey in his 
paper, " Some Factors Influencing the Sizes of Crankshafts 
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for Double-Acting Diesel Engines ” {Trans. N.E. Coast Instn. 
of Engineers and Shipbuilders, 1931). It is based on the 
experimental work of Dr. G. A. Hankins, and gives safe values 
for all ductile steels, and for values of x up to 0-4 for high tensile 
steels:— 

/, =/i(i'85 -r i*2 -r 0-35 . x 2 ) . . (123) 

where /, = maximum permissible shear stress for ratio x, 

±f t = fatigue limit for completely reversed torsional 
stress, 

= ultimate tensile stress/4 approximately for most 
steels, 

x = minimum shear stress/maximum shear stress. 

When x = 1, the range of stress is zero, and f s = 3-4 ,j t} 
which is the ultimate shear stress. 

When x = o, the minimum stress is zero, and f s = 1-85 .f t> 
which is practically equal to the endurance 
range. 

When x = — 1, i.e. completely reversed stress, f s = ft, and 
the endurance range is again 2 .f t . 

The above expression shows, therefore, that if the per¬ 
missible shear stress is ±f t , it is immaterial whether it is 
applied as a completely reversed stress or is superimposed on 
a steady mean stress up to a value f t . 

For example, if the maximum permissible stress in reversed 
torsion is ± 15,000 lbs. per sq. in., there is no risk in super¬ 
imposing this on a steady stress of 15,000 lbs. per sq. in., so 
that the shaft is subjected to zero minimum stress and 30,000 
lbs. per sq. in. maximum stress. In both cases the range of 
stress is 30,000 lbs. per sq. in. 

In the case of repeated bending stresses at various mean 
stresses the same remarks apply, namely, that if the per¬ 
missible bending stress is ±/», there is no risk in superi m posing 
this on a mean steady stress up to a value /&. 

In the case of couplings subjected to periodic torque 
fluctuations the stress on the spring elements may be regarded 
as composed of a cyclic variation of stress superimposed on 
a steady mean stress and, provided this steady mean stress 
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does not exceed one-half the endurance range of the material, 
the spring elements of couplings transmitting periodically 
fluctuating torques can be safely designed from a considera¬ 
tion of the fluctuating part of the load only, using the working 
stresses given in Table 21. 

Since the principal duty of flexible couplings in drives 
subjected to torsional vibration is to assist in absorbing the 
fluctuating torque loading, the specific resiliences in Table 22 
TABLE 31. 

Properties of Materials. 


Material- 

E 

Ibs./in. 2 . 

G 

lbs./ia. 2 . 

Permissible Working Stress, 

fj, lbs./in. ! . 

f„ lbs./in.®. 

30 tons/in.. 2 mild steel 

60 tons/in. 2 alloy steel 

90 tons/in. 2 spring steel 
Stainless steel (high tensile) 
Stainless steel (low tensile) 
Stainless steel (Austenitic). 

“ K ” monel metal . 

Bronze .... 
Duralumin 

Rubber (average values) . 

30,000,000 

30,000,000 

30,000,000 

30,000,000 

30,000,000 

28,000,000 

26,000,000 

15,000,000 

10,000,000 

500 

12,000,000 

11,800,000 

11,500,000 

12,000,000 

12,000,000 

11,800,000 

9,500,000 

6,000,000 

3,800,000 

100 

± 16,000 
± 30,000 
± 50,000 
± 30,000 
± 20,000 
± 20,000 
± 19,000 
± 10,000 
± 9,000 
± 75 

± 8,000 
± 15,000 
± 25,000 
± 15,000 
± 10,000 
± 10,000 
± 9,000 
i 5,000 
± 4 , 5 <>o 
± 75 

Bending 

moduli 

Torsion 

moduli 

Reversed 

bending. 

Reversed 

torsion. 


are based on the permissible working stresses and elastic 
moduli in Table 21. This gives the maximum specific re¬ 
siliences for each stress cycle, and for the different types of 
spring element commonly used in practice. 

Incidentally this specific resilience is the energy of the 
vibration per unit volume, or weight, of the spring elements 
when the maximum cyclic stress attains the values given in 
Table 21. 

Table 22 shows that the greatest specific resilience is 
obtained with rubber in shear, although it is interesting to 
notice that the resilience of rubber in shear per unit volume 
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is very nearly the same as that of spring steel in shear per 
unit volume.' It should be mentioned, however, that the 
safe working load of — 75 lbs. per sq. in. depends on the 
strength of the bonding between the rubber and its supports. 


TABLE 22. 

Resilience per Unit Volume and Weight. 
[Inch-lbs.). 


Description. 


Mild 

Steel. 

Alloy 

Steel. 

13 s 

Bronze. 

Dur¬ 

alumin. 

Rub¬ 

ber. 

Hollow cylindrical 
torsion bars {e.g. 
quill shafts). 

percu. in. 

2-7 

9'5 

2 7*0 

2-1 

2-7 

1 1 1 

per lb. 

9’5 

33-5 

95*0 

7-0 

27-0 

Solid cylindrical tor¬ 
sion bars (e.g. quill 
shafts and helical 
springs). 

percu. in. 

1-3 

4-8 

13*5 

1*0 

1-4 

- 

per lb. 

4-6 

i6-8 

47*5 

3*5 

I 3"5 

- 

Flexural members 
| with uniform skin 
stress everywhere, 
and rectangular 

cross-section (e.g. 
flexible spokes). 

per cu. in. 

1-4 

5 *o 

14-0 

i-l 

I *4 

_ 

per lb. 

5 -o 

17*7 

49’5 

37 

: 13-5 

— 

Simple cantilever of 
uniform rectangular 
section (e.g. flexible j 
spokes). 

per cu. in. 

o -5 

17 

47 

0-4 

o -5 

- 

per lb. 

1-8 

6-0 

16*6 

1-3 

4-5 

- 

Rubber in shear. 

percu. in. 

| _ 

- 




28 

per lb. 


- 

- 

- 

- 

560 

Rubber in tension 
or compression. 

percu. in. 


- 

- 

- 

- 

6 

per 3 b. 

- 

- 

- 


- 

112 


Spring steel possesses a higher specific resilience than any 
other metal, owing to its capacity for withstanding very much 
higher working stresses under both reversed bending and 
reversed torsion loads. Thus, on either a volume or a weight 
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basis the specific resilience of spring steel is about ten times 
that of mild steel and about thirteen times that of bronze. 

In the case of duralumin the specific resilience of spring 
steel is from 6 to io times that of this light alloy on a volume 
basis, but only from 2 to 3-5 times on a weight basis. 

Table 22 also shows that the most efficient form of spring 
element is a hollow cylindrical torsion bar; and that the 
specific resiliences of a solid cylindrical torsion bar and a 
flexural member of rectangular cross-section with uniform 
skin stress everywhere are very nearly the same, when the 
materials are required to withstand vibratory loads. 

It is therefore immaterial whether torsion or flexural 
members are used as the spring elements of flexible couplings 
as far as specific resilience is concerned. The form of the 
coupling is, however, an important factor in deciding the type 
of spring. For example, the space available for installing 
the coupling may indicate a form of coupling in which a much 
greater volume of spring material can be accommodated in 
torsion than in bending, and in such a case torsion members 
would naturally be employed. 

Example 28.—A flywheel rim is attached to a shaft by eight 
alloy steel spokes of uniform rectangular cross-section, 
each spoke being 8 ins. wide. The inner radius of the 
fly-wheel rim is 30 ins., and the outer radius of the boss 
is 10 ins. 

Calculate : 

(i) The thickness of each spoke, assuming that the spokes 

are securely built-in at each end; that the maximum 
bending stress in the spokes must not exceed ± 30,000 
lbs. per sq. in.; and that the torque transmitted 
from the flywheel rim to the flywheel shaft is ± 600,000 
Ibs.-ins. 

(ii) The moment of inertia of the equivalent rigidly con¬ 

nected flywheel, assuming that the moment of inertia 
of the elastically connected flywheel rim is J. 

Since the spokes are securely built in at each end and are of 
uniform rectangular cross-section they are of type I in Fig. 52. 
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(i) The maximum bending stress in each spoke is therefore 


/ 


6.T.L( 3 R - L) 


= ± 30,000 Ibs./sq. ins., 


«.«*.6.(6.R 2 —6.R.L + 2.L 2 ) ' 
where T = applied torque = ± 600,000 Ibs.-ins., 

L = length of spoke = (30 ins. — 10 ins.) = 20 ins., 

R — radius to inside of rim — 30 ins., 

« = number of spokes = 8, 
a — thickness of spokes in inches, 
b = width of spokes in inches = 8 ins. 

Hence, 

t _ 6 x 600000 x 20(3 x 30 — 20) _ 

a ~~ 30000 x 8 x 8(6 x 30 2 — 6 x 30 x 20 + 2 x 20*)’ 
i.e. a = 1 in. 

(ii) The equivalent torsional rigidity of the spokes is 
^ n . a s .b. E( 3 . R 2 - 3 . R . L + L 2 ) 

3.L 3 , 

(see example I, Fig. 52), 

^ 8 x i 3 x 8 x 30000000(3 x 3 o a — 3 x 30 x 20 + 20 2 ) 

1,e - 

= 104,000,000 lbs. ins./radian. 

Hence, from Equation (92), 

._ J 

~ F *-J 

91-2 C 

J 


J« s 


F 8 -J 


lbs.-ins. sec. 2 . 


9500000000 

(Note. —Total resilience of spokes 

™ /* - V . «( 3 — 3 . K + K 2 ) 

6 . E (3 - K)* 
where K = L/R — 20/30, 

V = volume of each spoke = 20x8x1 = 160 cu. ins. 
u 30000® X 160 X 8 0 . 

Hen “' W = gx 30000000 = 1-33 x 1280 = T 7 °° m - lbs - 
i.e. resilience = 1-33 in.-lbs. per cu. in. or 1700 in.-lbs. total.) 
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Example 29.—Assuming that the generator mass in Table 1 
is replaced by a flywheel rim connected to the shaft by 
eight alloy steel spokes of the dimensions given in the 
preceding example, calculate the moment of inertia of the 
flexibly-connected rim so that the one-node frequency 
is unaltered! 

From the preceding example the moment of inertia of 
the equivalent rigidly connected mass is 

T = _J_ 

J. ^ p.J 

9500000000 

This must be equal to the moment of inertia of the generator 
mass in Table 1 if the one-node frequency is to remain un¬ 
altered, i.e. for a frequency of 2520 vibs./min., 

J* = 23,500 lbs.-ins. sec. 2 . 

Hence, 23500 = /- 20 Tj 

1 9500000000 

or J = 1,405 lbs.-ins. sec. 2 . 

Note that the value of the two-node frequency with this 
flexibly connected flywheel rim is different from the value 
given in Table 2. 

The amended value can be obtained by making a new fre¬ 
quency tabulation, using a value of 1405 lbs.-ins. sec. 2 for 
the moment of inertia of the generator mass, and a value, 

r _ C-l . C 2 for the stiffness of the section of shafting 
u<5 — c x -j- C 2 between no. 6 cylinder and the generator, 

where C x — actual stiffness of shafting between no. 6 cylinder 
and the generator 

= 17-0 x io 7 lbs.-ins./radian (from column 1 of 
Table 1), 

C a — torsional stiffness of the flexible spokes 
= 10-4 x io 7 lbs.-ins./radian, 

i.e. C e = qp X io 7 = 6-45 X io 7 lbs.-ins./radian. 
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Example 30.— Calculate the torsional rigidity of a flexible 
coupling, assuming that the coupling is to be as flexible 
as possible, taking into account the following limitations 
in design:— 

(а) Coupling to be of the type which employs flexible 

spokes as the spring elements. 

(б) The flexible spokes to be integral with the hub. 

(c) The coupling and the mild steel shafts which it con¬ 

nects to be capable of transmitting a fluctuating 
torque of dr 10,000 lbs.-ins., superimposed on a mean 
transmission torque of 5,000 lbs.-ins. 

(d) The outside diameter of the coupling not to exceed 

12 ins. 

(e) The width of each spoke to be one-half the length of 

the spoke, and the shafts on which the coupling is 
mounted to be hollow, the inner diameter being 
one-half the outside diameter. 

Diameter of Mild Steel Shafts .—From Table 21 the safe 
stress for mild steel in reversed torsion is ± 8000 lbs. per sq. 
in., assuming that the shafts are free from stress raisers. Since, 
however, in the present instance the keys or splines used for 
securing the two halves of the coupling to the shafts must be 
taken into account as stress raisers, a stress concentration 
factor of 2 will be assumed. The working stress is therefore 
± 4000 lbs. per sq. in. 

The following expression shows the general relationship 
between torque and shaft diameter:— 

T = tt . D 3 (i — K 4 ) . /,/i6, .... (124) 

where T = transmitted torque = ± 10,000 lbs.-ins., 

3 > = outside diameter of shaft in inches, 
d — inside diameter of shaft in inches, 

K = djl > = 1/2 in this example, 

f s — working stress = ± 4,000 lbs. per sq. in. 

Hence, D* = 16 . T/|>(x - K 4 )/J. 

For a solid shaft, K = 0, i.e. D® = i6T/(ir ./ 3 ) = 5 -iT// s . 
When K = 1/2, D 3 = 5*44T// S = 5-44 x 10,000/4000,' 
or D — 2-38 ins . 
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The shafts on which the coupling is mounted should there¬ 
fore be about 2-4 ins. outside diameter x 1-2 ins. bore. 

The stress due to the mean transmission torque has been 
neglected because it has already been shown that a fluctuating 
stress of ± f s can be safely superimposed on a steady stress of 
the same magnitude. In this example the steady stress is 
well below the fluctuating stress, viz. 2000 lbs. per sq. in. 
steady stress and ± 4000 lbs. per sq. in. fluctuating stress. 

Dimensions of Spokes. —It will be assumed that the spokes 
are designed as cantilevers of rectangular cross-section, fixed 
at the hub and free at the rim, with uniform skin stress through¬ 
out, because this type gives the maximum specific resilience 
obtainable with any practicable form of spoke. It will also 
be assumed that the necessary variation of cross-section to 
give uniform skin stress is obtained by varying the thickness 
of the spoke and keeping the width constant, because this 
method gives a somewhat greater volume of spring material 
and therefore a somewhat greater total resilience than other 
methods of obtaining uniform skin stress. 

The spokes are therefore of Type III in Fig. 52 for which 
the resilience per unit volume, from Table 20, is / 6 2 /(7-iE), 

i.e. total resilience of coupling 

= W =tf . V . »/(7*iE) (Type III, Fig. 52). 

For spring steel spokes, the permissible working stress in 
reversed bending, assuming that the radius at the root of each 
spoke is sufficient to avoid any severe stress concentration, is 
± 50,000 lbs. per sq. in., from Table 21. 

Hence, W = 5o,ooo 2 . V. x 30,000,000) 

= 117V. n ins.-lhs. 

(Note. —This value is somewhat less than the value given 
in Table 22 because the skin stress in spokes of Type III in 
Fig. 52 is not exactly uniform throughout the beam.) 

Let a = thickness of each spoke at root, in inches, 
b = width of each spoke, in inches, 

L = effective length of each spoke in inches = (R — r), 
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R = effective radius of spoke at rim- in inches, 
r — effective radius of spoke at hub, in inches, 

K — r\ R, i.e. r = K . R, 

V = volume of material in each spoke, in cubic inches, 
n = number of spokes in coupling, 

V n — V. n = total volume of material in spring elements 
of coupling, in cubic inches. 

Then, for a spoke of Type III in Fig. 52, 

X = 2 .a .b .~Lfa = 2. a . &(R — r)/3, 
i.e. V„ = 2 . a . b. «(R — r)j$. 

It has already been mentioned that the radius at the roots 
of the spokes, when these are integral with the hub, must be 
sufficient to prevent concentration of stress at these points. 
The radius at the roots of the spokes should therefore be equal 
to the width of the spokes at that point, as shown at IV in 
Fig- 53 - 

This implies that the pitch of the spokes round the periph¬ 
ery of the hub at the effective radius r should be about it , a 
so that the maximum number of spokes which can be accom¬ 
modated is 

« = 2 . rja. 

Hence, V, = 4 . b . r(R - r)js = 4 . b . R 2 (K - K 2 )/3. 

The volume of material in n spokes, and therefore the re¬ 
silience of the whole coupling, is a maximum when K = 1/2, 
i.e. R — 2r 

and V» mas = ^ - R a /3 cubic inches. 

Since the maximum outside diameter of the coupling is 
limited to 12 ins., it will be assumed that the effective radius 
of the spokes at the rim of the coupling is R = 3 ins., which 
should allow ample margin for accommodating the tips of the 
spokes as shown at IV in Fig. 53. 

Hence, the dimensions of the spokes are as follows :— 

R = 5 ins. ; r = R/2 = 2*5 ins.; L = (R — r) = 2-5 ins.; 
and» = 2 .rja — 5 fa. 
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The maximum stress in the spokes, from Example III, 
Fig. 52, is 


where 


Hence, 

or 

and 


/=6-75T.L/{w.a 2 . & .R), 

T 5= transmitted torque = ± 10,000 lbs.-ins., 

L = length of spoke = 2-5 ins., 
n — number of spokes — 5 ja, 
a = thickness of spokes at root, 
b = width of spokes at root = L/2 (specified) = 1-25 
ins., 

R = effective radius of spokes at rim = 5 ins., 

/ = permissible working stress = ± 50,000 lbs. per 
sq. in. for spring steel spokes in reversed 
bending. 


„ 675 X 10000 X 2*5 

50000 = —“- 

5 X 1-25 X 5 X a 

a — 0*108 in., 


» = 5 /« = 4 ^* 


The spring elements of the coupling are therefore 46 spring 
steel spokes, 0*108 in. thick x 1-25 ins. wide at the roots; 
2-5 ins. long; 5 ins. effective radius at tip, and 2-5 ins. effective 
radius at hub. 

Referring to Diagram IV in Fig. 53, the diameter of the 
hub at the bottom of the root radii of the spokes is 
(5 - 2 a) — 478 ins. 


The outside diameter of the mild steel shafts on which 
the coupling is mounted is 2-4 ins., so that there is ample margin 
for fixing the spoked member on its shaft. 

Torsional Rigidity of Coupling, —The total volume of 
material in the coupling springs is 
V . n = 2 . a . b . L. m/ 3 = 2 x 0*108 x 1*25 x 2-5 x 46/3 
= 10-35 C11 - “s- 

Hence, total resilience = W = 117V. n = 117 

X 10-35 = i2i*o ins.-lbs. 
Now strain energy = W = T. 0/2, 

and torsional rigidity = C — T/ 0 . 
vol. 1.—16 
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Hence, W = g or C = . . . (125) 

where T = transmitted torque = ro,ooo lbs.-ins., 

W = total resilience = 121-0 ins.-lbs., 

^ 10000 x 10000 ... , j. 

i.e. C =-= 413.000 lbs.-ins./radian. 

2 X I2I-0 ‘ 

This value can be checked by means of the expression 
from example III of Fig. 53, viz., 

C = ». a 3 . b . E . R 2 /(8'5 L 3 ) 

_ 46 x o-ioS 3 x 1-25 x 30000000 x 5 8 
“ 8-5 x 2*5 3 

= 410,000 Ibs.-ins./radian. 

The equivalent length of 2-4 ins. diameter solid shaft, 
i.e. of shaft the same diameter as the shafts on which the 
coupling is mounted, is given by the expression from example 
III of Fig. 52 as follows:— 

k _ L 3 . D 4 2»5 a x 2 -4* 

4 ~~ 3 . n . a z . b . R s “ 3 x 46 0’io8 3 x 1-25 X 5 2 

= 95 ins. of 2-4 ins. diameter solid bar. 

It is of interest to note that an alloy steel torsion bar 
1*5 ins. in diameter and 14 ins. long would transmit the same 
torque and have the same flexibility as the above coupling, 
assuming that this bar was free from discontinuities, so that 
the working stress of ± 15,000 lbs. per sq. in. in reversed 
torsion given in Table 21 could be permitted. The weight 
of the torsion bar is about 7 lbs. compared with about 3 lbs. 
for the more highly stressed spring steel spokes of the flexible 
coupling. The total weight of the torsion bar assembly 
would, of course, be somewhat greater than 7 lbs., due to the 
provision of the necessary attachments to the input and out¬ 
put shafts, whilst the total weight of the flexible coupling 
would be considerably greater than that of the spokes alone. 
A detailed investigation would probably reveal that the total 
weight of the flexible coupling was at least twice that of the 
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torsion bar and its attachments. The principal objection to 
the torsion bar is the axial space required to accommodate it, 
whilst an advantage of the flexible coupling is that supple¬ 
mentary damping means can be provided more easily than 
in the case of a torsion bar, if this is required. 

A further check on the torsional rigidity of the above 
flexible coupling is obtained by applying the general expression 
[Eqn. (122)] for the torsional rigidity of a coupling containing 
flexural spring elements carrying a uniform skin stress, viz., 

C = 3-E.T */(V. *./,*), . . (122) 

i.e. in this example, 

r 3 X 3OOOOOOO X IOOOO 2 0 ... , 

C = ---—---- ; - = 348,000 lbs.-ms./radian. 

10-35 X 50000 2 ^ 1 

This is about 15 per cent, less than the value previously 
calculated, the discrepancy being due to slight lack of uni¬ 
formity of skin stress in the shape of spoke chosen. 

Flexible Couplings Employing Helical Springs.— 
Diagrams I and II in Fig. 53 show two types of flexible 
coupling in which helical springs are the flexible elements. 
Diagram I is an arrangement employing compression springs, 
whilst Diagram II employs tension springs. The arrangement 
employing compression springs is often used as a spring drive 
in geared systems, the teeth of the gearwheel being cut on 
the periphery of the outer member. It is also used as a damped 
and tuned vibration absorber, the damping means being either 
solid friction, in which case suitable frictional surfaces are 
introduced between the outer and the inner members, or 
hydraulic friction, in which case the spring pockets are made 
fluid tight and are filled with oil which is forced through small 
openings between the pockets, when relative motion occurs 
between the inner and outer members, due to vibration (see 
Figs. 176 and 201). 

In the arrangement employing tension springs, special 
care must be taken to permit absolutely free rotation of the 
end connections of the springs on their anchoring pins when 
relative motion occurs between the input and output sides of 
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the coupling. If this is not done there is serious danger of 
breaking the end coils of the springs. 

The type of end connection shown at II in Fig. 53 is prob¬ 
ably the most satisfactory. Two or three coils are wound 
tightly at each end of the spring and a screw thread is cut 
on the shank of the end connections. This thread is the same 
size and pitch as the closed end coils of the spring and is 
machined so that it is a tight fit when screwed into the spring. 
Care must be taken to remove all sharp comers. The inch 
rate of the spring can be controlled to a slight extent by the 
amount the end connections are screwed into the spring, and 
this is sometimes a useful method of correcting slight differ¬ 
ences in rate between one spring and another. It should be 
noted, however, that whilst it is an easy matter to screw the 
end connections into the spring, it is not so easy to unscrew 
them, due to automatic tightening of the coils on the shank. 

Compression springs are probably to he preferred, since it 
is difficult to provide really satisfactory end connections for 
tension springs without sacrificing a good deal of the space 
which would otherwise be occupied by the spring members. 

In designing the springs it is necessary to make sure that 
there is sufficient initial tension to avoid completely unloading 
the springs on one side of each arm when the coupling is trans¬ 
mitting the designed maximum steady torque plus the maxi¬ 
mum fluctuating torque. 

The same remark applies to the initial compression of the 
springs in the arrangement shown at I in Fig. 53. 

The strength and flexibility of couplings employing helical 
springs in tension or compression can be calculated as follows:— 
Let T = total torque transmitted by coupling for a deflec¬ 
tion x 

— P . n . R, lbs.-ins., 

P = load acting along axis of each spring in lbs., 
k — inch rate of each spring, i.e. the load per unit de¬ 
flection of spring, in lbs. per in. 

= P lx, 

n — number of springs, 
a = linear deflection of each spring in inches, 
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R = radius from axis of rotation of shaft to pitch circle 
radius of springs (see Fig. 53), 

8 = angular deflection between input and output sides 
of coupling in radians. 

Then 6 = a/R, and C = torsional rigidity of coupling = T jd, 
i.e. C = P. n . R 2 /a — k .n . R 2 lbs.-ins. per radian. (126) 
The maximum fluctuating stress in the spring can be 
calculated from the following expression :— 

fs = - Jz -lbs. per sq. in., . . . (127) 

where ± P = maximum fluctuating load on each spring in lbs. 
= T/(».R), 

D == mean coil diameter of spring in inches, 
d — diameter of spring wire in inches. 


To this must be added the steady stress due to the initial 
tension or compression which is necessary to ensure that the 
springs are never completely unloaded under the most severe 
vibratory movements which the coupling handles. This 
implies that the initial load in each spring must be at least 
equal to the fluctuating load plus the steady mean load. 

In determining the safe load on the coupling under com¬ 
pletely reversed torsion it is necessary to take into account 
any discontinuities which can act as stress raisers. For 
example, the above expression for the maximum stress is 
torsional stress only, and does not take into account the effect 
of the ratio of wire size to mean coil diameter in introducing 
additional stresses which increase as this ratio diminishes. 

This effect can be taken into account by multiplying the 
stress given by Equation (127) by the following factor:— 


(U±ju5) 
U * 

where U = D/i. 


(128) 


This expression agrees very well with the formula developed 
by Mr. A. M. Wahl, and shows that when Djd — 5 there is 
a 30 per cent, increase in stress. The mean coil diameter 
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should, if possible, be not less than eight times the diameter 
of the wire. 

The inch rate of the spring can be calculated from the 
following expression:— 

G d l 

k = P/a = lbs. per inch., . . (129) 

where G = modulus of rigidity (see Table 21), 

N = number of free coils = (total number of coils 
— 2), unless screwed end attachments are 
used. 

Example 31.—Calculate the torsional rigidity of a flexible 
coupling of the type shown at I in Fig. 53, assuming the 
following conditions:— 

(a) The pitch circle diameter of the springs to be 10 ins. 

( b) The coupling to transmit a fluctuating torque of 

± 10,000 lbs.-ins., superimposed on a mean trans¬ 
mission torque of 5000 lbs.-ins. 

Spring Loads .—The total load on n springs is made up 
as follow's:— 

Pj = load due to fluctuating torque = i 10,000/5 
= ± 2000 lbs., 

P. = load due to mean transmission torque = 5000/5 
= 1000 lbs., 

where the -f sign indicates compression. 

To avoid completely unloading one of the springs of each 
pair the initial load on the springs must be at least equal to 

(Pi + PO. 

i.e. P 3 — (2000 1000) = 3000 lbs. 

Thus the initial compression in each spring to avoid un¬ 
loading one of each pair completely must be 3000 jn lbs. 

The maximum total load on any spring is therefore 
P — 2P s /tt = 2 x 3000 jn — -f 6000 jn, to zero. 

(Actually the initial compression of the springs should provide 
a small margin over the actual minimum required to avoid 
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complete unloading. It will be assumed therefore that the 
maximum load on any spring varies from -j- 6100 jn to + 100 [n 
for reversible drives. 

Note that the loads are 6100 [n to 2100 jn per spring for 
the leading springs and 2100 jn to zoo Jn per spring for the 
trailing springs in the case of non-reversible drives.) 

Spring Dimensions .—Assuming that the springs are made 
of 90 tons per sq. in. spring steel and that the mean coil 
diameter D is four times the wire diameter <L, the stress is 
given by Equation (127), 

i.e. J s = 2-55 . P . D/d 8 , 

where f s — permissible working stress, 

P = maximum load on each spring 
= 6100 jn, 

D = mean coil diameter = 4 ,d, 
d = wire diameter. 

Assuming that there are no stress raisers, the maximum 
permissible shear stress is given by Equation {123), 

i.e. J a =/<( 1-85 + r-2* + o-35* 2 ). 

Note. —In this case it is not permissible to design the spring 
from a consideration of the fluctuating load only, because the 
steady load (i.e. the sum of the initial plus mean transmission 
load) is greater than one-half the range of the fluctuating 
load 

where f t — fatigue limit for completely reversed torsion 
= ± 90/4 

= ± 22-5 tons per sq. in. for 90 tons per sq. in. 

spring steel, 

x = minimum stress/maximum stress = 100/6100 = 

Hence, f s — 22-5 (1-85 -f 1-2/61 + 0-35/3721) = 42 tons per 
sq. in. 

The appropriate allowance for secondary stress effects is 
given by Equation (128}, viz., 
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Y = (U -f i- 5 )/U, 

where U — Djd — 4. 

Hence, Y = (4 - i* 5)/4 = i’ 375 - 

Thus the maximum permissible equivalent static stress is 
42 J *375 — 3°'5 * ons P er s< 3 - i n - 

A safe working stress of 60,000 lbs. per sq. in. will therefore 
be assumed, and since in a reversible drive the load on each 
spring varies from 6100 in to ioon, the corresponding stress 
variation is from 60,000 to 980 lbs. per sq. in. 

The number of springs which can be accommodated de¬ 
pends on the length of the circumference of the pitch circle 



round which the springs are spaced. It is necessary to make 
one or two trial calculations before the best compromise is 
obtained, since there axe an indefinite number of spring com¬ 
binations which can be utilised. As the springs are arranged 
in pairs there must be an even number. 

The permissible stress ranges in steel springs subjected to 
fluctuating loads are given in a paper by F. P. Zimmerli, en¬ 
titled, "Permissible Stress Range for Small Helical Springs” 
(Engineering Research Bulletin, No. 26, July, 1934, University 
of Michigan). Fig. 54 shows representative diagrams for 
carbon steel springs in torsion and in bending. 

The abscissae and ordinates of these diagrams represent 
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the minimum and maximum stresses in the spring respectively, 
and it is essential that any point plotted from given values of 
minimum and maximum stress should lie within the shaded 
areas for satisfactory spring life. Thus, in Fig. 54, point A, 
representing a minimum stress of 60,000 and a maximum 
stress of 90,000 lbs. per sq. in. is a safe design; whilst point 
B, representing a minimum stress of 20,000 and the same maxi¬ 
mum stress of 90,000 lbs. per sq. in. is an unsafe design. 

Similarly, point C on the diagram for steel strip springs 
subjected to bending is safe, whilst point D is unsafe. 

In the present example the springs are subjected to a 
minimum stress of 980 and a maximum stress of 60,000 lbs. 
per sq. in. in torsion. Fig. 54 shows that these are safe values. 

In the present example it will be assumed that there are 
8 springs and that the width of the abutments on the pitch 
line is about 1 in. The length on the pitch line which is avail¬ 
able for accommodating each spring is therefore 

Circumference of 10 ins. diameter pitch circle = 31-416 
ins. 

Space occupied by 8 abutments, each 1 in. wide on pitch 
line — 8x1 = 8 ins. 

Length on pitch line per spring 

= (31-416 — 8)/8 = 2*92 ins., 

i.e. it will be assumed that each spring is 2*75 ins. long when 
it is in position in the coupling and when the coupling is not 
transmitting torque. 

The maximum compressive load P on each spring is 
therefore 

P = 6100 fn = 6100/8 = 763 lbs., 
and, from Equation (127), 

60,000 = 2-55 x 763 X 4 X d[d s = 7780 jd z , 
or d z = 0*13, 

i — 0-36 in., 

D = 4. d = 4 X 0-36 = 1*44 ins. 

Assuming a solid length of 2-25 ins. for each spring, i.e. 
allowing 0-5 in. for compression of each spring under the 
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transmitted torques, the maximum permissible number of coils 
is 2-25 0-36 = 6-25, say 6. 

The number of free coils in each spring is therefore 
N = (6 — 2) = 4 free coils. 

The inch rate is given by Equation (129), viz., 

G. 11500000 x 0-36* 

k = S . D 3 '.“N “ 8 X i* 44 3 X 4 
= 2020 lbs. per in. 

The dimensions of each spring are therefore as follows :— 
d — diameter of wire = 0-36 in., 

D = mean coil diameter =1-44 ins., 

N = number of free coils = 4 (i.e. total number of coils = 6), 
k = inch rate = 2020 lbs. per inch, 

P = safe load = 763 lbs. per spring. 

Initial load = 3100/M = 3100/8 = 388 lbs. per spring. 

Initial compression = 388/2020 = 0-192 in. 

Free length = (2*75 + 0-19) = 2-94 ins. 

Maximum load = 6100 Jn — 6100/8 = 763 lbs. per spring. 
Total compression = 763/2020 = 0-38 in. 

Minimum compressed length = (2-94 — 0-38) = 2-56 ins. 
Solid length = 6 x 0-36 = 2-16 ins. 

Since the solid length is less than the minimum compressed 
length the spring is suitable for the specified duty. 

Torsional Rigidity of Coupling .—This is given by Equation 
(126), viz., 

C = k. n . R® lbs.-ins. per radian, 
where k — inch rate per spring = 2020 lbs. per inch, 
n — number of springs in coupling = 8, 

R = pitch circle radius of springs = 5 ins., 
i.e. C = 2020 X 8 x 25 = 404,000 lbs.-ins. per radian. 
Check by Resilience Method . 

The total resilience of the spring elements of the coupling is 
W =/ f *. V/(4 - G) (see Table 20), 
where f, = maximum stress due to fluctuating portion of the 
torque transmitted by the coupling. 
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The load per spring due to the fluctuating part of the 
torque is 

P = rr 10,000/(8 X 5 ) = ± 250 lbs. 

The stress in the spring due to the maximum load of 763 
lbs. is 60,000 lbs. per sq. in. 

Hence the stress due to the fluctuating part of the torque 
is 

f t = ± 60,000 X 250/763 = ± 19,650 lbs. per sq. in. 

V = volume of active material in the springs 

_ Z.~ . 7T . N. D. % = 2-47 x o-36 2 x 4 x 1*44 x 8 

4 

= 1475 cu. ins. 

Hence, W = - -- .JA 2 ? — 223.3 ia.-lbs. 

4 x 11500000 J 

Also, from Equation (125), 

C = T 2 /(2 . W), 

where T = fluctuating portion of transmitted torque 
= ± ro,ooo lbs.-ins., 

i.e. C = io,ooo 2 /(2 x 123*5) = 404,000 lbs.-ins. per radian, 

which agrees with the value previously obtained. 

This torsional rigidity is practically the same as that of 
the spoked coupling of Example 30. 

If allowance is made for the necessary inactive end coils 
of each of the helical springs, the total weight of spring material 
in the present coupling is about 6 lbs. compared with only 
3 lbs. for the spoked coupling. The weight of a coupling em¬ 
ploying helical springs of the type shown at I in Fig. 53 is 
therefore, in general, greater than that of a spoked coupling 
having the same total flexibility, despite the fact that the 
resilience per unit volume and weight of solid cylindrical 
torsion members is practically the same as that of flexural 
members with uniform skin stress everywhere, as shown in 
Table 22. 

This is because the stress in the helical springs of couplings 
of Type I, Fig. 53, is considerably below the maximum per¬ 
missible stress due to the necessity for providing sufficient 
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initial compression in all the springs to avoid completely 
unloading one spring of each pair when the coupling is trans¬ 
mitting fluctuating torques. If no initial compression were 
provided only one-half the total number of springs would be 
effective, so that the resilience of the active material and the 
torsional rigidity of the coupling as a whole would be halved. 
Moreover, a coupling of this type without initial compression 
of the spring members is an impracticable arrangement. 

M.A.N. Sleeve Spring Coupling.—The coupling shown 
at III in Fig. 53 was developed by the M.A.N. works for use 
in damping torsional vibrations. This coupling consists of a 
number of packets of sleeve springs, one of which is shown 
in detail in Fig. 53. 

Each packet contains a number of neatly fitting steel 
sleeves, with a slot cut through the whole assembly so that 
the spring element comprises a number of C-springs in parallel. 
Maximum resilience is obtained by grading the thickness of 
the sleeves so that the stress is nearly constant at all points. 
A cylindrical member is accommodated within the innermost 
sleeve, and this member is provided with a tongue piece which 
is keyed into the hub and serves to prevent rotation of the 
spring packets as a whole, and also to limit the deflection of 
the springs, thus preventing over-stressing. 

The cylindrical centre piece introduces a certain amount 
of non-linearity because the spring packet gradually contacts 
this member as the applied load increases. There is also an 
appreciable amount of damping due to inter-sleeve friction. 

The torsional rigidity of a coupling of this type can be 
calculated as follows:— 

Referring to the loading diagram for one sleeve shown 
at III in Fig. 53, 

let T = torque transmitted by coupling, in lbs.-ins., 

N = number of spring packets, 

R = pitch circle radius of spring packets, in inches, 

P = tangential load on each spring packet = T/(N . R}, 
in lbs., 

r = mean radius of any one sleeve, in inches. 
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E — modulus of elasticity of material of sleeves, in 
lbs./sq. in., 

I = moment of inertia of cross-section of one sleeve 
= b . Pji2, in ins. 4 unit, 
b = length of sleeve, in inches, 
t = thickness of sleeve, in inches, 
y — tangential deflection at pitch circle of spring 
packets, in inches. 

Then 

resilience of any one sleeve = W = ^ JMs 2 . dx. (117) 

In this case M* = P . r . sin 8, 

i.e. W = —^ j f P 2 . r 2 . sin 2 .8 .dx, 

2.E.IJ0 

but x = r. 8 or S = xjr. 

p2 r z far 

Hence, W = —^| sin 2 . xjr . dx 

2 . JS . IJo 

= 77. P 2 . r*f(4 . E. I) 

= 3.77. P 2 . r 3 /(E . b . t 3 ). . (130) 

The strain energy is also given by the following expression :— 
W = P.y/2. 

Hence, y = 2W/P = 6. v . P . *»/(E. I. f). . (131) 

If there are n sleeves in each spring packet, y is the common 
deflection at the pitch circle radius of all sleeves. 

Let P lf P 2 , P 3 , etc., = the tangential load carried by the 
various sleeves of each pack, for 
example, load P x is the load 
carried by the outermost sleeve. 
K x , K 2 , K 3 , etc., = the corresponding values of y/P, 
i.e. K 1 = y/P 1 = 6 .v.r 1 3 /(E.&.! 5 1 8 ). 

Then P = total load on pack 

= (P X + P 2 + P 3 H-. - - + P«)lbs. 

= Mi/K* + i/K, + i/K 3 + . . . + i/K n ), 
whence y = P/(i/K x -f r/K s + i/K 3 -f . . . + i/K n ). 
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The angular deflection of the input side of the coupling relative 
to the output side is 

i.e. C = torsional rigidity of coupling = Tj 9 — T . R jy. 

Stress in Spring Sleeves. 

Let/,,/*, .../„, etc., = bending stresses in the various 
sleeves of each pack. 

Then /„ = 6. P„. r a j(b . t n *). . . (132) 

Since the tangential deflection at the pitch line for the 
whole spring pack is also the tangential deflection for each 
sleeve of the pack, the following relationship is obtained from 
Equation {131}:— 

= P s . r,W = . . . = P n . r*it n \ 
Also, since for maximum resilience the same stress must 
occur in each sleeve, the following relationship is obtained 
from Equation (132):— 

b *//6 = P x • rjjt-f = P 2 - fzlh* 

= P 3 • 'sit** = • - • = Pn r n jt*. 

Combining these results, 

tjt 1 = or *„/*(„-!) = r n 2 lr\ n _ 1)t . (133) 

and P3./P1 — r z l r i or P w /P ( «_d = . (134) 

i.e. the thicknesses of consecutive sleeves are proportional to 
the squares of the mean radii of the sleeves, and the tangential 
loads at the pitch lines of consecutive sleeves are proportional 
to the cube of the mean radii of the sleeves. 

The selection of the best combination of sleeves is largely 
a matter for trial and error, but this process is facilitated by 
making the following simplifying assumptions for the first 
attempt. 

It has already been shown that 1 2 ]t % = r 2 2 jr- i i , and, since 
the sleeves fit snugly inside one another, 

= r x — (t 2 + 2g)/2, 

..e. h = tl (p L^A 5 lR±is)y. 
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If it is assumed that 4 = 4, and that higher powers of 
t can be neglected, the above expression reduces to 
t 2 — 4(1 2 . tijr-j), 

and 4 — 4( I — 2 . tojr 2 ), 

t n = 4 -l(l - 2 . t n _ x jr n _i). . . (135) 

Also, for correct fitting of sleeves, 

r z — 0-5(4 -f- 4)> 

r s = r 2 - 0-5(4 + h)> 

r n = - 0-5(4-! +• 4 ), • - (136) 

where r 1 and t t are the mean radius and thickness of the 
outermost sleeve. 

Example 32 shows the application of the above methods 
to the design of a sleeve spring coupling. 

Example 32. — Calculate the torsional rigidity and load-carrying 
capacity of a spring sleeve coupling to fulfil the following 
specification :— 

Pitch circle of spring packs = has. radius, 
Bore of housing of spring packs = 2-75 ins., 

Number of sleeves per pack — 6, 

Number of packs = 6, 

Width of sleeves = 2-0 ins., 

Thickness of outermost sleeve = o-ioo in. 

Since the bore of the housing for each pack is 2-75 ins. and 
the outermost sleeve is o-ioo in. thick, the mean radius of the 
outermost sleeve is (1*375 ins. — 0-050 in.) — 1-325 ins., 
i.e. r x — 1-325 ins.; and 4 — o-ioo in. 

The approximate dimensions of the remaining sleeves can 
be determined by applying Equations (135) and (136), as shown 
in the following tabulation :— 

For example, 

4 = 4(1 — 2.4/ r i) = 0*100(1 — 2 x 0-100/1-325) 

= 0-085 in., 

and r z = r x — 0-5(4 -f 4) = 1-325 — 0-5(0-100 + 0-085) 

— 1*233 ins. 
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The value of ri obtained by this method differs from the 
true value as follows :— 

true value of t 2 = . rf-rf = o*ioo(i*233/i'325) 2 = 0-08710., 

or, in general, t n — 

The correct dimensions of the various sleeves can therefore 
be quickly determined from the approximate dimensions in 
columns 2 and 3 of the following table by applying the above 
equation. The correct dimensions are given in columns 4 
and 5 of the table:— 
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I 

Approximate Dimensions. 

Corrected Dimensions. 

Permissible 
lead on 
Sleeve. 

Deflection 

Constants. 

I 


t. 


t. 

P B . 

i/K„. 

I 

1-325 ins. 

o-ioo in. 

1*325 ins. 

o-ioo in. 

214 lbs. 

1370 

2 

1-233 

0-085 

1*232 

0-087 

174 

1120 

3 

1-154 

0-073 

1-151 

0-076 

142 

910 

4 

1-086 

0-064 

1-080 

0:067 

118 

760 

5 

1-026 

0056 

1-017 

0-059 

97 

620 

6 

1 o *973 

0050 

0-961 

I 0 053 

83 

530 


P=8281bs. 

i/K=53io 


A consideration of the action of these sleeve springs shows 
that the stress in any fibre is always uni-directional, even when 
the applied torque on the coupling reverses. The greatest 
stress range occurs, therefore, in couplings fitted to reversible 
drives, in which case the minimum stress is zero. The safe 
stress range for rectangular strip in bending is given in Fig. 54, 
and for zero minimum stress the permissible maximum stress 
is 85,000 lbs. per sq. in. 

The sixth column of the above table shows the maximum 
permissible load on each sleeve and is obtained from Equation 
{132), using a working stress of 85,000 lbs. per sq. in. 

Thus, for the outermost sleeve, where r — 1-325 ins., 
t = 0*100 in., and b — 2*0 ins., 

P — b . .//(6 . r), from Equation (132), 

i.e, P t = 2-0 x o-ioo* x 85,000/(6 x 1-325) = 214 lbs. 
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The total maximum working load for all sleeves in one 
pack is the sum of the values in column 6 of the foregoing 
table, namely, 828 lbs., 

i.e. T = maximum working torque for coupling = 828 X 6 X 3-5 
(6 packs each containing 6 sleeves at 3-5 ins. 
radius) = 17,300 lbs.-ins. 

Column 7 of the foregoing table gives the values of i/K 
for the various sleeves. As already shown, the common tan¬ 
gential deflection at the pitch circle of the spring packs is 
y — P/(i/K) = 828/5310 — 0*156 in,, 
and the torsional rigidity of the whole coupling is 

C = T . R jy, where R is the pitch radius of the spring packs, 

= 17,300 X 3*5/0*156 = 390,000 lbs.-ins. per radian. 

The angular deflection between the input and output 
shafts when the coupling is transmitting a torque of 17,300 
lbs.-ins. is therefore 

$ = 17,300/390,000 = 0*0444 radian 
= 2*54°. 

The deflection limiting central piece should therefore be 
designed to permit a deflection of ± 2*5° so that a torque of 
17,300 lbs.-ins. can be accommodated in either direction 
and to ensure that the maximum stress range in the spring 
elements does not exceed the permissible value of 85,000 lbs. 
per sq. in. 

Thus the maximum capacity of this coupling is ±17,300 
lbs.-ins., and this can be made up of a fluctuating torque super¬ 
imposed on a steady transmitted torque, provided the maxi¬ 
mum value of the combined torque does not exceed the limit 
set by the stop piece. For example, a fluctuating torque of 
± 8650 lbs.-ins. could be superimposed on a steady torque 
of 8650 lbs.-ins., in which case the maximum combined torque 
would be 17,300 lbs.-ins., whilst the minimum combined torque 
would be zero. 

The deflection limi ting members should be hardened on 
the surfaces which contact the ends of the spring sleeves, and 

vol. 1.—17 
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the sleeves themselves should be a neat sliding fit within, one 
another (diametral clearance 0-002 in. to 0*004 in.). 

The spring packs should be fitted into their bores with an 
initial deflection of about o*ooS in., i.e. the bores of the spring 
pack housing should be about 0*008 in. less in diameter than 
the free outside diameter of the outermost sleeve of the spring 
pack assembly. 

This initial deflection provides sufficient pre-loading to 
eliminate back-lash, which is desirable when the coupling has 
to transmit torque in either direction. 

The sleeve spring coupling of Example 32 has approxi¬ 
mately the same load carrying capacity and the same tor¬ 
sional rigidity as the spoked coupling of Example 30, and the 
helical spring coupling of Example 31, i.e. the capacity of the 
couplings in Examples 30 and 31 is a 'fluctuating torque of 
± 10,000 Ibs.-ins. superimposed on a steady torque of 5000 
lbs.-ins. In this example, although the maximum fluctuating 
torque which could be superimposed on a steady torque of 
5000 lbs.-ins. is ± 12,300 lbs.-ins. it would be advisable to 
restrict the fluctuating portion to a value somewhere in the 
legion of ± 10,000 lbs.-ins. to avoid continuous hammering 
on the central stop piece and leave a reasonable margin for 
occasional overloads. 

The weight of the spring material in the sleeve spring 
coupling is, however, 13 lbs., compared with 3 lbs. for the 
spoked coupling and 6 lbs. for the helical spring coupling. 
The sleeve spring coupling is therefore, in general, heavier 
than a coupling employing helical springs of the type shown at 
I in Fig. 53. This is mainly due to the somewhat large pro¬ 
portion of unstressed spring material which must be provided 
to take the spring reactions in the hub member (see Diagram 
III of Fig. 53). 

Spring Plate Couplings.—Fig. 55 shows a flexible coup¬ 
ling in which the torque is transmitted through a n umb er of 
spring steel plates accommodated in slots cut in the coupling 
flanges. 

The torsional rigidity of this coupling is determined as 
follows:— 
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Let R = pitch radius of flexible plates, in inches, 
n = number of plates, 

L = effective span of one plate, considered as a beam 
fixed at the ends, in inches, 
y = deflection of one end of the plate relative to the 
other end, in inches, 

P = reaction at each end of plate for a deflection y, 
in lbs., 

I = moment of inertia of cross-section of one plate, 
about neutral axis, in inches 4 units, 

E = modulus of elasticity, in lbs. per sq. in. 



Then, applying the equations already given for the spokes of a 
flexibly connected flywheel rim, 


P = 
M b = 


12E. I. y 
U 

6 E.I.y 

L 2 


P. L s 
or * = IiE7r 

12E. I .x.y 
L 3 ’ 



The angular deflection is therefore 


_y_ __ P.L 8 
~ R — 12E . I. R 


radians. 


The total torque transmitted for a deflection y is 
T = P. R . n . lbs.-ins. 
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Hence, the torsional rigidity of the coupling is 
„ T 12P . R . n . E . I. R 12E . I ■ n . R 2 , , 

c =e=- pTi? l* • [37> 

For steel plates of rectangular cross-section 
E = 30,000,000 lbs. per sq. in., 

.j._ cfi . b 

12 

Hence, c _ 30000000 g. i . « ._R* lbs .. ios . /radian . (13 8) 

The equivalent length of shaft of diameter D is obtained as 
follows :— 

Let L e = equivalent length of shaft of diameter D. Then 
torsional rigidity of equivalent shaft is 

_ T _ G . l 9 v . D 4 -G 
C ~ 9 ~ L. $2L e ’ 

and, assuming G = 12,000,000 lbs. per sq. in. for steel, 

„ 1177000 D 4 

r e ’ 

1177000 D 4 30000000 a 3 . b . n . R 2 
ie - L e L 3 

mence, U = 25 . 3a ?. j ;* !Tp ms ‘ ' ' (l39) 

S*r«s t« Plates.—The maximum bending stress is the same 
as already determined for the spokes of a flexibly connected 
flywheel rim, viz.. 


i.e. for rectangular steel plates 

?p T 

/mu = ■—lbs. per sq. in. 
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In the present case the torque transmitted by the coupling 


is 


T = P . R .i.e. P = _—. 

R . n 

3. T. L 

Hence, /max = ft n lbs. P 61 sq. in. . . (140) 

The maximum stress should not exceed the values given 
in Table 21. 

Instead of providing separate slots for each plate, several 
plates can be assembled in each pair of slots. This laminated 
construction provides a certain amount of inter-plate damping 
which might be useful in some cases. 

Example 33.—Calculate the dimensions of a flexible coupling 
for a 2^-in. diameter shaft, assuming that there are forty- 
eight spring steel plates of rectangular cross-section, f-in. 
wide. 

The pitch radius of the plates is 4 ins., and the stress in 
the plates must not exceed 50,000 lbs. per sq. in. when the 
shear stress in the shaft is 6000 lbs. per sq. in. The effective 
span is 2 ins. 

Also calculate the length of 2f-in. diameter shaft 
having the same torsional rigidity as the coupling. 

The torque transmitted by a 2$-m. diameter steel shaft for 
a maximum shear stress of 6000 lbs. per sq. in. is 

M = — D s f- 3 ' 1416 X ^ X 6000 
16' 16 

= 18,400 lbs.-ins. 

The stress in the plates is 

3 -M.L 

Jw “ a *. b . n . R’ 

where 
and 

i.e. 

Whence, 


L — % ins.; b = 0*75 in.; n = 48 R = 4 ms.; 
L1 = 50.00° lbs. per sq, in., 

3 -X 18400 X 2 
2 x 0*75 x 48 x 4 
a = 0*124- in. 


50000 = - 
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Equivalent length of 2§-in. diameter shaft is 

D 4 . L 3 2-5 4 X 2 3 

L * ~~ 25-5 a z .b .n. R 2 "25*5 X 0-I24 8 X 0-75 X 48 X 4 2 
= 11-15 ins. 

Referring to Fig. 55, it will he seen that over the length of 
the effective span L the sides of the grooves in the coupling 
flanges are flared away from the plates to permit free deflection. 
In practice, the shape of the sides is such that when the coupling 
is transmitting the maximum permissible torque the plates 
are in contact with the sides of the grooves. The effective 
span of the plates is thus very small when overloads occur, 
thus preventing over-stressing the material. Incidentally, 
the alteration in the effective span when the torque becomes 
excessive produces a corresponding alteration of the torsional 
rigidity of the coupling. This alters the torsional vibration 
characteristics of the system, and enables critical speeds to be 
passed through safely. 

Bibby Flexible Coupling.—This coupling is described 
in Chapter 10, and is illustrated in Figs. 169, 170 and 171. 

A fundamental and very important difference between the 
Bibby coupling and other couplings of the type shown in Fig. 
55 is that the spring elements of the Bibby coupling consist 
of a series of plate springs or rungs which are connected to¬ 
gether in grid formation as shown in Fig. 56. 

This construction not only overcomes the very real diffi¬ 
culty of anchoring the ends of the plates in the construction 
shown in Fig. 55, but also provides considerably greater resil¬ 
ience and freedom to allow for mis-alignment of the input and 
output shafts. 

Furthermore, the grid formation ensures that the rungs 
bear only on one side of the grooves for a given direction of 
torque loading. This avoids any tendency for the rungs to 
become locked in the grooves, which sometimes occurs with 
plain bars of the type shown in Fig. 55. 

In one rather striking instance where a Bibby coupling 
had been operated for a long time with an abnormal amount 
of radial mis-alignment, and without lubrication, each, rung 
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-^1 * . ic 

=IF ^ 

Norma) Proportions:- J-J6A ; i.=24a ; b-4&- c= TTd; 
n = Number of Rungs ~ 

Fig. 56.—Bibby spring coupling. 



Bibby Rung 


Fig. 57.—Resilience diagram. 


Bar Rung 
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had worn on one side only to about one-half its normal 
thickness before fracture occurred. 

The forces acting on one element of the grid spring are 
shown in the left-hand diagrams of Fig. 57. 

Let P = tooth reactions, in lbs., 

T = torque transmitted by coupling, in lbs.-ins., 

R = pitch circle radius of rungs, in ins., 
a = thickness of rung, in inches, 
b = width of rung, in inches, 
c = pitch of rungs, in inches, 

L = length over teeth, in inches, 

S = overall length of rungs, in inches, 

Q = end reactions on each rung, in lbs., 
n — number of rungs, 

E = modulus of elasticity, in lbs. per sq. in., 
f b = maximum bending stress in rung, in lbs. per sq. in., 
I = moment of inertia of cross-section of rung in ins. 4 
= b . a*Ji2, 

M = bending moment on rung, in lbs.-ins., 

W = resilience, in ins.-lbs., 
r — radius of sides of teeth, 

C = torsional rigidity of coupling, in lbs.-ins./radian. 

Then, referring to the top left-hand diagram in Fig. 57, 
for equilibrium of each rung, P. L = Q. c, 
or Q = P. Lie. 

It should be noted that there is no unbalanced force on 
each rung, and that the couple due to the tooth reactions 
P is balanced by the couple due to the end reactions Q. 
Furthermore, the end reactions Q of one rung are absorbed 
by the equal and opposite end reactions of the adjacent rung, 
so that there is no unbalanced external end reaction. 

The maximum bending moment acting on each rung is 
M = Q . c/2 = P . L/2, 
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Hence, the maximum bending stress in the rang is 
/„ = M/Z, where Z — b . a 2 [ 6 , 

for a rectangular cross-section, 
i.e. / 5 = 3 -P.L/(£.* 2 )- 

Also, if T = torque transmitted by the coupling == P . R . n, 

‘hen, /. = R -~ 0 " L ^ - ' • ' ^ 

which is the same as the expression for the stress in the spring 
elements of the coupling shown in Fig. 55. 

Equation (140a) gives the maximum bending stress which 
would occur in the rungs when transmitting a torque T, assum¬ 
ing that this torque is not sufficient to cause the rungs to con¬ 
tact the sides of the teeth, i.e. assuming that the distance 
between the tooth reactions L is not altered when the coupling 
is transmitting a torque T. 

In practice, the maximum bending stress which can occur 
in the rungs is limited by the radius of the sides of the teeth, 
because, as the transmitted torque increases, the rungs come 
gradually into contact with the sides of the teeth until, finally, 
the reactions P occur close to the points of the teeth and the 
rungs are bent to the radius of curvature of the teeth. 

If the radius of curvature of the teeth is r, the maximum 
possible bending stress in the rungs is therefore 

/&' — £■ */(2 • r). . . . ( 141 ) 

Resilience of Coupling. —The shear and tensile resilience is 
small and will be neglected in the following treatment. 
Consider one-half of a rung, s-t-u-v in Fig. 57. 

Bending in Portion s-t. — 

but M x — ~- . sin ot, 

M = maximum bending moment acting on rung 

= Q . c/ 2 . 


and 



266 


TORSIONAL VIBRATION PROBLEMS 


v M 2 r-'i* . 2 . 

A - = 5TE7iJ 0 

x — c. a/2, or a = 2x/c, 


where * is the length of arc subtending angle a, 

w m* r eli . 2 zx . 

i.e. Wt = —I sm 2 — . dx 

2.E.IJ0 c 

M 2 fit . C\ 

~ E . I \ 16 / 

Bending in Portion t-u .—Since in this case the bending 
moment is constant and equal to the maximum bending 
moment in the rung, viz. M = Q . c/2 — P . L/2, 


S/2 — L/2 — c/ 2 = (S — L — c)j2. 

, T „ r M s /S — L — c\ 

Hence, W, = 0 I ---). 


Bending in Portion u-v .—Bending moment varies from 
zero to the maximum bending moment in the rung, viz. M., 
i.e. M* = P . x. 


2 . E . IJ 
P 2 . L 3 
= 48 . E . I 


cm 

tI. p, -*‘ 


but M = maximum bending moment on rung = P . L/2, 
M 2 /L\ 

>- e - w ==ETi(r 2 )- 


Total Resilience. 

Resilience per half-rung = (W 1 -f W 2 -f W 
_ M1 §_i 

E.IV 16 + 


1L(1Ll£ _l s ~ L ~ c » J[A 

.IK 16 ^ 4 ^12;* 


4 
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Hence, total resilience of n rungs, 

M 2 / 12S - 8L - 2-5 7 c\ 

E.I\ 48 / ' 2 ' K ' 

and since c is small compared with S and L the expression 
for total resilience of the coupling is 

W = 6 • S ~ 2 • L ) • »• • • (142) 

* Torsional Rigidity of Coupling. 

From Equation (125), C = T a /(2W). 

Now, T = torque transmitted by coupling — P . R . n, 

M — maximum bending moment on each rang = P. L/2. 

Hence, C = torsional rigidity of coupling 

12 . n . E. I. R 2 „ . , . . 

- l 2 ( 3 S - 2L) ihs.-ms./radian. . . (143) 

The usual proportions of the rungs are given in Fig. 56, viz., 
S = 36a ; L = 24 a ; b = 4a ; c = v. a 

INote: c is the minimum pitch for forming the bends at the ends of the 
rungs. The height of the teeth can be reduced to 0-75 . b where weight must 
be minimised.] 

n =* maximum number of rungs permissible = 2 . R/«. 

With these proportions Equation (143) reduces to 

C = R 3 . E/4320. . . . (144) 

Also, with these proportions the expression for the maximum 
stress in each rung, Equation (140), reduces to 

A = 9 -T/(R 3 .fl). . . . (145) 

Finally, since T = C 6, 

8 = amplitude of angular deflection across coupling 
= T/C radian 
= 57*3T/C degrees, 

* This treatment neglects back-lash between the rungs and grooves. 
A method, of allowing for back-lash is given in Chapter 10. 
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where T and C are obtained from Equations (140) and (143) 
respectively. 

The permissible working stress in the spring steel rungs 
of couplings of this type is — 50,000 lbs. per sq. in. for couplings 
which are used as resilient members only, and ± 25,000 lbs: 
per sq. in. for couplings which may have to work under resonant 
conditions, for example, when they are used in the construc¬ 
tion of torsional vibration detuning flywheels. The lower 
value of the permissible working stress allows for stress con¬ 
centration at the bends at the ends of the rungs when the springs 
are subjected to reversed bending loads. 

Example 34.—Calculate the principal dimensions of a coupling 
of the type shown in Fig. 56, assuming that the trans¬ 
mitted torque is ± 10,000 lbs.-ins., and the required 
torsional rigidity is 400,000 lbs.-ins. per radian. The rung 
proportions given in Fig. 56 may be used. 

Torsional Rigidity .—From Equation (144), 

C = R 3 . E/4320, 

i.e. R 3 = 400,000 x 4320/30,000,000 

= 57 * 5 . 

or R = 3-86 ins. 

Stress in each Rung. —Assuming that the coupling is not 
intended to run continuously under resonant conditions, a 
working stress of ± 50,000 lbs. per sq. in. may be used. 

From Equation (145) 

/ s = 9 . T/(R 2 . a). 

Hence, a — 9 X 10,000/(50,000 X 14-9) = 0*12 in. 

The principal dimensions of the coupling are therefore 

a = thickness of rung = 0-12 in. 
b — width of rung — 4 . a = 0-48 in. 

S = overall length of rung = 36 . a — 4-32 ins. 

L = overall length of teeth = 24 . a = 2-88 ins. 

R = pitch circle radius of rungs = 3-86 ins. 
n — number of rungs — 2. R Ja — 64. 
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The total weight of the spring elements in the coupling is 
4*5 lbs., which is very nearly the same weight as the spring 
elements of the much larger diameter spoked coupling of 
Example 30, and is much less than the weights of the helical 
spring and sleeve spring couplings of Examples 31 and 32. 
Since these alternative couplings have about the same tor¬ 
sional rigidity and are designed with a similar factor of safety 
it appears that the Bibby coupling is the most efficient of the 
types investigated. 

It is of interest to compare the relative capacity for storing 
energy of the Bibby coupling with the coupling shown in 
Fig- 55- 

The torsional rigidity of a coupling of the type shown in 
Fig. 55 having the same rung dimensions as the above Bibby 
coupling is given by Equation (137), 
i.e. C = 12 . E . I. R 2 . njL s 

= 12 x 30,000,000 x 0*000069 X x 4‘9 X 64/23*8 
= 1,000,000 lbs.-ins. per radian. 

Thus the torsional rigidity of the coupling shown in Fig. 55 
is two and a half times that of the Bibby coupling, in other 
words, the energy storing capacity, or resilience, of the Bibby 
coupling is two and a half times that of the coupling shown in 
Fig. 55. This is also illustrated by the comparative resilience 
diagrams in Fig. 57. 

The weight of a coupling of the type shown in Fig. 55 will 
not be appreciably less than that of the Bibby coupling, because 
the active material in the overhanging ends of the Bibby rungs 
is replaced by the inactive material required to anchor the 
rungs in couplings of the type shown in Fig. 55. 

It should also be noticed that the difficulty of anchoring the 
rungs, which is a real disadvantage in couplings of the type 
shown in Fig. 55, is completely overcome in the Bibby design. 

Furthermore, by increasing the ratio S/L, the above com¬ 
parison of resilience becomes even more favourable to the 
Bibby coupling. 

In cases where the coupling is required to operate con¬ 
tinuously in resonance the working stress should not exceed 
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£- 25,000 lbs. per sq. in., as already mentioned. Where the 
space available for accommodating the coupling is such that 
the proportions of the rung given in Fig. 56 are unsuitable, 
Equations (140) and (143) can be used to determine the char¬ 
acteristics of a coupling having more suitably proportioned 
rungs. 

Rubber-in-Shear Couplings.—In many cases the simplest 
and most effective solution of a torsional vibration problem 
is to tune the system so that no important resonant zone occurs 
within the operating speed range. Tuning is carried out by 
adjusting the inertia or the elastic characteristics of the oscil¬ 
lating system, so that the frequency is either raised to such 
a value that only high-order criticals of feeble intensity occur 
within the operating range, or so that the frequency is lowered 
to such a value that the operating range lies in the wide gap 
between two low-order resonant zones. In many cases a 
solution by increasing the natural frequency to a sufficiently 
high value is undesirable, because it entails a disproportionate 
increase in the scantlings of crankshafts and transmission 
shafts, which in turn means a large increase in overall weight 
of the power plant, a point of fundamental importance in 
transport and aeronautical applications. 

Moreover, the trend towards higher operating speeds is 
tending to make such a solution increasingly difficult, in other 
words, speed increases are tending to do more than offset possible 
frequency increases. 

There remains the possibility of a solution by lowering the 
frequency, and this implies either an increase in the polar 
moments of inertia of the oscillating members or an increase 
in the flexibilities of the elastic connections. 

An increase in the polar moments of inertia is obviously 
undesirable, since it not only implies an appreciable increase 
in overall weight but also might introduce difficulties due to 
the introduction of critical zones, corresponding to higher 
modes of vibration, into the operating speed range. Provided 
sufficiently compact flexible elements are available, however, 
the alternative method, i.e. an increase in the flexibility of the 
elastic connections, can be successfully utilised. This method 
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avoids weight increases, and the flexible element can generally 
be introduced in such a manner that troublesome critical 
zones, due to other modes of vibration, are avoided. 
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Various types of flexible couplings employing metallic 
spring elements have already been described, all of which have 
been successfully used in practice. 

Their range of flexibility is somewhat limited, however, 
since they tend to become unduly heavy and bulky when large 
increases in the flexibility of the elastic connections is required. 

An alternative type of flexible coupling, which can be built 
in a very compact form, is the rubber-in-shear type shown in 
Fig. 58. In its simplest form a rubber-in-sheax coupling con¬ 
sists of a flat steel plate on the input side of which is bonded 
a disc of rubber. The other face of the rubber disc is bonded 
to a similar steel plate on the output side of the coupling. 

The use of rubber as a structural material is a comparatively 
recent engineering development following the introduction of 
reliable bonding processes, so that the following notes relating 
to its physical and mechanical properties are of interest. 

Pure rubber is almost never used for structural purposes. 
Structural rubber is invariably an " alloyed ” material, i.e. 
the rubber is compounded with various other ingredients. 
When subjected to a temperature of 150° C. the physical 
properties of rubber compounds containing sulphur and certain 
other ingredients become stabilised. This process, which is 
probably the most important in rubber technology, is known 
as vulcanisation. During the vulcanising process the com¬ 
pound is usually confined within a metal mould and subjected 
to a pressure of several hundreds of pounds per square inch. 

Rubber is practically incompressible, having a bulk modulus 
of 300,000 to 400,000 lbs. per sq. in., and will not deflect if 
fully confined. It is a non-conductor of electricity and a poor 
conductor of heat. It is not easily injured by castor or other 
vegetable oils, but mineral oils and solvents such as naphtha 
readily attack it. Flexible glyptal lacquer or plasticised shellac 
form a useful protective coating against oil drips. 

Ageing of Rubier. —Rubber and its compounds are subject 
to a natural ageing effect which tends to stiffen the material, 
to reduce its elasticity, and render it brittle. Ageing of rubber 
is caused in two ways, by the continuation of the vulcanising 
process during use and by oxidation. 
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Anti-oxidants are available which stop the continuation of 
vulcanisation and restrain oxidation. Preservatives have little 
effect on the hardness of rubber compounds, although those of 
a resinous nature might have a slightly softening influence. 
Permanent hardening with age is a very slow process, and as 
a general rule aged vulcanised rubbers regain most of their 
initial softness when heated, for example, when boiled in water 
for a few minutes. 

A point to be kept in mind when designing rubber com¬ 
ponents is that thin sections exposed to the air should be avoided 
since such sections are more easily destroyed by oxidation. In 
the case of thick sections it is only a small depth of mbber 
at the exposed surface that is affected. 

The commencement of actual ageing can be considerably 
delayed by stopping the vulcanising process short of the 
optimum cure time. This leaves a percentage of free sulphur 
which must be absorbed before the optimum is reached and 
reversion can take place. 

In some quarters this is considered to be the ideal state of 
vulcanisation with a view to securing good ageing properties. 
It should be borne in mind, however, that certain applications 
require the use of rubber compounds containing as small an 
amount of free sulphur as possible to avoid corrosion of parts 
in contact with the rubber, for example, rubber-lined stem 
tubes of ships. 

Automobile experience indicates that rubber components 
can be expected to give from eight to nine years useful life. 
Other authorities state that a durability of from five to fifteen 
years can be expected, depending on the exact quality and 
the particular application. A reasonable estimate for design 
purposes is at least four years, with a possible maximum of 
eight years under favourable conditions. 

Effect of Temperature on Rubber Compounds .—Since struc¬ 
tural mbber compounds are obtained from substances manu¬ 
factured at a temperature of 160 0 C. it is evident that the 
durability of the finished product cannot be guaranteed for 
steady temperatures exceeding 8o° to 100 0 C. The rubber 
becomes softer under increasing temperature, the deformation 

vol. 1.—18 
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under a given load increases, and the hysteresis loss decreases. 
It is therefore important to protect rubber against rising tem¬ 
perature, and care should be taken in design to shape the com¬ 
ponents so that they are favourable for heat dissipation. It 
should be kept in mind that rubber is a poor conductor of heat 
and that whilst this is of advantage for heat insulation applica¬ 
tions it hinders the flow of heat generated under excessive 
stress cycles and can be a source of serious temperature rise. 

Safe practical temperature ranges for rubber compounds 
lie between — i8° C. and -f 50° C. In exceptional circum¬ 
stances steady temperatures as high as 8o° C. can be tolerated 
with certain compounds, but this value should not be regarded 
as a figure to be used generally. The effect of low temperature 
is to harden the rubber and render it brittle. For example, 
at — 75 0 C. rubber becomes so brittle that it breaks under a 
sharply applied blow. 

This brittleness disappears again, however, when the 
temperature is restored to normal. Special rubber compounds 
are available which can be used at temperatures as low as 
— 25 0 C. which is still, however, not as low as the minimum 
temperature attainable at high altitudes in the case of aero¬ 
nautical applications, e.g. — 45 0 C. at 30,000 ft., and — 57 0 C. 
at 35,000 ft. and above. 

In the case of rubber compounds used as flexible couplings 
or for engine mounting systems, however, the vibratory nature 
of the loadings can be assumed to cause sufficient internal 
beating to maintain the temperature of the rubber at a toler¬ 
able value even at high altitudes. 

Hardness of Rubber .—Experiment has indicated that with 
strict manufacturing control the qualities of rubber generally 
used for flexible couplings and engine mountings give practically 
the same elastic properties for a given shape and hardness. 
The hardness of rubber compounds is measured by a standard 
instrument known as the Shore Durometer and the degree of 
hardness is expressed on a simple numerical scale, for example, 
“ Shore Hardness 35/ ’ and so on. The Shore Durometer 
consists of a spring-loaded flat-tipped tapering needle 1*5 mm. 
in diameter tapered to 075 mm. With this instrument hard 
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qualities give high hardness readings and vice-versa. The 
softest grade of rubber registers about 30 and the hardest 
about 90, the latter representing hard vulcanite. The usual 
range for structural rubber suitable for flexible couplings is 
from 35 to 70 Shore. The Shore Durometer is a simple instru¬ 
ment, but considerable skill is required to ensure that con¬ 
sistent readings are obtained. In this respect the instrument 
compares with the caliper rather than the micrometer, and 
for this reason it is considered good practice to retain one 
particular instrument for final checking of products and to 
make one particular person responsible for carrying out the 
tests. 

Hardness increases with the proportion of mineral fillers, 
and for high grade mixings carbon black pigments are ex¬ 
tensively used for this purpose. 

Hardness also increases with increasing sulphur content 
and with an advance in vulcanisation. High proportions of 
sulphur, e.g. 20 to 30 per cent., produce a rigid hard rubber. 

This facility for changing the hardness of rubber compounds 
over a wide range is of considerable value in cases where rubber 
is used for controlling the vibration frequencies of oscillating 
systems. This is a unique property of rubber. Thus the 
shear modulus of structural rubber of Shore hardness 30 is 
about 50 lbs. per sq. in., whereas for Shore Hardness 70 it 
is about 150 lbs. per sq. in., i.e. a three-fold increase. In the 
case of steel, on the other hand, the modulus of rigidity lies 
between 11,000,000 and 12,000,000 lbs. per sq. in. irrespective 
of the physical or other mechanical properties of the material. 

The flexibility of a rubber coupling can therefore be varied 
over a wide range by changing the hardness of the rubber 
without altering the dimensions of the coupling. 

It should be borne in mind, however, that it is possible for 
a skilled rubber technologist to produce more than one rubber 
mix indicating the same hardness but each having different 
mechanical properties. It is therefore necessary to adhere 
strictly to a definite rubber mix for each specific application, 
and to exercise strict control over every stage of the production 
processes. 
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Damping Properties of Rubber .—The damping properties of 
rubber depend to some extent on the compounding ingredients 
and their proportion. For example, pure gum has little 
hysteresis although there is usually sufficient to be of some 
practical value for damping purposes. An increase in the 
proportion of lamp black has a marked effect on the damping 
properties, and high hysteresis values are obtained by loading 
the rubber with pigments. 

Rubber compounds having high hysteresis are best avoided 
for structural applications, however, because they have also 
a high rate of creep, i.e. they tend to settle down under load 
so that they do not return to their original configuration when 
the load is removed. This is fatal where the alignment of 
the parts connected by the rubber element must be maintained. 

Rubber compounds having high hysteresis and low creep 
have not been discovered. 

The work absorbed during each load alternation in the 
case of rubber decreases with increasing frequency of alterna¬ 
tion and tends towards a limiting value. The damping pro¬ 
perties are also a function of the vibratory amplitude. This 
implies that the vibrational characteristics of oscillating 
systems employing rubber as a spring element axe not strictly 
linear. It should also be noted that damping values derived 
from static hysteresis experiments are not of much value. 
For example, conical disc couplings of the type shown at II 
in Fig. 58 average 16 to 18 per cent, static hysteresis loss, 
whereas the dynamic value is nearer 6 per cent. 

It is very difficult, therefore, to make general rules relating 
to the damping properties of rubber because of the great 
differences of amplitude, frequency, and loading found in 
practice between one particular example and another. 

As a general rule the quickest method of finding a solution 
in a particular case is to assume that the system obeys the 
laws of linearity for the purpose of the initial design and then 
by careful testing to determine whether any alteration is 
desirable. If the tests indicate that some change is required 
this can usually be carried out merely by changing the hardness 
of the rubber compound. 
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The damping energy ratios for a typical range of structural 
rubber compounds are given in the attached table. The energy 
loss and dynamic magnifier can be determined by the methods 
given in Chapter 7, as follows :— 

Let tfj s = damping energy ratio, 

SW = energy absorbed by damping per cycle, 

W = strain energy at commencement of cycle, 

8 = amplitude at commencement of cycle, 

80 = reduction of amplitude per cycle, 

M — dynamic magnifier, 

A = logarithmic decrement per cycle. 

Then, from Equation (300), ift t — 2 . A = SW/W, 
and, from Equation (305), M = 2 .77/^, 

A = =s 8818 . 

For example, if ifs s = 0-18, 

SW = 0*18 . W, 

8 8 = 0*09. 6, 

M = 6-283/0*18 = 35. 

Working Stresses. —Permissible working stresses are natur¬ 
ally governed by the quality of the rubber and of the bonding 
process. The tensile strength of rubber compounds varies 
widely with quality, for example, from as low as 100 lbs. per 
sq. in. calculated on the original cross-section to as much as 
4000 lbs. per sq. in. of the original cross-section. 

The elongation at rapture varies from as little as 10 per 
cent, to as much as 800 per cent. Average values for good 
quality structural rubber are tensile strength 2000 to 3500 lbs. 
per sq. in., of original cross-section., and elongation 600 to 800 
per cent. 

Owing to its non-crystalline or amorphous character and 
low elastic moduli rubber is not subject to fatigue failure 
except in cases where excessive heat is generated in the material 
through hysteresis. This is a further point in favour of avoid¬ 
ing rubber compounds having high hysteresis. 

With regard to bonding strength, modern brass plating 
processes have an ultimate tensile strength at the bonding 



278 TORSIONAL VIBRATION PROBLEMS 

surface as high as 800 to 1000 lbs. per sq. in., depending on 
the hardness of the rubber, whilst in general applications a 
bonding strength of at least 200 to 400 lbs. per sq. in. of bonded 
area can be safely relied upon. 

Brass plating methods of bonding are generally accepted 
as giving the best results. They can be used for bonding 
rubber to any material which will take the brass plating, al¬ 
though, so far, the greatest success has been obtained with 
steel and to a lesser degree with one or two of the light alloys. 

The main essential so far as steel is concerned is that it 
must have a low carbon content, certainly not greater than 
0-4 per cent., and preferably down to 0-18 per cent. 

The most important characteristic from the point of view 
of permissible working stress is, however, the creep characters 
istic of the compound employed, and most working stress 
limitations hinge about this single property. 

Normal working stresses in tension, torsion, or shear should 
be limited to from 40 to 70 lbs. per sq. in. of cross-section, 
whilst the strain should not be permitted to exceed about 70 
to 80 per cent. 

Creep tests over long periods confirm that these limitations 
will ensure satisfactory service. The above values of per¬ 
missible stress apply to both the rubber itself and to the bonded 
surfaces. 

In the case of rubber-in-shear flexible couplings a working 
shear stress of 60 to 85 lbs. per sq in. is reasonable, whilst 
the coupling can be permitted to carry a compressive stress 
of 85 lbs. per sq. in. due to the axial thrust of a propeller or 
air-screw y . In exceptional cases the compressive stress can 
be permitted to reach 130 lbs. per sq. in. 

The properties of structural rubber suitable for use in 
flexible couplings are given in the following table. The values 
given in the table are from figures published by the United 
States Rubber Company and relate to U.S. Structural Rubber. 

Whilst these values are believed to be fairly representative 
it should be kept in mind that considerable variations are 
liable to exist betw r een the products of different manufacturers. 
It is to be hoped that with the increasing use of rubber for 
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engineering applications an effort will soon be made to produce 
standardised grades of rubber to definite specifications. This 
would enable a suitable grade of rubber to be selected with 
the same facility as it is possible to select definite grades of 
steel for specific duties. 

In the meantime it is advisable to obtain design data from 
the individual manufacturer. 


TABLE 23 . 

Properties of Structural Rubber. 


Shore 

Hardness. 

Specific 

Gravity. 

Ult- Tensfle 
on Original 
Cross-Section. 
Lbs./In.*. 

Elongation. 
Per Cent. 

Shear 
Modulus. 
Lbs./la.*. 

Average 

Tensile 

Modulus. 

Lbs./In. 5 . 

Damping 

Energy 

Ratio. 

3° 

I-01 

2000 

8jO 

48 

128 

o-i6 

40 

1-06 

2800 

750 

65 

190 

0-18 

50 

1-11 

3500 

7OO 

84 

240 

°‘39 

6q 

1-17 

3500 

600 

108 

— 

o-6i 

70 

1-24 

3000 

700 

166 


077 


Note. —Specific gravity of raw rubber = 0-925, 

Bulk modulus of rubber = 300,000 to 400,000 
lbs. per sq. in. 

Design of Rubber-in-Shear Couplings. —The strength and 
torsional rigidity of the parallel disc coupling shown at I in 
Fig. 58 can be calculated by applying the well-known expres¬ 
sions for shafts subjected to torsion. 

Let T = torque transmitted, in lbs.-ins., 

D = outer diameter of rubber disc, in inches, 
d — inner diameter of rubber disc, in inches, 
f s — surface shear stress in lbs., per sq. in., 

H = axial length of rubber disc, in inches, 

C = torsional rigidity of coupling, in lbs.-ins./radian, 
G — shear modulus of rubber, in lbs. per sq. in. 

fs = __ lbs - per sq- g*., * ■ - ( J 4 6 ) 

C = TJ 9 — - tv-— lbs.-ins./radian. . (147) 

32 . xi 


Then 
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In this type of coupling the maximum shear stress occurs 
at the periphery of the rubber disc and diminishes uniformly 
to zero at the axis of the coupling in the same manner as for 
shafts in torsion. 

The conical disc type of coupling shown at II in Fig. 58 
is more commonly employed for rubber-in-shear couplings, 
since it provides a uniform distribution of shear stress across 
the coupling, i.e. the shear stress at the periphery is the same 
as that at the inner radius. 

In this type of coupling 

, 16. K . T. D „ . ( 

ft = bs ‘ *** Sq ‘ m '’ * ‘ ^ 

and C = H^K ~ ^s.-ins./radian, . (149) 

where K has the following values 


<Z/D. 

K. 

i-o 

i "00 

o-8 

o-88 

o-6 

0*80 

0-4 

o -73 

0-2 

0-67 

o-o 

0-63 


As already explained the shear stress should be limited to 
about 60 lbs. per sq. in. to avoid trouble due to creep. 

It is also desirable to calculate the surface shear strain. 
Referring to Diagram III of Fig. 58, 

let 8 — angle of twist across coupling = T/C, 

a = angle of surface shear. 

Then D . 0/2 = H . a, 

or a = D. 0/(2 . H) radian = shear strain. . (150) 

As already explained this should not exceed 70 to 80 per 
cent, or 40° to 45 0 to avoid trouble due to creep. 

Diagram IV of Fig. 58 shows a method adopted in the 
Pendulastic type of rubber-in-shear coupling to avoid stress 
concentration and therefore a tendency for the bonded surface 
to open slightly at the outer and inner peripheries. 
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This is achieved by spreading the bonding areas at these 
points as shown at a and 6 in the diagram. Similar methods 
are employed by other manufacturers. 

It is also desirable to arrange the coupling bolts or studs 
which connect the coupling flanges of the input and output 
shafts so that they do not penetrate through the bonded surface 
into the rubber. This avoids an interruption of the bonded 
areas and also the introduction of points of stress concentration. 

In designing bonded rubber parts the mould and the 
moulding process have to be given careful consideration. An 
important point is to ensure that stripping and removal of 
the components is made easy, especially under mass production 
conditions, since the moulds cannot be handled by bare hands. 
Even with the easiest of moulds extraction requires some 
skill. A further point is that any undue strain on the com¬ 
ponent during the stripping process is liable to have serious 
effects on the bond, since bonded rubber components are not 
very strong at vulcanising temperatures. 

Fig. 59 shows a design of rubber-in-shear flexible coupling 
patented by Messrs. Armstrong Siddeley Motors for air-screw 
drives. An inner driving member is mounted on the air-screw 
shaft splines, a disc of rubber being bonded to each side of 
the steel driving disc. The outer faces of the rubber discs 
are bonded to the driven plates, which in turn are bolted to the 
air-screw hub. The bolts pass through holes bored through 
the rubber and metal discs with sufficient clearance to permit 
the normal amount of twist under service conditions. Damping 
is provided by spring loaded friction washers inserted between 
the driving and driven sleeves. 

Fig. 60 shows a marine installation comprising two Pen- 
dulastic conical disc couplings arranged one on each side of 
the thrust block of a Diesel engine propeller drive. In this 
case the engine itself is mounted on rubber and the couplings 
permit sufficient angular freedom to act as universal joints 
between the engine and the propeller. 

Fig. 61 shows two designs of Metalastik rubber-in-shear 
couplings. The right-hand photograph shows a normal type 
conical disc coupling whilst the left-hand photograph shows 
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a coupling in which stops are provided to limit the angular 
movement to a predetermined amount. Limiting stops are 
necessary in certain arrangements to guard against excessive 



twist and load when starting up or under occasional abnormal 
shocks. 

Fig. 61 a shows a range of “ Dynaflex ” rubber-in-shear 
couplings. 

The " Couplofiex " type is made in two forms, namely, a 
simple disc arrangement which is suitable for small powers 







■Application of “ Pendulastic ” rubber-in-shear couplings in 
Diesel installation. 


METALASTIK 
Coupling. 
“Vee" type 


METALAST IK Coupling with 
limited angular movement. 
For water pumps, dynamos, etc. 


Metalastik ” rubber-in-shear couplings. 
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and a three-plate arrangement suitable for powers of 5 h.p. 
upwards. Fig. 616 shows a recent development of the three- 
plate arrangement. The centre plate operates against the two 
outer plates so that for a given overall diameter the three- 
plate coupling is capable of transmitting appreciably greater 
powers than the simple two-plate design. 

In the design shown in Fig. 616 a number of rubber-lined 
recesses are formed round the periphery of the centre plate. 
The bolts and distance pieces which connect the two outer 
plates pass through these recesses, so that in cases of abnormal 
overloads the distance pieces contact with the ends of the 
recesses, thus preventing undue strain. Additional strength 
can be provided by replacing the separate distance pieces by 
a continuous ring passing round the outside of the coupling. 
This not only gives additional strength but can be made to 
serve as a casing for protecting the rubber from oil drips. 

Couplings of this type have been successfully supplied up 
to 21 ins. outside diameter, transmitting 20,000 Ibs.-ft. torque 
for use on engine test installations. 

The “ Radiaflex ” bobbin type coupling forms a very useful 
and flexible arrangement, but its overall dimensions are con¬ 
siderably greater than those of other types. Where space and 
weight are not of primary importance, however, the bobbin 
type coupling provides a comparatively inexpensive and re¬ 
liable solution. It has, for example, been used successfully 
on radial aero-engine test bed installations. 

In the “ Cardaflex ” coupling the special hyperbolic con¬ 
tour of the rubber element gives an even stress throughout 
the rubber. This coupling has very great torsional and conical 
flexibilities and is, therefore, suitable for applications where 
these properties are required. For example, for driving in¬ 
dependent auxiliaries from an engine where positive alignment 
of the engine and the auxiliary cannot be maintained. In 
such cases a Cardaflex coupling is provided at each end of the 
auxiliary drive shaft and this enables quite appreciable relative 
displacements to occur without detriment. The rubber element 
of this type of coupling is remarkably resistant to destruction, 
and in one test sustained a torsional deflection of 272 0 with 
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TYPE SKETCH 
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_ REMARKS _ 

Coupling for small poolers 0■ IS to 3-5 U. P at 1000 £ P M. 
Suitable for all speeds of rotation. 

( Torsional - - Considerable - up fo about IS? 

Parallel Misa l ignment - Considerable— 2mm. upwards. 
Conical MLsalitnrmnT - Moderate-up to S a dnguiar ■ 


hto Yihift if / I rcKOJ/gf r/og / m/wc//f — wfjjautk: — z mm. uuujaiuo . 

j {Cortical Misalignment - Moderate-up to S° angular 
displacement of shafr. 
Longitudinal — Comparatively small. 

Coupling for SP.P. upmrds at JOOO R.P M. with shafts 
norma Jlu aligned. Overall dimensions relatively small. 

J Torsional — Considerable — S° to 8°. 

H , Parallel Misalignment ~ Small, 1m.m misalignment 

Flexibility !S possible. 

Conical Misalignment — Small. S° maximum. 
Lo ngitudinal — Very small. 

For high speeds of rotation or high powers when small overall 
dimensions are required. Light, capable of carrying high overloads. 

( Torsional — Normal — up to S° 

Parallel Mbalixnment — Considerable — up lb S m.m. 
Conical Misalignment — Normal - up to S m 

_ longitudinal — Very small. _ 

for all powers with speeds of rotation up lb JSOO R.P M. 
Recommended for high elastic qualities. Mau be used when overall 
dimensions and speeds permit, m particular for couplings the shafts of 
which are liable b faulty angular or linear alignment 

( Torsional— Very considerable— up lb 20* 

Parallel Misalignment— Considerable— up io 20 mm. 
Confcaf Misalignment — Considerable— up !o 1S° 
_ Longitudinal — Normal — up to Smm. _ 

Flexible universal pint. Replaces mechanical and sliding cardan 
joints. Can be combined with a centering mechanism in Hie 
case of high speeds of notation. 

( Torsional - Very high— up to 90? 

Parallel Misalignment — Snail— l ft 3 mm. 

Conical Misalignment — Very high — 30° and over. 
_ Longitudinal — Very high — K) lb SO m.m. _ 

Flexible universal Joint. Replaces mechanical joint, in particular 
where small overall diameters are required. 

Torsional — Considerable — up b 101 
Flexihilitu Parallel Misalignment — About 2 m.m. 
nexiouuy Misalignment — Up b 30° 

Lon g itudinal — 2 m.m.-maximum. 
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only slight knotting of the rubber and with no apparent damage 
to the bond. On releasing the load the coupling returned to 
its original static position and appearance. 

The “ Rotulex ” coupling is used as a universal flexible 
joint and has successfully replaced mechanical universal joints 



Fig. 6i b.—" Dynaiex" rubber-in-shear coupling (3-plate type). 

on automobile propeller shafts. The additional damping 
provided by the rubber is useful for resisting starting shocks, 
especially when the couplings are used as universal joints for 
shafts with a comparatively large included angle between their 
axes. 
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CHAPTER 5. 

GEARED SYSTEMS. 

Equivalent Systems. —A geared transmission system 
consists of a series of rotating masses of moments of inertia 
J a , J & , etc., attached to shafts of torsional rigidities C a , C bl 
etc., which are geared together so that the mean angular 
velocities of the respective shafts and masses are q a , q b , etc. 

The determination of the torsional vibration characteristics 
of such a system is considerably simplified if the actual system 
is first replaced by a dynamically equivalent system in which all 
shafts and masses rotate with the same mean angular velocity, 
or, in other words, in which the gear ratios of the several 
elements of the dynamically equivalent system are all 1/1. 

Assuming that the connections inside the gearbox are 
torsionally rigid, the following relationships exist between the 
properties of the original system and the properties of the 
dynamically equivalent system:— 

(i) Let q n = mean angular velocity of shaft n of the original 

system, 

q = mean angular velocity of all shafts of the 
dynamically equivalent system, 

N n = r.p.m. of shaft n of original system, 

IN = r.p.m. of all shafts of equivalent system, 

then #/N — q n [N n or qfq n = N/N„. 

(ii) Let M n = the mean or the fluctuating torque in shaft n 

of the original system, 

M = equivalent torque in corresponding shaft of 
equivalent system, 

then = or M/M* == qjq = N*/N. 
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(iii) Let 8„ = angular amplitude of vibration of shaft n of 

original system, 

6 — equivalent amplitude of vibration of corre¬ 
sponding shaft of equivalent system, 
then 9jq = 9 n !q n or 8j6 n = qjq n = N/N n . 

(iv) Let ]„ — moment of inertia of mass on shaft n of original 

system, 

J = equivalent moment of inertia of mass on cor¬ 
responding shaft of equivalent system, 

then Idnetic energy of mass J n on shaft n is 

Kinetic energy of mass J on corresponding shaft of equivalent 
system is 

and since K n = K, 

J/Jn=(W?) 2 =(^/N) 2 . 

(v) Let C„ = M w /0„ — torsional rigidity of shaft n of 

original system, 

C — M/0 = equivalent torsional rigidity of cor¬ 
responding shaft of equivalent 
system, 

then strain energy of shaft n, 

P„ = £ . M n . 0 n = l . C tt . 6 n K 
Strain energy of corresponding equivalent shaft, 

P = i.M. 0 =J.C. 0 a , 
and since P„ = P, 

c/c„ = (9J0)' - (?«/?)* = 

Summary .— 

M/M„ = N./N, . . . ( 151 ) 

eje n = N/N n , . . . ( 152 ) 

J/Jn = (N n /N) a , . . . (153) 

C/C* = (N„/N)*, . . . ( 154 ) 

where N* = revs, per min. of shaft n of original system, 

N — revs, per min. of all shafts of equivalent system. 
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Equations (151) to (154) may also be used for converting any 
quantities obtained by calculations based on the equivalent 
system into corresponding quantities for the original system. 



Two-Shaft Systems.—Fig. 62a shows a simple geared 
system consisting of masses of moments of inertia J a and J & 
attached to shafts of torsional rigidities C a and C b ; the shafts 
being geared together by gears of moments of inertia J e and JY 
vol. 1.—19 
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The speeds of the two shafts are N fl and hf 6 revs, per min. 
respectively. 

Fig. 626 shows an equivalent system in which all shafts and 
all masses of the original system shown in Fig. 62 a, are replaced 
by dynamically equivalent shafts and masses all rotating with 
the speed of shaft a, viz. N 0 revs, per min., 

he. Ji = J 0 , 

J 2 = Uc + J*(N,/Na) 2 ], [from Eqn. (153)], 
J 3 = J»(N,/N,)* f . . [from Eqn. (153)], 

C —; Q a 

Cj = C 6 (N 6 /N a ) 2 . . [from Eqn. (154)]. 

The original system therefore reduces to the three-mass 
system shown in Fig. 62 b, and the natural frequencies of 
torsional vibration may be calculated from Equation (19), 
viz. 

(J, + J. + L) - ^ 

+ C : .C 2 “°- 

This equation may also be written 

(Ji + J* + J*) ~ «.* (J-F JsM 2 + J i/W + JsM 

+ • Ja/^i 2 • W = 0, (155) 

where w x — VCj/Jj = phase velocity of natural vibration of 
mass Jj on its shaft regarded as 
_ _ fixed at the gearbox, 
w 2 = \/ C*/J s — phase velocity of natural vibration of 
mass J 3 on its shaft regarded as 
fixed at the gearbox, 

w c = phase velocity of natural vibration of whole 
system 

_ 2. 7T , F e 

60 ’ 

F c — natural frequency of torsional vibration of whole 
system in vibs./min. 

There are two real roots of Equation (155), indicating two 
possible modes of vibration. The connections inside the gear- 
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box are assumed to be torsionally rigid, and the moments of 
inertia of the shafts have been assumed to be negligible com¬ 
pared with those of the masses and gears. 

The arrangement shown in Fig. 62 a is typical of many 
practical applications of geared drives where the gearing is 
usually single or double-reduction. If double-reduction gearing 
is employed, care must be taken to use the correct speed for the 
first reduction wheel and second reduction pinion when obtaining 
the equivalent moments of inertia of these parts from Equation 
(r 53 ) • The speed of the first reduction pinion is, of course, that 
of the primary shaft, and the speed of the second reduction 
wheel is that of the secondary shaft. 

The following special cases should be noticed :— 

(i) If Ji = J 3 = J and €2 = 02 = C, i.e. w x — w z = w, 
Equation (155) reduces to 

(J. + 2J) - (Js + J) + W. 4 ■ J>‘ = 0. 

i.e. = or w z {2 . J -j- J 2 )/J a . . (156) 


In this case there are two possible modes of vibration. The 
fundamental mode is a one-node mode with the node situated 
at the gears. The fundamental frequency is therefore equal* 
to the natural frequency of either mass, J x or J s , on its shaft 
regarded as fixed at the gearbox. 

(ii) If the moments of inertia of the gears are negligible com¬ 
pared with those of the masses J x and J 3 , the system 
shown in Fig. 62 b reduces to the two-mass system shown 
in Fig. 62c. 


The natural frequency is therefore obtained from Equation 
(16), viz., 

= C 3 (Jl + D/Jl.J* 

but C 3 = Cj:. C*/(C2 -j- C2). 


. Q.c^ + Js) 

"J l .J.(Ci + C a )‘ 


Hence, 


* (i57) 
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Equation (157) may also be written 

„, 3 _ u>i* ■ ^2 2 (Ji + J 3 ) 

C ” (Jl • + Ja • ^2 2 )' 


( 158 ) 


Equation (158) may be obtained directly from Equation 
(155) by substituting J s — o in the latter equation. 

In this case there is only one possible mode of vibration. 

(iii) If the moments of inertia of the gears are negligible, 
j i __ j 3 _ j anc j Cj = C 2 = C, i.e. w 1 ~w s ~w 1 in 
Fig. 62b, 

Equation {158) reduces to 

r 

w * = w * = J . . . (159) 

In this case there is only one possible mode of vibration, 
and the natural frequency is equal to that of either mass on its 
shaft assumed to be fixed at the gearbox. The node is therefore 
situated at the gearbox. 

Equation (159) also applies in cases where J a = J& and 
C«, — C 6 in Fig. 62 a. 


Example 35. —Calculate the natural frequencies of the geared 
system shown in Fig. 62a, assuming the following values : 

J* = 27 tons-ft. sec. 2 , J* = i*8 tons-ft. sec. 2 , 

J c = 1*6 tons-ft. see. 2 , J d — 0*022 tons-ft. sec. 2 , 

C* = rooo tons-ft. per radian, 

C b — 600 tons-ft. per radian. 

The normal speed of shaft a is 100 r.p.m., and of shaft b 
300 r.p.m. 

The original system is first reduced to the dynamically 
equivalent system shown in Fig. 626, in which the speed of all 
shafts and all masses is assumed to be, say, that of shaft a, 
viz. roo r.p.m., 

i.e. Ji — J® = 27 tons-ft. sec. 8 , 

Js = J e + J d (N 6 /N e ) 2 = i*6 + 0*022 (300/100) 2 
= 1*8 tons-ft. sec. 2 , 
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J3 = J 6 (N 6 /N fl ) 2 = i-8(3oo/ioo) 2 

— 16*2 tons-ft. sec. 2 , 

Ci = C a = 1000 tons-ft. per radian, 

C 2 = C 6 (N 6 /N a ) 2 = 600 (300/roo) 2 

— 5400 tons-ft. per radian. 

Also Wj 2 — CJJ 1 — 1000/2*7 = 37 ° (radians/sec,) 2 , 
w 2 z — C 2 /J 3 = 5400/16-2 = 333 (radians/sec.) 2 . 

Hence, from Equation (155), 

(2*7 -f i-8 + 16*2) - w 2 (i-8/370 + 16*2/370 -f 2*7/333 

4* 1*8/333) + w 4 x 1-8/(370 x 333) = 0, 
i.e. 20*7 — 0-0622 . w 2 4 - 0*0000146 . w 4 = 0, 

= 19-1 or 62-5 radians/sec., 

or F = 6 °~~- — 182 or 596 vibs./min. 

These frequencies correspond to the one- and two-node 
modes of vibration respectively. 

The critical speeds of torsional vibration may be determined 
as follows:— 

Assuming that a prime-mover having an impulse frequency 
of six impulses per revolution is attached to shaft a, then the 
critical speeds of shaft a are 182/6 = 30*3 r.p.m. for the one- 
node mode and 596/6 = 99*3 r.p.m. for the two-node mode. 
A torsiograph applied to shaft a would therefore record vibra¬ 
tions having six complete oscillations per revolution of shaft a at 
each of these speeds. Since shaft b rotates at three times the 
speed of shaft a, the corresponding critical speeds of shaft b are 
30*3 X 3 = 91 r.p.m. and 99-3 X 3 = 298 r.p.m. respectively, 
i.e. a torsiograph applied to shaft b would record vibrations 
having 182/91 = 596/298 = 2 complete oscillations per revolu¬ 
tion of shaft b. 

If, however, the prime-mover is attached to shaft b, the 
critical speeds of shaft b are 182/6=30*3 r.p.m. and 596/6=99-3 
r.p.m. respectively, i.e. a torsiograph applied to shaft b would 
record vibrations having six complete oscillations per revolution 
of shaft b. Since shaft a rotates at one-third the speed of shaft 
b, the corresponding critical speeds of shaft a are 30-3/3 = 10-I 



294 


TORSIONAL VIBRATION PROBLEMS 


r.p.m. and 99-3/3 = 33-1 r.p.m. respectively, i.e. a torsiograph 
applied to shaft a would record vibrations having 

182/10-1 = 596/33*1 = 18 

complete oscillations per revolution of shaft a. 

In other words, if 

n a — order number referred to shaft a, 
n h = order number referred to shaft b, 

N a = R.P.M. of shaft a, 

N„ = R.P.M. of shaft b, 
j) — gear ratio = N 6 /N a , 
then, n a . = n b . N&, 

i.e. n a — n b . —■ = p . 

or, n b = n a jp. . . . . (1590) 

Tabulation Method.—The natural frequencies of torsional 
vibration of geared systems can also be determined by the 
tabulation method described in Chapter 2 (see Tables 1 to 4). 
In the case of geared systems, the tabulation is modified as 
follows:— 

Commencing at one of the free ends of the system, the table 
is completed in the usual way until the gear faces are reached. 
The deflection at the gear face, column F, is then multiplied by 
the gear ratio to obtain the corresponding value after passing 
through the gears; whilst the total torque up to the same point, 
column H, is divided by the gear ratio to obtain the corre¬ 
sponding value after passing through the gears. The frequency 
table is then completed to the end of the system in the usual 
way. 

Tables 24 and 25 are the frequency tabulations for the one- 
node and two-node modes of vibration of the geared system 
shown in Fig. 62a, using the values given in Example 35. 

The tables are started from mass J a , and the gear ratio* is 

* Strictly speaking, the gear ratio is positive if the shafts rotate in the 
same direction as in the case of epicyclic gears, and it is negative if the shafts 
rotate in opposite directions, as in the case of simple spur gears. This sign 
convention is important when dealing with systems having several branches, 
but not in cases where there is only one branch. 



Frequency Tabulation : One-Node Vibrations : Geared System. 
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3/1. Fig. 63 shows the one- and two-node normal elastic curves 
for this system, plotted from the specific deflections in column 
F of the frequency tables. 

This method may also 
be used in cases where 
there are several masses 
at each side of the gear¬ 
box. 

Three-Shaft Systems. 

—Fig. 62 d shows a geared 
system consisting of three 
shafts of torsional rigidi¬ 
ties C fl) C 6 , and C„, with 
attached masses of mo¬ 
ments of inertia J a , Jj 
and J e respectively. The 
moments of inertia of the 
gears are J d , J e and J f , 
and the speeds of the 
shafts are N„, N 6 and N e . 

Fig. 62/ shows an equi¬ 
valent system in which all 
shafts and all masses of 
the original system shown 
in Fig. 62 d are replaced 
by dynamically equivalent 
shafts and masses all ro¬ 
tating with the speed of shaft a, viz. N„ revs, per min., 

i-e- Ji = J aJ 

J 2 = U* + J,(N 4 /N 0 )*+J,(N C /N a n [from Eqn. (153)] 
Js = J»(N,/N.)V . - - . [from Eqn. (153)] 

J 4 = J„(N c /N a )\ . . . . [from Eqn. (153)] 

Q _ 

C 2 = C B (Nj/N a ) 2 , . . . . [from Eqn. (154)] 

C 3 = C c (N e /N a ) a .[from Eqn. (154)] 

The natural frequencies of torsional vibration of the 
system shown in Fig, 62/may be obtained from the following 
equation :— 



Fig. 63.—Simple geared system. 
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(Ji + J, + Ja -f JJ - ^[ (J« + L + m + (JiiJ^LM; 


-f 


(Ji + J2 + JalJi ] 

c 3 j 

xf Jl • J3CJ2 ~T~ Jl) Js * Jl( Jl 4 ~ J2) Jl-j 4 Ut + JJ l 
Cl * C 2 c 2 . C 3 Cj. C 3 

Ca.C3.C3 


*] 


This equation may also be written 


{Ji + J2 4 - J 3 -r- Ji) 

— w e *[(Ja -f J3 + J4)+ (Ji 4 - J2 + Ji)M 2 

4 - (Ji 4 - J 2 4 - Js)Ms 2 ] 

+ ®. 1 (Ji 4 - Ji )IW . + (J t + J 2 )/< - ^ 3 2 4 - 

(J* 4 - J 3 )/^i s • ® 8 2 ] - w ? * Ji/(»i* • — 0, (160) 

where w x — V Cj/Jx — phase velocity of natural vibration of 
mass Jx on its shaft regarded as 
fixed at the gearbox, 

i£? s — VCj/Jj = phase velocity of natural vibration of 
mass J 3 on its shaft regarded as 
fixed at the gearbox, 

w 3 — VCj/J 4 = phase velocity of natural vibration of 
mass J 4 on its shaft regarded as 
fixed at the gearbox, 

w e — phase velocity of natural vibration of whole 
system 

= 2 . v . F/60 radians per sec., 

F = natural frequency of torsional vibration of whole 
system in vibs./min. 


There are three real roots of Equation (160) indicating three 
possible modes of vibration of the whole system. 

The following special cases should be noticed :— 

(i) The arrangement shown in Fig. 620 consists of two masses 
J* and J c attached to the extremities of one shaft with 
a third mass J& connected through gearing to an inter¬ 
mediate point in the same shaft. 
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In this case the equivalent system. Fig. 62/, is obtained as 
follows:— 

L = h> 

J s = [J a + J.(N./N.)«], . . [from Eqn. (153)] 

J> = JiPW. • • - [from Eqn. (153)] 

J4 = Jc (since J a and J e are attached to the same shaft), 

C — c 

C 2 = C 6 (N 6 /3Sf a ) 2 , . . . [from Eqn. (154)] 

C 3 = C c (since K c = NJ. 

The natural frequencies may be determined from Equation 
(160), using the above equivalent values. 

This arrangement is found in marine installations of the 
type where an exhaust steam turbine is geared into the main 
propelling shaft between the direct-coupled main engine and 
the propeller (see Figs. 174 and 175). 

(ii) If the moments of inertia of the gears are negligible com¬ 

pared with those of the masses Jj, J 3 , and J 4 , i.e. if 
J 2 = 0, Equation (160) reduces to 

(Jx + J. + J4) - ^ 2 [(J 3 + WW + (Jr + JO/*.* 

+ (Jx + JsJ/^a 2 ] 

+ ^C 4 [J4/(w>i 2 • K'a 2 ) + J1/K 2 * ^s 2 ) -f J*/(w x * . W3 2 )] “ 0 - (161) 

In this case there are two possible modes of vibration. 

(iii) If J 6 = J« N t =s N c , and C* — C e , i.e. w % = w z , the 

system shown in Fig. 6zd reduces to that shown in Figs. 
62g or 62k. 

The arrangement shown in Fig. 62 g is typical of installations 
where two identical prime-movers are connected by gearing to 
a common transmission shaft, e.g. geared oil engines for marine 
propulsion. 

The arrangement shown in Fig. 62k is found in motor-car 
transmission systems, where J 6 is the moment of inertia of 
each rear road wheel assembly, and C & is the torsional rigidity 
of each back axle shaft. 

The arrangements shown in Figs. 62 g or 62k may he replaced 
by the equivalent system shown in Fig. 62*, in which all shafts 
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and all masses are assumed to rotate with the speed of shaft a, 
viz. K a rev. /min., 

i.e. L = Ja, 

Js = 2 - J,(N M* = zj 3, 

C = C 

C 4 1 = 2!’c & (N l /N^ = 2C a . 

[iVote.—In the general case where there are geared masses 
instead of only two, J 2 = [J c + « * J<i(N 6 /N 0 ) 2 ], 

C 4 = *. C 6 (K 6 /N 0 ) 2 and J s = * . J 6 (N»/N 0 ) 2 .] 

The system therefore reduces to a three-mass system, and the 
natural frequencies may be obtained from Equation (155) by 
substituting J 5 for J 3 and C 4 for C 2 , i.e. w t z = C 4 /J 5 . 

Alternatively, the natural frequencies may be obtained 
from Equation (160). In applying Equation (160), however, it 
should be noted that in the present case J 3 = J 4 and = w 3> 
i.e. for the arrangement shownin Figs. 62 g or 62k, Equation (160) 
reduces to 
(Ji -f" Ja + 2 . J s ) 

- ®c*C(Ja + 2 . J 9 )M* + 2(J a + J 2 + h)M 
+ ®<s 4 [ z (Ja + J 8 )/«h® • ® 2 2 + (Ji + Ja)K 4 ] 

— w e B . J Jwf . w 2 i — o. . . . (162} 

Equation (162) shows that there are three possible modes of 
vibration, whereas Equation (155) indicates only two. 

The third mode, however, is merely the natural frequency 
of mass in Figs. 62g or 6 zh on Its shaft regarded as fixed at 
the gearbox, viz., 

w * — C & /J b — C 4 /J 5 . . . . (163) 

The other two frequencies given by Equation (162) have the 
same values as the two frequencies given by Equation (155). 

It is simpler, therefore, to obtain the values of the three 
possible frequencies by applying Equations (155) and (163) 
rather than Equation (162). 

Alternatively the natural frequencies and the shapes of the 
normal elastic curves can be obtained by applying the tabulation 
method to the equivalent system shown in Fig. 62 i. 
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The tabulation method is also useful when there are several 
masses on each shaft. 

In the case of two multi-cylinder engines geared to a common 
propeller shaft, it is important to remember, however, that in 
addition to the various modes of vibration obtained by applying 
the tabulation method to the complete equivalent system, there 
are other modes corresponding to vibration of the duplicated 
engine systems regarded as fixed at the gearbox. 

The following special characteristic of an installation con¬ 
sisting of two identical oil engines geared into a common pro¬ 
peller shaft should be noted. If the crankshafts are set in 
phase (an arrangement commonly adopted to provide syn¬ 
chronised starting and manoeuvring), and the indicator diagrams 
from all cylinders are identical, those critical speeds correspond¬ 
ing to modes of vibration where the duplicated crank masses 
swing against each other about nodes at the gearbox are 
unexcitable. In the case of four-stroke cycle internal com¬ 
bustion engines corresponding cylinders of each engine must 
fire simultaneously for ail harmonic orders to cancel, i.e. the 
firing interval between corresponding cylinders must be o° 
and not 360°. The phasing of geared engines is considered in 
greater detail in Chapter 6. 

(iv) If the moment of inertia of the gears in the arrangements 
shown in Figs. 62 g and 62 h is negligible, i.e. if J 2 — o, 
the expression for calculating the natural frequencies 
reduces to 

or .»,« ]' (l64) 
where w 2 2 — C&/J& = Q/Js = phase velocity of mass J & 
on its shaft regarded as 
fixed at the gearbox. 

In this case there are two possible values for the natural 
frequency ; the lowest or fundamental value, F — — > 

corresponding to vibration about a single node situated at the 
gearbox. 



302 TORSIONAL VIBRATION PROBLEMS 


(v) Referring to Fig. 6 if, if Ji = J 3 = J4 an <d Cj — C 3 = C 3 , 
i.e. zi\ — iVn = zl' 3> the expression for calculating the 
natural frequencies reduces to 


w c z — a?j 2 or 


o(3 • Ji + Ja) 

1 T. 


(165) 


In this case there are two possible values of the natural 
frequency; the fundamental value corresponding to vibration 
about a single node situated at the gearbox. 

If the moment of inertia of the gears is negligible, Equation 
(165) reduces to 

Z £’ c 2 = zeq 2 . 

In this case there is only one value for the natural frequency, 
corresponding to vibration about a single node situated at the 
gearbox. The natural frequency of the whole system is there¬ 
fore equal to the natural frequency of any one of the masses on 
its shaft regarded as fixed at the gearbox. 

The foregoing methods of reducing the number of possible 
modes of vibration of a geared system by a suitable adjustment 
of the moments of inertia of one or more masses or of the 
elasticities of one or more shafts is the principal underlying the 
“ nodal drive ” originated by Dr. J. H. Smith in collaboration 
■with Messrs. Workman, Clark & Co., Ltd., Belfast, for sim¬ 
plifying the problem of dealing with torsional vibrations of 
marine geared turbine installations. 

Example 36.—Calculate the natural frequencies of torsional 
vibration of the geared system of Example 35, assuming 
that mass J* is duplicated, i.e. the system becomes similar 
to that shown in Fig. 6 2g. 

Referring to Figs, 62g and 62*’, and using the values given in 
Example 35, 

J a = 2-7 tons-ft. sec. 8 , 

= 1*8 tons-ft. sec. 8 , 

J e = 1-6 tons-ft. sec. 2 , 

J d = 0-022 tons-ft. sec. 2 , 

C a — 1000 tons-ft. per radian, 

C b = 600 tons-ft. per radian, 
and Nj/N a — 300/100 = 3/1. 
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Hence, in Fig. 62 i 

Ji — J a = 27 tons-ft. sec. 2 , 

J 2 = Uc 4 - 2 . Jd(N & /N a ) 2 J = [1*6 -f 2 X 0-022 X 3 2 ] 

= 2-0 tons-ft. sec. 2 , 

J 5 = 2 . J & {!N 6 /N a ) 2 = 2 X i-8 X 3 2 

= 32-4 tons-ft. sec. 2 , 

C x = C a = 1000 tons-ft. per radian, 

C 4 = 2 . C d (K 6 /N a ) 2 = 2 x 600 x 3 s 

= 10,800 tons-ft. per radian. 

From Equation (163) : 

w* = C 4 /J 5 = 10800/32-4 = 333, 
w e = 18*25 radians/sec., 

_ 60 . . 
i.e. F e = = 9*55 X 18*25 = *74 vibs./min. 

From Equation (155) : 

CJi + Ja + Js) - "^c 2 (J 2 K 2 + JsM 2 + JiW + JaM 

+ ^C 4 . J2/W1 2 ■ ^ 2 2 = 0, 
where zeq 2 = C 1 /J 1 — 1000/2*7 = 370, 

Z02 2 = C-4/J s = 10800/32*4 = 333, 

i.e. (2*7 + 2.0 + 32*4) + w c 2 (2*o/37o + 32*4/37° *f 2*7/333 

+ 2*0/333) -f ze', 4 . X 2*0/(370 X 333) = 0. 

37*1-0*1070 . Z0C 2 -f 0*0000162 . K> c 4 = O, 

w c 2 = 367 or 6238, 

z£> c — 19*15 or 79*0 radians/sec., 

F c = 9*55 w c 

= 183 or 755 vibs./min. 

The three possible values of the natural frequency of tor¬ 
sional vibration of this system are therefore 174,183, and 755 
vibs./min. The lowest or fundamental frequency, viz. 174 
vibs./min., corresponds to vibration about a node situated at 
the gearbox. * 

Multi-Shaft Systems.—The system shown in Fig. 64 
consists of n masses connected by n shafts to a common gearbox. 
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torsional vibration problems 

T t t t t __ the equivalent polar moments of 

L Jl ' j2> j3 ‘ ‘ ' n inertia of the elastically con¬ 
nected masses, 

C C C . . C n = the equivalent torsional rigidities 
11 *’ 3 ’ * ’ of the connecting shafts, 

J(«+x) = the equivalent polar moment of 
inertia of the combined gear 


\Xate —The expression " equivalent ” means that the actual 
values of these quantities have been reduced to equivalent 
values by taking into account the gear ratios, as already 
explained (see also Ex. 37).] 

„ = phase velocities of the natural 

vibration of each of the elas¬ 
tically connected masses on its 
shaft considered as fixed at the 
gearbox, 

o> = phase velocity of natural vibration 
of the whole system. 

Then V = CJJ t ; o> s * = CJJ t ; o» s 2 = C 3 /J 3 • ■ * eo n *=CJJn, 
and it can be shown that 

T _Cl_,_Cs_ 4. , + - r ^t_ 2 . (l66) 

Jln-i-l) t— w t 1 m 2 — 0> 2 — Ci> 3 2 tt) Ci) n 


For example, in the case of a two shaft system, 

T _ Ci 1 -- 

J * “ - CJJi ^ O) 2 - C 2 /J 2 ’ 

which can he written 

a. + j. + J») - "W"**+J*w + JsM „ 

+ W 4 . Js/V'^2 2 = °- 

This is the same as Equation (155) when the slight difference 
in notation is taken into account. 
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The following special cases should be noted :— 
When a) 1 — co 2 — <o 3 — . . . — o n — q. 


(« 2 -0‘)»{j, 


__ (C x -f C 2 -f C 3 + . , . -f C„) 


i.e. a) 2 = O 2 or 


" +1) ' (a» 2 -~G 4 ) 

C x —C g —{- C 3 —f-. . . + C n ' 


IP 




'} = o, (167) 
■)+0*]. (168) 


For example, in a two-shaft system, the roots of Equation 
(167) become 

o) a = J2 ii or a 2 [ J — - + ^ 3 ], . . (169) 

The expression for the second root of Equation (167) can be 
written 

+ J» + J(n4-i) j. {iyo) 


o 2 = Q, 2 rIi±i±I®+A-^ 

L J(n-rl) 


This expression clearly shows that when J (n+1) is very 
large compared with (Ji -f- J 2 4 - J 3 + - • . -f J n ), the second 
root of Equation (167) is very 
nearly equal to the first, irre¬ 
spective of the number of shafts. 

In general, therefore, a system 
of the type shown in Fig. 64, con¬ 
sisting of n shafts and (« +1) 
masses may have as many differ¬ 
ent modes of natural vibration as 
there are shafts, i.e. n different 
modes, and it is necessary to en¬ 
sure that excessive torque varia¬ 
tion does not occur through 
resonance between the frequency 
of the torque impulses and the natural frequency of any one of 
these modes. 

If, however, the characteristics of the system are chosen 
so that the natural frequency of each mass on its shaft regarded 
as fixed at the gearbox is the same for all the masses, then the 
possible number of modes of natural vibration of the system 
vol. 1.—20 
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as a whole is reduced to two, irrespective of the number of 
masses. The natural frequency of one of these two modes is 
merely the natural frequency of each mass on its shaft regarded 
as fixed at the gearbox, as shown in Equation (168). 

Furthermore, Equation (170) shows that if the moment of 
inertia of the gearbox masses is very large compared with 
the total moment of inertia of the elastically connected masses, 
then the natural frequencies of the two possible modes of vibra¬ 
tion of the system as a whole are very nearly equal, and the 



Torsions! Rigidities in JJxs. fns./ Radian 
Moments of Inertia in lbs. Ins. Sec . 2 


Fig. 65.—Four-shaft system. 


torsional vibration characteristics of the system are not materi¬ 
ally affected when one or more of the elastically connected 
masses is disconnected from the system. 

It is therefore apparent that by tuning the system in this 
manner, either by adjusting the torsional rigidities of the 
several shafts, or by adjusting the moments of inertia of the 
several oscillating masses, or by adopting a particular gear 
ratio between one part of the system and another, or by com¬ 
bining these methods, the problem of avoiding dangerous 
resonant conditions may be considerably simplified. 

Generally it will be found most convenient in practice to 
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adiust the torsional rigidities of the connecting shafts, for 
example, by inserting suitable flexible couplings m the shafts 
Preferably these couplings should be constructed with a high 
damping capacity, for example, by incorporating spnngs 
having a non-linear load-deflection characteristic, or by in¬ 
corporating a material having high internal damping capacity, 
such as rubber. 

Example 37.— Calculate the natural frequencies of torsional 
vibration of the four-shaft geared system shown m 
Fig. 65. 

The equivalent system is obtained by replacing the side 
shaft masses and shafts by equivalent masses and shafts 
rotating at the speed of the centre shaft, 
i e = J a = 10 lbs.-ins. sec. 2 , 

J 2 = J,. (2 2 } = 4 X 15 = 60 lbs.-ins. sec. 2 , 

J 3 = J. = 5 lbs.-ins. sec. 2 , 

T, = J fl . (3 2 ) = 9 X 15 = 135 lbs.-ins. sec. 2 , 

Ju+i) = 1 + ( 2 *) • J" + (3 2 ) - Jd = 30 + (4 X I0 ) 

J(fl+1) Jc ^ W + (9 X 5) = «5 lbs.-ins. sec. 2 , 

C — C a = 40,000 lbs.-ins./radian, 

C __ ^ 2 2 ) = 4 X 200,000 = 800,000 lbs.-ins./radian, 

C 8 = C s — 50,000 lbs.-ins./radian, 
f = C = QX 300,000 = 2,700,000 
4 3 lbs.-ins./radian. 


Hence, = CJL = 40,000/10 = 4000, 

u* = C^Ja = 800,000/60 = 13 , 333 , 
co 3 2 - C 3 /J 3 = 50,000/5 = 10,000, 
o) 4 2 = C 4 /J 4 = 2,700,000/135 = 20,000. 

The frequency equation is obtained by inserting the above 
values in Equation (166), 

40000 , 800000 _ l ___ 5 £ooo___ } _ ^ 7 ooooo_^ 

Le * Il5= ^^o + a> 2 -i 3 333^-io°oo “ 2 ~ 20000 


Whence, by trial and error, 

m 2 = 4105, 10,080,14,650, or 49,700, 
or a) = 64-1,100-4, 121-0, or 222-7 radians/sec., 
^4 f = 9.5540 = 612, 960,1156, or 2I2 7 vibs./mm. 
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Example 3S.—Calculate the necessary torsional rigidities of 
the flexible couplings which must be inserted in three of 
the shafts of the system shown in Fig. 65 so that the natural 
frequencies of each mass on its shaft regarded as fixed 
at the gearbox are equal. Calculate also the natural 
frequencies of this modified system. 

Since the alteration is to be made by inserting flexible 
couplings in three of the four shafts of the system shown in 
Fig. 65, it is necessary to choose as basis the shaft and mass 
giving the lowest frequency when the shaft is regarded as 
fixed at the gearbox. From Example 37 it is seen that mass 
J a on shaft C„ has the lowest frequency when the shaft is re¬ 
garded as fixed at the gearbox, 

i.e. from Example 37, ojf = Q* = 4000. 

Let Cf = modified value of C e , 

Cf — modified value of C t , 

Cf = modified value of C t . 

Then, since all masses on their shafts regarded as fixed at 
the gearbox must have the same natural frequency, i.e. the 
same value of oj*, 

Shaft C, : C/ J, = C//15 = 4000, 

i.e. Cf — 60,000 Ibs.-ins. per radian. 

Also, i C,' = i/C e 4- i/C/\ [from Eqn. (77)], 

i.e. 1/60,000 — 1/200,000 + i/C/L 

Hence, Cf = 85,700 Ibs.-ins. per radian, 

where Cf — required torsional rigidity of flexible 

coupling in shaft C e . 

Shaft C t : C//5 = 4000, or Cf — 20,000 Ibs.-ins. per 

radian. 

Also, i/C/ = ijC f 4- i/C/', 

i.e. 1/20,000 = 1/50,000 4- i/C/', 

whence Cf = 33,400 Ibs.-ins. per radian, 

where Cf — required torsional rigidity of flexible 

coupling in shaft C r 
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Shaft C 3 : C//15 = 4000, or C/ = 60,000 lbs.-ins. per 

radian. 

Also, 1 C/ = 1 jC 0 + i/C/', 

i.e. 1/60,000 = 1/300,000 -j- i/C,", 

whence C s " = 75,000 lbs.-ins. per radian, 

where C g " — required torsional rigidity of flexible 

coupling on shaft C 3 . 

Natural Frequencies of Complete System .—The various 
quantities in the equivalent system shown in Fig. 65, given 
in Example 37, are modified as follows by the above 
alterations :■— 

Cj = C 0 — 40,000 lbs.-ins./radian, as before, since this is the 
basic shaft. 

C s = C/(2 2 ) = 240,000 lbs.-ins./radian. 

C 3 = C/ — 20,000 lbs.-ins./radian. 

C 4 = C (r '(3 s ) — 540,000 lbs-ins./radian. 

The moments of inertia of the masses are unaltered, i.e. 


Ji — 10 J J 2 = 6o; J 3 = 5 ; J4 = i 35 i and J (tt+1) = ii5 

lbs.-ins. sec.*, 

and cof — o) 2 * = — cd 4 2 — q 2 = 4000. 

Hence, from Equation (168), 


oj 2 = 4000 or 


/ (40000 + 240000 -f 20000 + 540000) 
V " “ H5 


= 4000 or 11,300, 
i.e. a = 63-2 or 106-3 radians/sec., 
and F = 603 or 1015 vibs./min. 

In this case, therefore, there are only two modes of natural 
torsional vibration compared with four in the previous example. 
One of these modes is merely the vibration of each duplicated 
branch regarded as fixed at the gearbox. The two natural 
frequencies can be brought closer together by increasing the 
moment of inertia of the gears, as already explained. 

Thus, if the equivalent moment of inertia of the gears is 
increased tenfold the frequencies become 603 and 688 vibs./min., 
a difference of only 14 per cent. 
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Multi-Shaft Systems : Tabulation Method. —The 

natural frequencies of the multi-shaft system shown in Fig. 
65 can be determined by the tabulation method, as shown in 
the following Tables:— 

TABLE 2 fj. 

Frequency Tab elation : Masses J a and J, on Shaft C fl 


F = 2127 Vits . Min .: 

= 49,700. 



j. J.« J . *. J- 

£ J . a >*. 9 . 

C. 

ZJ.£D*.fl/C. 

m 1 497,000! i*oo ; 497,000 

j i 

j 497.000 

40,000 

I2- 4 2 

1 1 l 

30 j 1,491,000, —11-42 j —17,012,000 

-16,515,000 

“ 

— 


i.e. 9 t = specific amplitude at J e = — 11-42, 

Tj = resultant specific torque due to vibration of J a and J c 
= —16,515,000. 

TABLE 27. 

Frequency Tabulation : Mass ] t on Shaft C f . 


| J. 

j-«* 

, ; 

; 


2J . a >*. 0 . 

C. 


I 3 

H 

24?.500 

X | 

“3’97 ■*! 

248,500 . X 

248,500. a 

50,000 

4.97 • a 


i.e. 6 t — specific amplitude at J e = — 3*97 . cc, 

but, from Table 26, 9 e = — 11-42, 
hence, - 3-97 . x = — 11-42, or a = 2-88, 

i.e. Table 27 becomes 


248,500 

2-88 

715,000 

715,000 

50,000 

14.30 


-11-42 

~ 


- 

— 


i.e. T.J = resultant specific torque due to vibration of J f 
= 715,000. 
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TABLE 28. 

Frequency Tabulation: Masses J 4 and J, on Shaft C 4 . 


J. 

1 ! e - ; 

j.oji.e. 

■ZJ .«*.$. 

c. 

rj.»».e/c. 

15 

745.500 

0 

745 . 5 oo. p 

745 . 5 OO -0 

200,000 

3-73-0 

10 

497,000 

-2-73-0 

-1, 355.000. p 

—609,500.0 

- 

~ 


i.e. 9 b = specific amplitude at J* = — 273 . /?. 
The gear ratio between J c and J 6 is — 2/1, 
hence 6 b = — 2.= 2 X 11-42 = 22*84, 

or — 2-73 . /? = 22*84, 

and j8 = — 8*36, 

i.e. Table 28 becomes 


15 

745.500 

-8*36 

—6,240,000 

—6,240,000 200,000 

—31*20 

10 

497,000 

22*84 

11,390,000 

5,150,000 j — 



i.e. T 3 = resultant specific torque due to vibration of Jj, and J e 
= 5,150,000. 

TABLE 29. 


Frequency Tabulation : Masses J* and J, on Shaft C,. 


J. 

J.«*. 

fl. 


rj.ms.e. 

c. 

2Jl.e*«.«/C 

15 

745.500 

8 

745,500.8 

745,500.8 

300,000 

2.48.8 

5 

248,500 

—•1-48.8 

—367,000.8 

378,500. S 

- 

- 


i.e, 6 d == specific amplitude at = — 1-48. 8 . 

The gear ratio between J c and J 4 is — 3/1, 
hence 6 a = — 3. 9 e = 3 x 11*42 = 34-26, 

or — 1*48 . S = 34-26, 

and S = — 23-10, 







TORSIONAL VIBRATION PROBLEMS 


31-2 

i.e. Table 29 becomes 


I 15 : 745 500 -:3-io —17,200,000 —17,208,000 i 

300,000 

-57.36 

24^,400 34-26 8,508,000 ; —8,700,000 

— 



i.e. T* ~ resultant specific torque due to vibration of J d and 
= — §,700,000. 

Having selected a trial value for the frequency of the 
system, Tables 26 to 29 are built up as follows:— 

Table 26.—This is the basic table and is compiled by select¬ 
ing one of the branches of the geared system and assuming 
unit amplitude at the mass at the free end of this branch. 
In the present example shaft C a has been chosen as the basic 
branch, although any other branch could have been selected. 
The basic table terminates at the point where the other branches 
join the basic branch. Any continuation of the basic branch 
beyond the point at which the other branches join it, as in 
this example, is itself to be regarded as another branch having 
a gear ratio of 1T. Table 26 gives the specific amplitude at 
the point where the other branches join the basic branch and 
also the resultant specific torque, i.e. the torque for unit de¬ 
flection at the free end of the basic branch, due to vibration 
of all masses on the basic branch. 

Table 27.—This table applies to the continuation of the 
basic shaft, i.e. to mass J/ on shaft C f , and is commenced by 
assuming an amplitude a at the free end of the branch. The 
table then gives the amplitude at the point where this branch 
joins the basic branch in terms of x. 

The absolute value of a is determined from the value ob¬ 
tained for the amplitude at the junction point from Table 26, 
taking care to allow for the gear ratio between the basic branch 
and the branch under consideration. In the case of Table 27 
the gear ratio is 1/1 since this branch is merely a continuation 
of the basic branch. 

When the numerical value of a is known Table 27 is com¬ 
pleted and gives the value of the resultant specific torque due 
to vibration of all masses on this branch. 



GEARED SYSTEMS 


313 


Tables 28 and 29 are compiled in the same way as Table 27, 
by assuming amplitudes ft and S at the free ends of the respec¬ 
tive branches and equating the corresponding amplitudes at 
the point where the branches join the basic branch to the 
known amplitude at this point, given by Table 26, taking 
care to allow for the gear ratios between the subsidiary branches 
and the basic branch. Note that since the driving and driven 
shafts rotate in opposite directions the gear ratios are 
negative. 

The foregoing method of compiling the frequency tables 
ensures that the geometrical relationships between the various 
component parts of the geared system are maintained. 

If the value selected for the frequency of the system is in 
fact the frequency of one of the modes of natural vibration of 
the system there will be no external torque acting on the 
system, and this is the criterion which must now be applied 
to the results given by Tables 26 to 29. 

From these Tables we have— 

T x = resultant specific torque due to vibration of all masses 
on the basic branch = — 16,515,000. 

T 2 = resultant specific torque due to vibration of all masses 
on shaft C f — 715,000, and since the gear ratio be¬ 
tween this branch and the basic branch is 1/1, the 
resultant specific torque referred to the basic branch is 
T/ = 1 X 7r5,ooo = 715,000. 

T 3 = resultant specific torque due to vibration of all masses 
on shaft C, = 5,150,000,, and since the gear ratio 
between this branch and the basic branch is — 2/1, the 
resultant specific torque referred to the basic branch is 
T/ = — 2 X 5,150,000 — — 10,300,000. 

T 4 = resultant specific torque due to vibration of all masses 
on shaft C„ = — 8,700,000, and since the gear ratio 
between this branch and the basic branch is — 3/1, 
the resultant specific torque referred to the basic 
branch is 

T/ = 3 x 8,700,000 = 26,100,000. 
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Hence, resultant specific torque for whole system, 

TT « T, - t; - T, # - T/ 

~ — 16,515,000 — 715,000 — 10,300,000 + 26,100,000 


i.e. the selected value is the natural frequency of one of the 
modes of vibration of the whole system. 



Fig. 66.—Geared marine installation. 

The specific amplitudes at all masses, i.e. the amplitudes 
for unit amplitude at mass J a on the basic shaft, are given 
in the tables, and these enable the normal elastic curves to 
be plotted and the positions of the nodes to be determined. 
The tables also give the actual specific torques at all points 
in the system. 

The tabulation method can be extended to deal with systems 
having any number of branches with any number of masses 
on each branch. In a great many practical cases, however, 



GEAEED SYSTEMS 


315 


the actual system can be reduced to a simpler equivalent 
system which can he treated by the shorter methods and 
formulae previously described. In cases where the tabulation 
method is necessary, however, the arithmetical work can be 
reduced by applying the shorter methods to an approximately 
equivalent system. This will give some indication of the 
frequency values to be assumed in compiling the frequency 
tables. 

The foEowing example iHustrates the application of the 
foregoing methods to a typical geared installation from marine 
engineering practice. 

Example 39.—Determine the natural frequencies of the 
principal modes of vibration of the system shown in 
Fig. 66, assuming the following data :— 


Moments of Inertia of Masses. 
J a = 8io-o lbs.-ft. sec.* 
J>- 82-0 

J. - 3-o 

Ji = 33-5 

J<= i9'5 
J/= 19-5 

J* = °‘3 

J*= 25-0 
Ji = °'°3 

J/- 6-8 


Torsional Rigidities of Shafts. 
C a = 455,000 Ibs.-ft. radian 

-C 6 = 145,000 

C e = 2,940,000 
C rf = 5,725,000 
C e = 162,000 

Cj. = 179,500 

Speeds of Shafts. 

N a = no revs./min. 

= 255 

N e = 530 
= 4,500 


This system consists of a steam turbine (mass J*) and a 
reciprocating steam engine (masses ] a , ] € , and J/), geared 
into a common propeEer shaft. 

The turbine is connected through double reduction gearing 
and the reciprocating engine through single reduction gearing. 
Flexible couplings are provided between the turbine and the 
secondary pinion; between the reciprocating engine flywheel 
and the engine pinion ; and between the primary gearwheel 
and the propeEer. The flexibility between the engine flywheel 
and the engine pinion is further increased by a quill shaft, 
and a quill shaft is also provided between the secondary gear¬ 
wheel and the primary pinion in the turbine drive. The 
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torsional rigidities given above include allowances for these 
flexible couplings and quill shafts. 

Approximate Calculation oj Xatural Frequencies. —The first 
step is to reduce the whole system to an equivalent system 
referred to propeller shaft speed, because this will enable the 
principal characteristics of the system to be judged for the 
purpose of reducing it to the simplest possible approximately 
equivalent system. 

The equivalent system is determined by the methods already 
described, as follows:— 

Diagram I in Fig. 66 shows the actual system in diagram 
form, whilst Diagram II shows the equivalent system referred 
to propeller shaft speed, N„. 

In Diagram II : 

Ji = J* = 810 lbs.-ft. sec. 2 . 

J. = Ji + J.(N|/N^ + J f (N t /N.)* 

= 82 + 3(255/no) ! + 0-3(530/110)* 
= 105 lbs.-ft. sec.*. 

J# = JMN* N a )* = 33’5( 2 55/ I]CO ) s = 180 lbs.-ft. sec. 2 . 

= Js = J,(X*/N a )* - i9-5(255/iro) 8 = 105 lbs.-ft. sec.*. 

J. = -f J,(N</N # )* = 25(530/110)* 

-f 0-03(4500/110)* 

= 630 lbs.-ft. sec.*.' 

J? - = 6-8(4500/110)* = 11,370 lbs.-ft. sec.*. 

Ci = C 0 = 455,000 lbs.-ft ./radian. 

C, = C*(N*/N a )* = 145,000(255/110)* 

= 780,000 lbs.-ft./radian. 

C 3 ~ C,(N fc /NJ* = 2,940,000(255/110)* 

= 15,800,000 lbs.-ft./radian. 

C 4 = C^Nfc/NJ* = 5,725,000(255/110)* 

= 30,800,000 lbs.-ft./radian. 

C s = C,(N a /H a ) 2 == 162,000(530/110)* 

= 3,750,000 lbs.-ft./radian. 

C, = C,(N,/N fl )* = 179,500(4500/110)* 

— 300,000,000 lbs.-ft./radian. 
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The flywheels representing the various masses in Diagram 
II of Fig. 66 are approximately to scale, and from this diagram 
and the above values of the equivalent moments of inertia and 
torsional rigidities, it is seen that the system reduces to a three 
branched arrangement, the junction of the three branches 
being at the primary gearwheel 

The propeller shaft branch consists of a single mass, the 
propeller, flexibly connected to the primary gearwheel 

The turbine branch consists of two masses, the turbine itself, 
and the secondary gear assembly, connected by a shaft of 
comparatively small flexibility to the main gearwheel 

The reciprocating engine branch consists of three masses, 
the engine crank masses and the flywheel, flexibly connected 
to the main gearwheel 

Since the equivalent torsional rigidity of the shaft con¬ 
necting the turbine to the secondary gear assembly is very 
large compared with that of the shaft connecting the secondary 
gear assembly to the primary gearwheel, there will not be much 
error in regarding the turbine and the secondary gear assembly 
as one mass.- 

Similarly, since the equivalent torsional rigidities of the 
shafts connecting the crank masses and flywheel of the re¬ 
ciprocating engine are very large compared with that of the 
shaft connecting the flywheel to the main gearwheel, there 
will not be much error in regarding the two engine crank masses 
and the flywheel mass as one mass. 

Hence the equivalent system shown at II in Fig. 66 can be 
replaced by the approximately equivalent system shown at 
III, without introducing much error. 

In Diagram III of Fig. 66 : 

J x =810 lbs.-ft. sec. 2 , C 1 = 455,000 lbs.-ft./radian, 

J 2 = 105, C 2 = 780,000, 

Js = Js + J4 + Is Q — 3,750,000. 

= 180 4-105 + 105 = 390, 

J. - J 6 + Jr = 630 4 - n,370 
= 12,000. 
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The natural frequencies can now he determined by means of 
Equation I ib<>i, 


I.e. Jtn -1) 


Ci _ 

<U ! — 



(166) 


where, in this case, 

«i* ® C, J, = 455,000 Sro = 562, 

<V = C, J 8 = 780,000/390 = 2000, 
fc> 3 * = C 6 Jg = 3,750,000/12,000 = 312, 
J<«*D = Js — io 5- 


Hence, the frequency equation is 

_ 435 °°° , 780000 3750000 

5 to 2 — 562 o> 2 — 2000 a) 2 — 312’ 


Inspection of Diagram III of Fig. 66 indicates that because 
of the very large moment of inertia of the turbine and because 
this inertia is connected to the primary gearwheel by a shaft 
which is much more rigid than the other two shafts, the fre¬ 
quencies of two of the principal modes of vibration of the 
system will probably be very nearly the same as the frequencies 
of the propeller and reciprocating masses on their shafts re¬ 
garded as fixed at the primary gearwheel, i.e. <o 2 = 562 and 
2000 respectively, or F = 226 and 427 vibs./min. These 
values are a useful aid in solving the frequency equation. 

The true values of the three roots of the frequency equation 
are 

tt» 2 = 534,1733, and 48,000, 
i.e. co = 23*1, 41-6, and 219 radians/sec., 
or F = 221, 397, or 2090 vibs./min., corresponding to 
vibration with one, two, and three nodes re¬ 
spectively. 

Tabulation Method .—This is essentially a trial and error 
process, although in most cases the values obtained from an 
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approximately equivalent system, such as that shown at III 
in Fig. 66, will considerably reduce the amount of labour in¬ 
volved in determining the final tabulations for each mode of 
vibration. 

The following tables show the final frequency tabulation 
for the three-node mode of vibration of the system shown at 
I in Fig. 66. The value of or determined by the tabulation 
method is 47,500, corresponding to a three-node frequency of 
2080 vibs./min., which is very nearly the same as the value 
determined from the approximately equivalent system shown 
at III in Fig. 66. 

In the following tabulations the reciprocating engine branch 
has been taken as the basic branch:— 

TABLE 30. 

Frequency Tabulation : Reciprocating Engine Branch. 

F = 20S0 Vibs.jMin .; ur = 47,500. 


Mass. 

J- 

J.®*. 

$. 

j.ofi.e. 

xj.w*.e. 

c. 

£j.«o>.e/c. 

h 

19*5 

926,000 

10000 

926,000 

926,000 

5,725,000 

0*1618 

L 

19*5 s 

926,000 

0-8382 

776,000 

1,702,000 

2,940,000 

0*5790 

h 

33*5 j 

1,590,000 

0-2592 

412,000 

2,114,000 

145,000 

14*580 

J. 

3 -o 

142,500 

—14-320 8 

—2,040,750 

73.250 




i.e. 6 t = specific amplitude at engine pinion = — 14*3208, 

T x = specific torque at engine pinion = 73,250, 

and since gear ratio = — 110/255 — — 1/2*32 (negative be¬ 
cause driving and driven shafts rotate in opposite directions), 

hence, 6 ^ = specific amplitude at primary wheel 

= 14*3208/2*32 = 6*175, 

Tj/ = specific torque at primary wheel 

== — 73,250 x 2*32 = — 170,000. 
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TABLE 31- 

Fkeqi'escy Tabulation : Turbine Branch. 


Mutt 

j. 

J.aK 

9 . 


ZJ . co 1 . 0 . 

c. 

SJ.aZ.6iC. 

J, 

fra 

! 

3-3.o» j 

1 

323,000* 

323.OOO* 

179,5°° 

r-8oo* 

i, 

0-03 

I 4-5 ■ 

i 

—0-800. X 

— 1,140* 

321,860* 

~ 


i 


Secondary Gear Ratio ~ — 530, 4500 = — 1/8* 

'5- 


J* 

25-0 

1,187,000] 

o-S* 8-5 

111,700* 

—8-5 (321,860*) 

162,000 

-16-15 




-0-094* 


-flll,700a 





| 



= —2,6l8,30O* 




03 

14.250 j 

16-244* 

231,500* 

—2,386,800* 




and since gear ratio — — no;'530 — — 1/4*82 (negative be¬ 
cause driving and driven shafts rotate in opposite directions), 

B t r = specific amplitude at primary wheel = 

— 16*244 */4-82 = — 3-375 
i.e. — 3 - 375 a = 6*175, from Table 30, 
or a = — 1-83. 

Hence, Table 31 becomes 


6-8 

323.000 

- 1*83 

—591,000 

—591,000 

179,500 

- 3*295 

0*03 

2.425 

1-465 

2,085 

-588,915 

- 




Gear Ratio — - 

- 1 / 8 * 5 - 



25-0 

1,187,000 

— 0-172 

—204,500 

4 . 795 , 5 <>o 

162,000 

29-6 

a -3 

14.250 

- 29 * 77 2 

-423,500 

4,372,000 

“ 

— 


i.e. 9 t =5 specific amplitude at turbine primary pinion = 

— 29*772 

Tj = specific torque at turbine primary pinion = 4,372,000, 
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and since gear ratio = — 110/530 — — 1/4-82, 
hence, 8 Z ' = specific amplitude at primary wheel 

= 29772/4-82 — 6*175, 
T/ = specific torque at primary wheel 

— — 4,372,000 x 4-82 
= — 21,070,000. 


TABLE 32. 

Frequency Tabulation : Propeller Branch. 


Mass. 

J. 

J.«* 

e. 


sj.af.e. 

c. 

jej.o*. etc. 

J. 

8lO 

38,500,000 

8 

38,500,0008 

38,500,0008 

455,0008 

84-68 

J» 

82i 

3,890,000 

-83-6. 8 

—325,000,0008 

—286,500,0008 

1 

- 

- 


i.e. 6 S — specific amplitude at primary wheel — — 83-68 
= 6-175, from Table 30, 
or, S = — 6-175/83-6 = — 0-074. 

Hence, Table 32 becomes 


810 

38,500,000 

-0-074 

—2,840,000 

-2,840,000 

455 .ooo 

-6*249 

82 

3,890,000 

6-175 

24,080,000 

21,240,000 | 

- 

- 


i.e. T 3 = specific torque at primary wheel = 21,240,000. 

The resultant torque due to vibration of all the masses in the 
system is 

27T=(T 1 , 4-T g , +T 3 )=—170,000 — 21,070,000+21,240,000=0. 

Hence the selected value &> 2 = 47,500 corresponds to one 
of the modes of torsional vibration of the system. The specific 
amplitudes and torques at all points in the system are given 
in the above tables, the former indicating that there are three 
nodes, one in the shaft connecting the engine flywheel to the 
engine pinion, one in the shaft connecting the turbine to the 
secondary pinion, and one in the shaft connecting the propeller 
to the primary gearwheel. 
vol. 1.—21 
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Table 33 contain* the final frequency tabulations for the 
three principal modes of torsional vibration of the system 
shown in Fig. 66. The locations of the nodes are shown in 
the diagram at the foot of each tabulation. For the one-node 
mode the node is located in the shaft between the secondary 
gearwheel and the primary turbine pinion. For the two-node 
mode there is one node in the shaft between the secondary 
gearwheel and the primary turbine pinion, and one in the 
shaft between the propeller and the primary gearwheel. For 
the three-node mode one node is in the shaft between the 
turbine and the secondary turbine pinion, one in the shaft 
between the reciprocating engine and its pinion, and one in 
the shaft between the propeller and the primary gearwheel. 

The following general conclusion can be deduced from the 
shapes of the normal elastic curves in the dynamically equiv¬ 
alent system, i.e. the equivalent system in which the masses 
are assumed to have the same angular velocity. In this 
example the propeller shaft is chosen as the reference shaft 
and the normal elastic curves in the dynamically equivalent 
system referred to propeller shaft speed are also shown at 
the foot of Table 33. 

One-Node Mode .—Since the specific amplitude at the pro¬ 
peller is considerably larger than that at any other point in 
the dynamically equivalent system the principal forcing and 
damping torques are those originated by the propeller. 

Furthermore, the most effective method of altering the 
tuning of the one-node mode of vibration of this installation 
is either to alter the polar moment of inertia of the propeller 
or to alter the torsional rigidity of the propeller shaft. Due 
to the small specific amplitudes at the turbine and recipro¬ 
cating engine (in the dynamically equivalent system), changes 
in the moment of inertia of either of these masses will produce 
comparatively small changes in the tuning of the one-node 
frequency. 

Two-Node Mode .—In this case the normal elastic curves 
in the dynamically equivalent system indicate that the specific 
amplitude is considerably greater at the reciprocating engine 
than at any other point in the system. Hence the principal 
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TABLE 33. 

Frequency Tabulations : Marine-Geared Installation. 

One-Xode Mode ; F = 221 Vibs. Min .; oo* = 533. 


Jfau. 

,; 


* i 


SJ. ■*.*. 

c. 

Reciprocating Engine Branch. 




ft 

I 9’5 | 

10,400 

1-0000 i 

10,400 

10,400 

5,725,000 

J. 

19-5 ! 

10,400 

0-9982 j 

10,390 

20,790 

2,940,000 


33*5 ! 

17,900 

0*9911 

17.750 

38.540 

145,000 

J, 

3 -o i 

1,600 

0-7251 1 

1,160 

38,800 

— 




Gear Ratio — — 1/2- 

32 - 




07251 

=-= - 0-313 

2-32 

; T' = — 38,800 X 2-32 

= — 90,00 

Turbine Branch. 





h 

6-8 1 

3.630 

17-600 f 

64,000 

64,000 j 

179.500 

h 

0-03 1 

16 

17-244 | 

276 

64,276) 

— 




Gear Ratio == — 1/8-5. 


h 

25-0 | 

13.300 

— 2-025 [ 

— 26,900 

- 573.900 

- 573.658 

162,000 

J, 

0-3 j 

160 

I- 5 I 5 1 

242 

— 




Gear Ratio = — 1/4-82. 



0* 


Tj' = 573,658 x 4*82 = 

2,760,000. 

Propeller Branch. 





J. 

810 I 

432,000 

- 6-150 [ 

— 2,656,300] 

—2,656,300] 

455.000 

h 

82 1 

43.700 

-0-313 ! 

- i3.7«> 1 

-2,670,000] 

— 



T, = 

— 2,670,000 

i-e. (T/ -j- T,' + T J * 

0. 
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TABLE 33 (continued). 

Two-Node Mode ; F = 395 Vibs.jMin. ; tu s = 17x0. 


Mass. 

J- 

J.aA 

8 . 

J.« 2 .0. 

ZJ.a>s.8. 

C. 

XJ.«M 

C ' 

Reciprocating Engine Branch. 





J / 

I9’5 

33.350 

1-0000 

33.350 

33.350 

5,725,000 

0-0058 

J. 

I9'5 

33.350 

0-9942 

33.100 

66,450 

2,940,000 

0-0226 

Jtf 

335 

57.300 

0-9716 

55.700 

122,150 

145.000 

0-8420 

J. 

3-o 

5.130 

0.1296 

666 

I22,8l6 

_ 

~ 




Gear Ratio = — 1/2*32. 




0/ 

0-1296 

= — 0-056; 

T/ = — 122,816 X 2-32 

— 284,200 




2-32 





j Turbine Branch. 






h 

6-8 

11,620 

0-507 

5,9i6 

5,916 

179,500 

0-033 

J< 

0-03 

51 

0-474 

24 

5,940 

— 1 

1 — 




Gear Ratio — — 1/8-5. 



h 

25-0 

42,800 

- 0-056 

- 2,390 

- 52,938 

162,000 

; - 0-325 

J. 

o-3 

513 

0-269 

138 

— 52,800 

— 

— 




Gear Ratio = — 1/4-82. 





0,' - - = - 0-056 ; T a ' = 52,800 X 4-82 = 

= 254,220. 


I Propeller 

Branch. 






J. 

810 

1,385,000 

0-027 

37,800 

37,800 

455,000 

1 0-083 

J> 

82 

140,000 

- 0-056 

— 7,820 

29,980 

~ 1 

— 



3 

% = 29,980 ; 

i.e. (T/ + T 

' + T 8 ) - 0. 



Normal tlAstic tvmt's 






GEARED SYSTEMS 


325 


TABLE 33 (continued). 


Three-Node Mode ; F = 2,080 Vibs.jMin. ; to 8 = 47,500. 









Mass. 

J. 

J.®*- 

e. 

J . 0> 8 . fl. 

SJ.afi.O. 

C. 

rj.<u 8 .6 
c • 

Reciprocating Engine Branch. 





Jr 

19-5 

926,000 

I -0000 

926,000 

926,000 

5,725,000 

0-1618 

J. 

19-5 

926,000 

0-8382 

776,000 

1,702,000 

2,940,000 

0-5790 

J 4 

33-5 

1,590,000 

0-2592 

412,000 

2,114,000 

145,000 

14-580 

J. 

3-0 

142,500 

-14-3208 

—2,040,750 

73,250 


_ 




Gear Ratio = — 1/2-32. 






iy=- 73,250 x 2-32 = 

— 170,000. 


Turbine Branch. 






J, 

6-8 

323,000 

-1-830 

-591,000 

-591,000 

179,500 

-3-295 

J< 

0-03 

1,425 

1-465 

2,085 

-588,915 


— 




Gear Ratio = — 1/8-5. 



J» 

25-0 

1,187,000 

-0-172 

—204,500 

4,795,500 

162,000 j 

29-6 

J, 

o-3 

14,250 

-29-772 

-423,500 

4,372,000 


_ 




Gear Ratio = — 1/4-82. 




0/ 


= — 4,372,000 X 4-82 =- 

21,070,000. 

Propeller Branch. 






J. 

810 1 

38,500,000 

-0-074 

—2,840,000 

— 2,840,000 

455,000 

-6-249 

Jl 

82 | 

3,890,000 

6-175 

24,080,000 

-21,240,000 

_ 

~ 



T s 

= 21,240,000 

i.e. (T/ + T,' + T.) = 

0. 
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forcing and damping torques for this mode of vibration are 
those originated by the reciprocating engine. Due to the 
small specific amplitudes at the propeller and turbine these 
components are unlikely sources of excitation or damping. 
For the same reasons the most effective method of altering 
the tuning of the two-node mode of vibration is either to 
alter the polar moment of inertia of the reciprocating engine 
masses or to alter the torsional rigidity of the shaft connecting 
the engine flywheel to the engine pinion. 

Three-Node Mode .—In this case the specific amplitude in 
the dynamically equivalent system is much greater at the 
primary gear masses than at any other point in the system.. 
Hence the principal forcing and damping torques for this 
mode of vibration are those originated by the primary gears. 
Although there may be considerable damping action at the 
gears it is unlikely that any severe period disturbance will 
be originated by modem accurately cut gearing. For this 
reason it is unlikely that the system will be subjected to any 
severe resonant vibration of the three-node mode. 

The most effective method of altering the tuning of the 
three-node mode of vibration is either to alter the polar moment 
of inertia of the primary gear masses, or to alter the torsional 
rigidity of the shaft connecting the primary turbine pinion to 
the primary gearwheel. Alterations in the moments of inertia 
of the propeller, turbine, or reciprocating masses are not likely 
to have much effect on the three-node vibration frequency due 
to the relatively small specific amplitudes at these points. 

General .—A study of the normal elastic curves in the 
dynamically equivalent systems for this installation shows 
that alterations in propeller inertia will affect the tuning of 
the one-node mode of vibration without having much effect 
on the two- and three-node modes, and that propeller torque 
variation is the principal cause of excitation and damping of 
one-node vibrations. 

Engine torque variation and torque variation due to errors 
in the construction of the gearing are not likely to have any 
pronounced effect in exciting one-node vibration due to the 
relatively small specific amplitudes at these points. 
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Alterations in the moment of inertia of the reciprocating 
engine masses will affect the tuning of the two-node mode of 
vibration without having much effect on the one- and three- 
node modes, and the principal cause of excitation and damping 
of two-node vibrations is that due to the reciprocating engine. 

Propeller and gearing damping will be comparatively 
small, due to the relatively small specific amplitudes at these 
points. 

Alterations in the moment of inertia of the turbine and 
secondary gearing will not have much effect on any mode of 
vibration, because in all cases the specific amplitudes at 
.these points are relatively small. For the same reason, apart 
from the fact that the turbine exerts a sensibly constant 
torque, the turbine and secondary gearing are unlikely sources 
of excitation or damping. 

Alterations in the moment of inertia of the primary gear 
masses alter the tuning of the three-node mode of vibration 
without having much effect on the one-node mode. They 
will also affect the two-node mode, but not to the same degree. 
Errors in the manufacture or erection of the primary gearing 
are the most effective sources of excitation of three-node vibra¬ 
tions, but such errors should not occur in modem gearing. 

The principal source of damping of three-node vibrations 
is also at the primary gears, since the specific amplitude at 
this point is much greater than at any other part of the system. 

It is also worth noting that the frequency of the propeller 
on the propeller shaft regarded as fixed at the gearbox is 
226 vibs./min., which is only 2-5 per cent, greater than the 
one-node frequency given in Table 33. 

Hence the characteristics of this installation, so far as 
one-node vibrations are concerned, can be examined with 
sufficient accuracy for practical purposes by regarding the 
propeller on its shaft as a separate system fixed at the gearbox. 
The amplitudes of the one-node critical speeds can then be 
determined from considerations of propeller excitation and 
damping forces acting on this separated system. 

The frequency of the engine masses on the engine pinion 
shaft regarded as fixed at the gearbox is 427 vibs./min., which. 
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is about 8 per cent, greater than the two-node frequency 
given in Table 33. Hence a good approximation to the 
characteristics of two-node vibration of this system will be 
obtained by regarding the engine on its shaft as a separate 
system fixed at the gearbox. The amplitudes of two-node 
vibration can then be determined from a consideration of 
engine excitation and damping forces acting on this separated 
system. 

As already explained, if the gearing is well made there 
should be no serious three-node vibration. 

Since the engine system consists of more than one mass 
there is also the possibility of higher modes of vibration than, 
the three-node mode. These are unlikely to be the cause of 
serious resonant vibration, however, because their high fre¬ 
quency implies that only high-order disturbances of feeble 
magnitude will occur in the running speed range. 

These conclusions have been borne out in practice. 

Geared Aero-Engine/Air-screw Combinations.—The 
gear ratios commonly employed in aero-engine practice vary 
from about 0*4 to about 07. The simplest arrangement is 
a straightforward spur gear having a pinion on the crankshaft 
geared into a wheel on the air-screw shaft. The wheel may 
have either external or internal teeth, and in either case the 
axis of the air-screw shaft is offset from the crankshaft axis. 
It should be noted that the amount of offset is less when an 
internally toothed wheel is employed, and that with internal 
teeth in the air-screw gearwheel the air-screw rotates in the 
same direction as the crankshaft. The torque reaction on the 
gearbox is thus the difference between the input and output 
torques, whereas it is the sum of these torques when an 
externally toothed wheel is used on the air-screw shaft. 

The principal disadvantage of internally toothed wheels, 
however, is the difficulty of providing adequate support for 
the overhung pinion on the crankshaft, and the overhung 
wheel on the air-screw shaft. 

The most popular type of gear is one in which the axis of 
the air-screw shaft is concentric with the crankshaft axis, 
and the air-screw and crankshaft rotate in the same direction. 
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The former consideration provides a compact gear assembly, 
whilst the torque reaction on the gearbox and therefore the 
strain on the nose of the engine is appreciably reduced when 
the input and output shafts rotate in the same direction, being 
equal to the difference of the input and output torques instead 
of their sum. 

Fig. 67 shows a number of types of concentric reduction 
gearing, each of which is used in current aero-engine practice. 

The type shown at I in Fig. 67 consists of a pinion A secured 
to the driving end of the crankshaft and gearing into a primary 
gearwheel C mounted on a layshaft. This primary wheel is 
rigidly connected to a secondary pinion D mounted on the 
same layshaft, which in turn gears with the secondary gear¬ 
wheel B secured to the air-screw shaft. In actual practice 
there may be three or four layshafts evenly spaced round the 
crankshaft pinion and air-screw shaft gearwheel, each taking 
a share of the load. 

The overall gear ratio is determined as follows :— 

Let A = number of teeth in crankshaft (primary) pinion, 

B = number of teeth in air-screw shaft (secondary) 
gearwheel, 

C = number of teeth in layshaft (primary) gearwheel, 

D = number of teeth in layshaft (secondary) pinion. 


Then 


Gear ratio = 


air-screw shaft speed 
crankshaft speed 




A.D 
= C.B‘ 


(171) 


The air-screw rotates in the same direction as the crankshaft 
and the dimensions of the gears are chosen so that the air-screw 
shaft is concentric with the crankshaft. 

In determining the equivalent dynamic system it is also 
necessary to know the speed of the layshaft gears. This is 
determined as follows :— 


layshaft speed __ 
crankshaft speed — ^ >1 


A/C. 


(172) 


Diagram II of Fig. 67 shows an epicyclic gear consisting 
of a bevel gear A secured to the driving end of the crankshaft, 
which gears into a number (usually three) of planet wheels C, 
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Fig. 67.—Geared aero-engine/air-screw systems. 
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free to rotate on arms formed integral with the air-screw 
shaft. The planets C also gear into a bevel gear D which is 
secured to the engine crankcase, and is therefore restrained 
from rotating. 

Let A = number of teeth in bevel gear on crankshaft, 

C = number of teeth in each planet wheel, 

D = number of teeth in bevel gear which is secured to 
crankcase. 


Then 


P 


— gear ratio = 


air-screw shaft speed x 

crankshaft speed “ r + D/A* 


(i73) 


i.e. the gear ratio is independent of the number of teeth in the 
planets, the air-screw rotates in the same direction as the crank¬ 
shaft, and the air-screw shaft is concentric with the crankshaft. 


Also 

_ planet speed , , T « 

~ crankshaft speed '' 

■ (174) 

where 

v teeth in each planet _ _ 

“ teeth in fixed bevel ~~ ' ' 



The above expression for p x is strictly correct only when the 
axes of the arms are at right angles to the axis of the crankshaft. 

p x approaches the value R(i -f i/K) as the axes of the 
arms approach a condition where they are parallel with the 
crankshaft axis, i.e. as the arrangement shown at II in Fig. 67 
approaches the arrangement shown at III. 

The following table gives some commonly used values of 
D/A, and the corresponding gear ratios :— 


D/A . 

0-500 

0-750 

1-000 

1-250 

1-500 

p — Gear ratio 

0-666 

0 ‘ 57 i | 

0-500 

0-444 

0-400 


Diagram III in Fig. 67 shows an epicyclic gear consisting 
of an annulus A with internal teeth, secured to the driving 
end of the crankshaft, and a cage B, secured to the air-screw 
shaft. Cage B carries a number of planets (usually three or 
four), C, which gear into the annulus A and into a sun wheel D, 
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which is secured to the crankcase and is therefore restrained 
from rotating. 

Let A = number of teeth in annulus, 

C = number of teeth in each planet, 

D = number of teeth in sun wheel. 

air-screw shaft speed _ i -f- 2K 
crankshaft speed ~~ 2 (1 -j- K) ’ 


Then p = gear ratio = - 


( 175 ) 


, Tr teeth m planet 

where K = - ■ -t; . r -= C/D. 

teeth in sun 


Also Px = 


planet speed 




(176) 


’ crankshaft speed 
The following table gives some commonly used values of 
K with the corresponding gear ratios :— 

Fixed Sun. 


j., teeth, in planet 
— teeth in sun 

1/2 

1/3 

i /4 

speed of air-screw 

o-666 

0-625 

o-6oo 

speed of engine 
speed of planets 
speed of engine 

2-000 

3-000 

2-500 


Diagram IV in Fig. 67 shows an epicyclic gear, similar to 
that shown in Diagram III, except that the annulus is secured 
to the crankcase and is therefore restrained from rotating, 
whilst the sun is secured to the driving end of the crankshaft. 

Let A = number of teeth in annulus, 

C = number of teeth in each planet, 

D = number of teeth in sun. 


Then 

where 


P = gear ratio = 


air-screw shaft speed 1 
crankshaft speed ~ 2 (1 -j- K) ’ 


(1 77 ) 


rjr teeth in each planet n /7A 
teeth in sun ” 1 


The air-screw rotates in the same direction as the crank¬ 
shaft and the air-screw shaft is concentric with the crankshaft. 
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Also 


planet speed 
~ crankshaft speed 


-i/(2K) = -^>(I + i/K). (178) 


The following- table gives some commonly used values of 
K with the corresponding gear ratios:— 


Fixed Annulus. 


„ teeth in planets 

1/2 

i /3 



i /4 

teeth in sun 
speed of air-screw 




speed of engine 

0-333 

0-375 

0-400 

speed of planets 

— 1-000 



^ >1 speed of engine 

—1-500 

— 2-000 


The above tables show that a simple epicyclic gear with a 
fixed sun (Type III in Fig. 67) is not suitable for gear ratios 
below o*6oo, whilst with a fixed annulus (Type IV in Fig. 67) 
it is not suitable for gear ratios much above 0-400. This is 
because the planets become too small. 

It should be specially noted that a simple epicyclic gear 
of Types III and IV cannot be used for a gear ratio of 0-500, 
since the ratio K would be zero, i.e. the planets would have 
no dimensions. 

For gear ratios in the neighbourhood of 0*500, therefore, 
it is necessary to use either a compounded epicyclic gear of 
Types III and IV or else to use gears of the types shown at 
I and II in Fig. 67. 

Equivalent System. —The equivalent system for a geared 
radial aero-engine/air-screw installation is shown at V in 
Fig. 67. In this diagram, 

Jd = moment of inertia of air-screw, 

J c = moment of inertia of air-screw shaft portion of gear 
assembly, 

J 6 = moment of inertia of crankshaft portion of gear 
assembly, 

] a = moment of inertia of engine masses. 

C 6 = torsional rigidity of air-screw shaft, 

C a = torsional rigidity of crankshaft. 
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Also, let N 0 — r.p.m. of crankshaft, 

N 6 = r.p.m. of air-screw shaft, 
p — gear ratio = N 6 /N a . 

The moments of inertia of the air-screw and engine are 
determined by the methods already discussed and this calls 
for no special comment except to mention that although the 
air-screw blades are generally assumed to be rigid, the effect 
of blade flexibility can be very noticeable. This point will 
be discussed later. 

The determination of the moment of inertia of the gears 
and the allocation of the appropriate amounts to the air-screw 
and crankshafts is straightforward in cases where a simple 
spur reduction gear is employed. 

Where concentric gears of the types shown in Fig. 67 are 
used, however, the equivalent moments of inertia are deter¬ 
mined as follows:— 

Referring to Diagram I in Fig. 67— 

Let J a =s moment of inertia of crankshaft pinion A about 
its axis of rotation, 

J v = moment of inertia of air-screw shaft gearwheel B 
about its axis of rotation, 

= moment of inertia of each layshaft assembly, wheels 
C and D, about their axis of rotation, 
n = number of layshaft assemblies. 

Since neither the crankshaft nor the air-screw shaft can 
execute torsional vibrations without at the same time causing 
corresponding vibration of the layshaft assemblies, allowance 
must be made for this in evaluating the equivalent moments 
of inertia of the gearing. 

If there is a flexible connection between wheels C and D 
on the iayshafts the system must be regarded as consisting 
of six masses and three shafts as shown in the small diagram 
at V in Fig. 67. This system is composed of the air-screw 
and the air-screw gearwheel J* at the ends of the air-screw 
shaft C 6 ; the layshaft gears at the ends of the layshaft; and 
the engine J a and the engine pinion J tt at the ends of the 
crankshaft C a . 
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As a general rule, however, the layshaft gears can be 
regarded as rigidly connected, so that the equivalent dynamic 
system reduces to a system composed of four masses and two 
shafts, as shown at V in Fig. 67, where 


J fl = > an( i J» = J« + J M • pi 2 ■ n, 

i.e. the moment of inertia of the layshaft gear assemblies is 
combined with the moment of inertia of the crankshaft pinion, 
where 

p 1 = A/C = speed of layshafts/speed of crankshaft. 

The natural frequencies of the system may then be deter¬ 
mined by tabulation. 

Alternatively the system may be further simplified by 
reducing all moments of inertia and torsional rigidities to 
equivalent values referred to crankshaft speed, as shown at 
VI in Fig. 67. 

In this diagram, using the methods already discussed, 


where 


J3==j d -^ 2 ; = + Jc-^ 2 ; Ji = J 0 > 

C 2 = C t .^ 2 ; C x = C fl , 

_ speed of air-screw shaf t _ .„ 

* ~~ speed of crankshaft ~~ a - 


The natural frequencies of torsional vibration may then 
be determined from Equation (19), viz.. 


Ui+ j.+jj - ^ 

1 Ji • Js 1 Ja • J ;i 


) + 


• Ji • Ja • J3 _ 
C x . C 2 


The determination of the equivalent moment of inertia of 
an epicyclic gear assembly differs somewhat from the fore¬ 
going treatment. 

Referring to Diagram III in Fig. 67 : 

Since torsional vibration of either the crankshaft annulus 
or the air-screw shaft cage produces corresponding vibration 
of the planets, allowance must be made for this in determining 
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the equivalent moment of inertia of the gearing. The following 
treatment assumes no elastic deflection to take place between 
the various elements of the gear assembly due to transmission 
of torque. 

Let J u = moment of inertia of annulus member A 
attached to crankshaft, about its axis of 
rotation, 

J„ = moment of inertia of cage member B attached 
to air-screw shaft, about its axis of rotation, 

J w = moment of inertia of each planet C about an 
axis through its centre of gravity, i.e. about 
the axis of the planet spindle, 

] x = moment of inertia of each planet about the 
crankshaft axis, assuming the mass of each 
planet to be concentrated at the centre of 
gravity of the planet, i.e. ] x does not include 
the moment of inertia of the planet about 
its own axis of rotation, 
n = number of planets. 


Then, referring to Diagram V in Fig. 67, 


J c = J« H- J* • n ; J& = J« 4* J«, • Pi • 


where 


Pi = 


planet speed 
crankshaft speed 


= *(i + i/K) = gs(i + i/K), 


number of teeth in planet 
number of teeth in sun 


The equivalent system referred to engine speed, Diagram 
VI in Fig. 67, is determined as already described. 

The determination of the equivalent gear inertias J c and J 6 , 
for the arrangements shown at II and IV in Fig. 67, differs 
in detail from the above treatment, as follows 

For arrangement II: 

Jc = J* + W (J* + J«/2), and Jj = J u + J w . . n, 

where, in this case. 
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= moment of inertia of each bevel planet about the 
crankshaft axis, assuming the mass of each planet 
is concentrated at the centre of. gravity of the 
planet, 

J„ = moment of inertia of arms carrying the planets, about 
the crankshaft axis, 

J u = moment of inertia of bevel wheel secured to crank¬ 
shaft, about its axis of rotation, 

] w = moment of inertia of each bevel planet, about the 
planet spindle, 

*>-*WK >“$©• 

]£ _ number of teeth in each planet C 
~ number of teeth in fixed bevel D ’ 
n = number of planets. 

Note .—In the above expression for J c the term JJ2 is the 
moment of inertia of each planet about a diametral axis through 
the c.g., and is included because the planets rotate once round 
their diametral axes for each revolution of the air-screw shaft. 

For arrangement IV: 

le = J* + J* • n > and J„ = J* + J* . p x *. n, 
where = moment of inertia of cage member B attached 
to air-screw shaft, about its axis of rotation, 

J,,. = moment of inertia of each planet C about the 
crankshaft axis, assuming that the mass of 
each planet is concentrated at the centre of 
gravity of the planet, 

J u = moment of inertia of sun wheel D secured to 
crankshaft, about its axis of rotation, 

J w = moment of inertia of each planet C about an 
axis through its centre of gravity, i.e. about 
the axis of the planet spindle, 

^ = -^(i + !/K)—^(i + i/K), 

K = teeth in planet/teeth in sun, 
n = number of planets. 

VOL. I.—22 
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Example 40.—The equivalent moments of inertia and shaft 
stiffnesses shown at V in Fig. 67, for a single-row radial 
aero-engine, air-screw installation with concentric reduction 
gear have the following values :— 

J d = moment of inertia of air-screw = 480 lbs.-ins. sec. 2 . 

J c = moment of inertia of air-screw gear = o-8 lbs.-ins. 
sec. 2 . 

J 6 = moment of inertia of crankshaft gear = o-8 lbs.-ins. 
sec. 2 . 

J 0 = moment of inertia of crank masses = 6-5 lbs.-ins. sec. 2 . 
C 6 — torsional rigidity of air-screw shaft = 8,000,000 lbs.- 
ins./radian. 

C 0 = torsional rigidity of crankshaft = 2,500,000 lbs.-ins./ 
radian. 

, air-screw speed . 

^ = gear ratio = = o- 5 oo (positive be- 

cause the air-screw rotates in same direction as 
the engine). 

Determine the natural frequencies of the installation. 

The characteristics of the equivalent system referred to 
engine speed (Diagram VI in Fig. 67) are as follows :— 

J3 = Jd ■ P 2 ~ 4 8 ° X °*5 8 = 120 lbs.-ins. sec. 2 . 

J2 = J& + Jc -P 1 = o-8 + (o*8 x o*5 2 ) == i-o lbs.-ins. sec. 2 . 

Jx == J a = 6-5 lbs.-ins. sec. 2 . 

C 3 = C 6 . p 2 = 8,000,000 x o-5 2 = 2,000,000 lbs.-ins./radian. 
Ci =' C a = 2,500,000 lbs.-ins./radian. 
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There are two real roots to this equation, namely, 
tu a = 173,000 or 4,725,000, 
i.e. to == 416 or 2175 radians/sec., 

and F = 3970 or 20,750 vibs./min. 

Alternatively, by tabulation method: 

TABLE 34. 


One-Node Mode ; Geared Radial Engine ; F=397o Vibs.jMin. ; w t = 173,000. 


Mass. 

J. 


0. 


£J.a> 2 . 0 . 

c. 

ij. «».«/& 

J* 

Engine 

J» 

6-5 

o-8 

1,125,000 

138,400 

1-0000 

0-5500 

1,125,000 

76,000 

1,125,000 

1,201,000 

2,500,000 

0-4500 

Gear ratio = 0-5 

Jo 

le 

Air¬ 

screw 

o-8 

480-0 

138,400 

83,000,000 

0*2750 

—0-0300 

38,000 
— 2,490,000 

2,440,000 

-*-0 

8,000,000 

0-3050 


TABLE 35. 

Two-Node Mode ; Geared Radial Engine ; F = 20,750 Vibs.jMin.; 
= 4,725,000. 


J- 

J.» 2 . 

0. 

J .cu* . 0 . 


C. 

SJ ai 2 . 0 /C. 

6-5 

Engine 

o-8 

30,700,000 

3,780,000 

1-0000 

-11-3000 

30,700,000 

—42,700,000 

30,700,000 

—12,000,000 

2,500,000 

I2-300 

Gear Ratio = 0-500. 

o-8 

480-0 

Air¬ 

screw 

3,780,000 

2,270,000,000 

-5-6500 

0-0200 

— 21,350,000 
45,400,000 

—45,350,000 

_>o 

8,000,000 

—5-6700 
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The frequencies given by the tabulation method are seen 
to be in agreement with the formula frequencies. In the case 
of the one-node mode the node is situated close to the air¬ 
screw, and the air-screw amplitude is very small, indicating 
that there will be no appreciable air-screw damping or excitation. 

In the case of the two-node mode one of the nodes is situated 
in the crankshaft near to the engine, whilst the other node is 
situated in the air-screw shaft very close to the air-screw. The 
air-screw amplitude is very small, so that there will be no 
appreciable air-screw damping or excitation in this case also. 

Approximate Formulae for Estimating the Natural 
Frequencies of Radial Aero-Engine/Air-screw Installa¬ 
tions. —When the oscillating system is reduced to an equivalent 
system referred to crankshaft speed, as shown at VI in Fig. 
67, it will be found that the equivalent moment of inertia of 
the combined gear masses is small compared with that of the 
engine masses, whilst the equivalent moment of inertia of the 
air-screw is large compared with that of the crank masses. 

Hence a reasonably good approximation to the frequency 
of the one-node mode of torsional vibration can be obtained 
by neglecting the gear masses and by assuming that the node 
occurs at the air-screw. The system then reduces to a simple 
torsional pendulum consisting of the engine masses J x , at 
one end of a shaft of torsional rigidity C, where 

C C 

C = r 1 ‘ i • in the notation of Diagram VI of Fig. 67, 

t<i T ^2 

i.e. F x — one-node frequency = ^sVC/Jx 

= 9 ' 55 ^L&Tcj approx - 

In Example 40, 

Ji = 6-5 lbs.-ins. sec. 2 ; C x = 2,500,000 lbs.-ins./radian, 
C 2 = 2,000,000 lbs.-ins./radian. 


Hence, F x = 9-55 


V 


250000 0 X 2000000 
6-5 x 4500000 


= 3950 vibs./min. approx. 
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This value is only about 1/2 per cent, less than the value 
obtained by tabulation. 

Since the moment of inertia of the air-screw is large and the 
moment of inertia of the gears is small compared with that of 
the crank masses, alterations of air-screw or of gear inertia do 
not appreciably alter the one-node natural frequency of tor¬ 
sional vibration of radial engines. The most effective method 
of altering this frequency is, therefore, to alter either the 
moment of inertia of the engine masses, or the torsional rigidity 
of the crankshaft or air-screw shaft. 

In the case of the two-node mode of vibration of geared 
radial engines the nodes occur very close to the air-screw and 
engine masses. The system, therefore, is approximately 
equivalent to a single mass J 2 in Diagram VI of Fig. 67, 
situated at the junction of two shafts of torsional rigidities 
Cj and G 2 , the other ends of these shafts being fixed. 

The approximate frequency equation for this mode of 
vibration is therefore 

F 2 = 9-55 V(C X + C 2 )/J 2 , approx., 

using the notation of Diagram VI of Fig. 67. 

In Example 40, 

J a = i-o lbs.-ins. sec. 2 (equivalent inertia of gear 
masses referred to crankshaft speed), 

C x = 2,500,000 lbs.-ins./radian, 

C 2 = 2,000,000 lbs.-ins./radian. 

Hence, F 2 = 9*55 V(2,500,000 -f 2,ooo,ooo)/i-o= 20,250 vibs./ 
min. approx. 

This is only 1*5 per cent, less than the frequency obtained 
by tabulation. 

Alterations in the moment of inertia of the air-screw or of 
the engine masses do not appreciably alter the two-node fre¬ 
quency. The most effective way of altering the two-node 
frequency is therefore by altering either the moment of inertia 
of the combined gear masses, or the torsional rigidity of either 
the crankshaft or the, air-screw shaft. 
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In general, therefore, alterations in the moment of inertia 
of the engine masses alter the tuning of the one-node mode of 
torsional vibration of a geared radial engine system without 
appreciably affecting the two-node mode, whilst alterations in 
the moment of inertia of the gears alter the two-node mode 
without appreciably affecting the one-node mode. Altera¬ 
tions in the torsional rigidity of either the crankshaft or the 
air-screw shaft affect both modes. 

Changes in air-screw inertia, within practical limits, do not 
appreciably affect either mode of vibration. 

Normally, there are no troublesome two-node criticals in 
the operating range of a geared radial engine, because only 
high-order harmonics of the second-degree or two-node forcing 
torques are present in the operating range, and these are of 
comparatively feeble intensity. The one-node criticals are 
usually the crux of the torsional vibration problem of this type 
of installation. 

The natural frequencies of geared radial aero-engine/air- 
screw installations vary from about 3000 to 6000 vibs./min. 
These values are somewhat lower than the values for corre¬ 
sponding direct drive engines, due to the additional flexibility 
imparted to the system by the gearing. 

The oscillating systems of multi-row radial engines are 
preferably dealt with by similar methods to those employed 
for in-line engines. 

In-Line Geared Aero-Engine/Air-Screw Combina¬ 
tions.— Fig. 68 shows a typical six-cylinder in-line aero¬ 
engine/air-screw installation, where 

J e — moment of inertia of crank masses per cylinder — 
moment of inertia of rotating parts plus one-half 
moment of inertia of reciprocating masses (in the 
case of engines having two or more banks of cylinders 
operating on a single crankshaft, J g is the moment 
of inertia of the rotating parts of each crankthrow, 
plus one-half the moment of inertia of the recip¬ 
rocating parts of all the cylinders operating on one 
crankthrow. As a general rule the moment of 
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inertia of the reciprocating parts of the master 
cylinder will differ somewhat from that of each of 
the auxiliary cylinders, i.e. the total moment of 
inertia of the reciprocating parts for each crank- 
throw is not the moment of inertia of the recip¬ 
rocating parts of one cylinder multiplied by the 
number of cylinders operating on one crankthrow), 
[ p = moment of inertia of the air-screw, 

J a — moment of inertia of crankshaft gear, 

J 6 — moment of inertia of air-screw shaft gear, 

C e = torsional rigidity of each section of crankshaft between 
adjacent cylinders, 

C„ = torsional rigidity of driving end of crankshaft, 

C s = torsional rigidity of air-screw shaft. 


The equivalent system, referred to crankshaft speed, is shown 
at II in Fig. 68, where 

Ji = J e> C x = C„ 

J2 ~ Ja ~b P^ • J b> C 2 = C 0) 

Js==^ 2 J,> C 3 =^.C & , 


p — gear ratio — N s /N a = 


air-screw r.p.m. 
engine r.p.m. 


[p is positive or negative according to type of gear, as already 
explained]. 

Approximate Expressions for Calculation of One-node Tor¬ 
sional Vibration Frequency .—The moment of inertia of the 
combined gear masses referred to crankshaft speed is usually 
of the same order of magnitude as the moment of inertia of 
one set of crank masses, i.e. J 2 is usually approximately equal 
to J x , and C 2 is usually approximately equal to C x . 

The equivalent system shown at II in Fig. 68 is therefore 
approximately the same as the simple two-mass system shown 
at III, where 

= J 2 4 - J 2 , 

. JL , £ 

C 4 c 1 + c a + c 3 * 
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Hence, F x = one-node frequency = jf ~j 

k — correcting factor given in Table 6 
= o-91 for 4, 6 and 8 crankthrows. 

Example 41.—The moments of inertia and shaft stiffnesses 
of the system shown at I in Fig. 68 have the following 
values:— 

] e = 0-350 lbs.-ins. sec. 2 ; J a == o-ioo.lbs.-ins. sec. 2 ; 

J s = 0-675 lbs.-ins. sec. 2 ; J, = 120-0 lbs.-ins. sec. 2 ; 

C e = 6,500,000 lbs.-ins./radian ; C a — 7,500,000 lbs.-ins./ 

radian; 

C & = 4,500,000 lbs.-ins. per radian ; 

, ,. air-screw r.p.m. , _ . ,, . . 

j> = gear ratio =- : --— = 2/3 [since there is only 

r & engine r.p.m. ' J J 

one branch in this example the sign of this value 
is unimportant]. 

Determine the natural frequency of the one-node mode of 
torsional vibration. 

The characteristics of the equivalent system referred to 
crankshaft speed are as follows (see Diagram II, Fig. 67) :— 

Jj = = 0-350 lbs.-ins. sec. 2 , 

Ja = Ja + P 2 ■ J* = 0-100 + (4 X o >6 75) 

= 0-400 lbs.-ins. sec. 2 , 

J 3 = P* • J® = 4 X 120/9 = 53'3 lbs.-ins. sec. 2 , 

Cj = C 6 = 6,500,000 lbs.-ins./radian, 

C 2 = C a = 7,500,000 lbs.-ins./radian, 

C 3 = . C & = 4 X 4,500,000/9 = 2,000,000 lbs.-ins./radian. 

Hence, the approximately equivalent two-mass system 
(Diagram III in Fig. 68) has the following characteristics :— 

J 4 = ».J 1 + J 2 = (6x 0-35) + 0-4 = 2-5 lbs.-ins. sec. 2 , 

Ja = 53’3 lbs.-ins. sec. 2 . 

2-o r 1 

C 4 — " C x C 2 ‘ C 3 — 6500000 7500000 ' 2000000 


1063000' 

i.e. C 4 = 1,063,000 lbs.-ins./radian. 
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Hence, for a six-cylinder engine [k = 0-91), 

t? _ Q -1lH3 QOQ (53-3 + 25 ) __ „ 000 vibs./min. 
53-3X2-5 

Alternative Calculation, using the Tabulation Method: 


TABLE 36 - 


One-Node Mode, Geared Six-Cylinder in-Line Engine. 
'F = 6920 Vibs . lMin .; «i ! = 526,000. 


Mass. 

Lbs.-Ins. Sec. 8 . 

J.oi* 

Lbs.-Ins./Rad. 

6 

Radian. 

Lbs.-Ins. 

zj.ws.e 

Lbs.-Ins. 

c 

Lbs.-Ins./Rad. 

ZJ. a) 8 .8/C 
Radian. 

■ L 
h 

J. 

J. 

J, 

J. 

J a 

o *35 

o *35 

o *35 

o -35 

o *35 

o -35 

o-xo 

184,000 

184,000 

184,000 

184,000 

184,000 

184,000 

52,600 

X-0000 

0 - 97 I 7 

0-9159 

0-8342 

0-7287 

0-6027 

0-4787 

184,000 

179,000 

168.500 

153.500 
134,000 
111,000 

25,200 

184,000 

363,000 

53 L 500 

685,000 

819,000 

930,000 

955.200 

6,500,000 

6,500,000 

6,500,000 

6,500,000 

6,500,000 

7,500,000 

0-0283 

0-0558 

0-0817 

0-1055 

0-1260 

0-1240 


Gear Ratio - p = 2/3. 


J» 

J* 

0-675 

120-00 

355.000 

63,100,000 

0-3191 

—0-0245 

ri 3 . 50 o 
j- 1,546,300 

1,546,300 

0 

4,500,000 

0-3436 


(See Table 24 for method of applying the gear ratio.) 


The one-node frequency by the tabulation method is 
therefore only about 1 per cent, lower than the frequency 
calculated by the approximate formula, when the appropriate 
correcting factor from Table 6 is applied. 

Table 36 and Diagram II of Fig. 68 show that the node for 
the one-node mode of torsional vibration is very close to the 
air-screw, so that alterations in the moment of inertia of the 
air-screw within practicable limitations do not affect the 
one-node frequency to any appreciable extent. The most 
effective method of altering the one-node frequency is either 
to alter the moment of inertia of the engine masses furthest 
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from the node, or the torsional rigidity of the shaft sections 
nearest to the node. 

For example, the addition of balance weights to the crank¬ 
webs of an in-line engine lowers the one-node frequency by 
5 to 10 per cent., depending on the amount of counter-weighting 
employed. 

Alterations to crankthrow dimensions within practicable 
limits do not, as a rule, produce much change of frequency. 
It will generally be found desirable to confine any alteration 
of crankshaft dimensions to the journals, because the effect 
of altering the dimensions of the crankpins is to produce an 
appreciable alteration in the moment of inertia of the rotating 
parts, which practically cancels the effect of such dimensional 
changes on the inter-crank stiffness. 

In the case of crankshafts with rectangular webs, however, 
it is possible to obtain a useful alteration in inter-throw stiffness 
without much alteration in inertia by changing from rectangular 
to oval webs. 

The one-node natural frequencies of geared in-line aero¬ 
engine/air-screw combinations varies from about 4500 vibs,/min. 
in large multi-bank engines to about 14,000 vibs./min. in small 
single-bank four-cylinder engines. 

The possibility of vibration with more than one-node should 
not be overlooked, although it is usually the one-node fre¬ 
quency which is the crux of the torsional vibration problem 
in installations of this type. The two-node frequency can 
be evaluated approximately by reducing the equivalent system 
to a three-mass system, as shown at IV in Fig. 68, where 

J 6 = 6 X 0*35 = 2-10 lbs.-ins. sec. 2 , 
i/C 5 = i/C 2 4- 2-5/Ci = 1/7,500,000 + 2-5/6,500,000, 
or C 5 = 1,930,000 lbs.-ins./radian. 

Then, applying Equation (19), the one-node frequency of 
this three-mass system is 6525 vibs./min. and the two-node 
frequency is 30,600 vibs./min. The correct values of these 
frequencies, determined by the tabulation method, are 6920 
vibs./min. and 22,000 vibs./min. for the one-node and two-node 
modes respectively. The three-mass method gives, therefore, 
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a fairly good approximation to the one-node frequency, but 
is unreliable for two-node frequency calculations. The value 
obtained by the three-mass method is, however, a useful 
guide in starting the two-node frequency tabulations. 

Assuming that the maximum operating speed in this ex¬ 
ample is 2000 r.p.m., since the 3rd order one-node critical 
speed occurs at 6920/3 — 2307 crankshaft r.p.m., the one- 
node torsional vibration characteristics will require very careful 
analysis. In the case of the two-node mode of vibration only 
orders higher than the 10th occur in the working speed range, 
so that troublesome two-node vibration is unlikely in this case. 

Examples do occur in practice, however, where two-node 
vibration cannot be disregarded, for example, in the larger 
sizes of power-plant, or in cases where the maximum operating 
speed is exceptionally high, or when the equivalent inertia of 
the gear assembly is large, and especially if it is separated from 
the air-screw by a comparatively flexible air-screw shaft. 

In such cases a solution can sometimes be obtained by so 
tuning the system that all troublesome one-node criticals occur 
below the operating speed range, whilst all troublesome two- 
node criticals occur above the operating range. 

The shapes of the respective normal elastic curves are the 
best guides to the tuning characteristics of a given system. 
For example, the normal elastic curves in Diagram II of Fig. 68 
indicate that for the one-node mode of vibration alteration in 
air-screw inertia is unlikely to cause any noticeable change 
in the value of the one-node frequency because the air-screw is 
very dose to the node. As already mentioned, the most effective 
place to carry out changes of this description is at the masses 
furthest away from the node where the vibratory amplitude 
is greatest. Alterations in the stiffness of the shaft sections 
remote from the node, on the other hand, will not make any 
appreciable change in frequency, whereas changes of shaft 
stiffness at the node will produce the greatest effect. Thus 
an alteration in the stiffness of the air-screw shaft C 6 , or in the 
stiffness of the engine pinion shaft C 0 , will produce the greatest 
change in the one-node frequency of the system shown in Fig. 
68. In this connection it is of interest to mention that for a 
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given degree of flexibility between the air-screw and the crank 
mass adjacent to the gear assembly the shortest arrangement 
is obtained when the high-speed shaft, i.e. C a , is made as short 
as possible (see Example 62). 

The same general rules apply to the tuning of the two-node 
frequency. Thus the two-node normal elastic curve in Diagram 
II of Fig. 68 indicates that changes in air-screw inertia will 
not have much effect on the two-node frequency, since the 
node is practically at the air-screw. Changes in the gear 
inertia or in the inertia of the crank masses at either end of 
the crankshaft will, on the other hand, produce the greatest 
tuning effect because the relative vibratory amplitude at these 
points is large. Alternatively, effective tuning will be obtained 
by changing the stiffness of the air-screw shaft C b , or that of 
the crankshaft section at the crankshaft node. An interesting 
feature is that changes in the stiffness of the pinion shaft C a are 
unlikely to produce much change in the value of the two-node 
frequency, because the slope of the normal elastic curve between 
the gear assembly and the adjacent crank mass is small. 

Now it has already been mentioned that changes of pinion 
shaft stiffness do alter the one-node frequency, so that the 
following useful characteristic of the system is revealed, 
namely:— 

Changes in the stiffness of the air-screw shaft change both 
the one-node and the two-node frequencies, whilst changes 
in the pinion shaft stiffness change the one-node frequency 
without having much effect on the two-node frequency. This 
is a characteristic which might be useful in certain cases as a 
means for obtaining a favourable tuning of both the one and 
the two-node frequencies. 

Diagram V of Fig. 68 shows a method of providing additional 
flexibility without an abnormal increase of length. The 
arrangement consists of a quill shaft accommodated inside 
the hollow air-screw and gearwheel shafts. 

The driving torque is transmitted through splined or other 
suitable connections, and since all bending loads are carried 
by the outer shafts the quill has only to carry the torque 
loading. The body of the quill is a simple highly polished rod 
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free from stress-raising discontinuities, so that it can be per¬ 
mitted to carry a higher nominal stress than an air-screw or 
pinion shaft of orthodox design. 

These factors enable the diameter of the quill to be made 
appreciably smaller than the diameter of a normal type of 
air-screw shaft, and since the stiffness of a shaft is proportional 
to the fourth power of the diameter it follows that a quill drive 
will be much more flexible than a normal drive of the same 
overall length. 

If necessary a quill drive can also be provided between the 
crankshaft and the engine pinion, although this device is seldom 
used in aero-engine practice. 

An interesting variation of the quill drive is also shown in 
Diagram V of Fig. 68, namely, the incorporation of a friction 
damper which is inserted between the gear and the air-screw 
so as to take advantage of the comparatively large relative 
vibratory amplitude between these two parts which results 
from the introduction of the quill. The friction surfaces of 
the damper are loaded by a suitable arrangement of springs 
or by the axial pull or thrust of the air-screw. 

An arrangement of this type has been developed by Junkers. 

Quill drives are also used for driving auxiliaries such 
as super-chargers, and in some designs a safety device is 
provided which consists of a much stronger tubular shaft 
surrounding the quill. The tubular shaft is in two parts, 
one connected to the driving member and the other to the 
driven member. These two parts are connected by loosely 
fitting dogs, the circumferential clearance being sufficient to 
permit all normal torsional deflections of the quill. In the 
event of a quill failure, however, or of abnormal vibratory 
motions the dogs come into action and the drive is taken through 
the outer tube. A protective device of this type is also useful 
in cases where the auxiliary shaft, in addition to its normal 
duty, is used for connecting a starting motor to the crankshaft, 
since it enables the heavy starting torques to be transmitted 
through the dogs instead of through the quill. 

Gear Flexibility. —In the foregoing discussion it was as¬ 
sumed that no elastic yielding occurred in the gear assembly. 
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Actually, a considerable amount of yielding does take 
place, due to deformations at tooth contact surfaces ; bending 
of teeth under the pitch line loads ; deflections of wheel discs ; 
and deflections of gear housings due to torque reaction from 
the gearing. The allowance to be made for gear flexibility 
varies from zero to about 30 or 40 per cent, increase in the 
equivalent flexibility between the air-screw and the first crank 
mass. The corresponding reduction in one-node frequency 
varies from zero to about 15 per cent. 

The increase of 30 to 40 per cent, in flexibility of the equi¬ 
valent air-screw shaft applies to simple spur gearing, and to 
concentric bevel gears of the type shown at II in Fig. 67 where 
there is appreciable flexibility in the arms carrying the bevel 
planet wheels. The increase in flexibility of concentric spur 
gears of the types shown at I, III, and IV in Fig. 67 is small 
because the reaction members are comparatively rigid, and the 
torque reaction on the reaction member is the difference between 
the input and output torques instead of the sum as with simple 
spur gears. 

An important contributory factor to gear flexibility is the 
backlash of the gears. In an article in The Engineer , 23rd Aug., 
1935, page 199, entitled “ Torsional Vibrations with Angular 
Backlash,” W. A. Tuplin shows that the effect of backlash 
increases with an increase in the ratio (angular backlash/angle 
of twist produced by mean torque), or with a decrease in the 
ratio (amplitude of vibratory torque/mean torque). 

In a drive with no angular backlash each critical speed is 
fairly sharply tuned, whereas with angular backlash the natural 
frequency has not a single value but increases as the amplitude 
of vibration increases up to a certain limiting value which is 
determined by the ratio (angular backlash/angle of twist pro¬ 
duced by mean torque). The effect of backlash is therefore 
to widen the range of speed over which severe vibration may 
be experienced and for this reason it is desirable to mini¬ 
mise backlash. It is also important to avoid torque reversal 
at the gear teeth throughout the operating speed range, and 
this implies a small value of the ratio (amplitude of vibratory 
torque/mean torque), so that for this reason also it is necessary 
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to minimise backlash, thereby narrowing the speed range over 
which severe vibration may be experienced when starting or 
stopping the engine, if there happens to be an unavoidable 
critical zone in the speed range between the idling and running 
ranges. 

A simple approximate method for investigating the effect 
of backlash is given in Chapter 10. 

* Air-Screw Flexibility.— The foregoing methods of cal¬ 
culating the natural frequencies of torsional vibration of aero¬ 
engine/air-screw installations assume that the air-screw is 
rigid, i.e. that it can be replaced by a rigid flywheel having the 
same polar moment of inertia as the actual air-screw. It is 
well known that the blades of an air-screw can themselves 
vibrate in a great many different flexural modes and the 
advent of the metal air-screw, particularly the modem high 
duty types of large diameter and controllable pitch, has focussed 
attention on the necessity for dealing with air-screw blade 
vibration in a satisfactory manner. 

It has been shown in theory and proved by experiment that 
the practice of regarding the air-screw as a rigid body is apt 
in many cases to result in quite important errors in the evalua¬ 
tion of the natural frequencies of torsional vibration of engine 
air-screw systems. 

For example, Professor Liirenbaum gives an interesting 
example in an article entitled " Vibration of Crankshaft- 
Propeller Systems," S.A.E. Journal, December, 1936, which is 
shown in Fig. 69. Diagram I shows the torsional vibration 
resonance curves mentioned in Lurenbaum/s article. These 
curves are plotted from torsiograph measurements in a four- 
cylinder in-line aero-engine. The dotted curve was obtained 
with the engine running on the test bench coupled to a brake 
propeller. In this case both the 6th and 8th order major 
critical speeds are clearly defined, and correspond to a fre¬ 
quency of about 11,000 vibs./min. ' The full line curve is 
plotted from torsiograph measurements taken with an air¬ 
screw fitted to the same engine, the only difference from the 

* See Appendix to Volume I for a practical method of dealing with air¬ 
screw blade flexibility. * 



GEARED SYSTEMS 


353 


former condition being the substitution of the air-screw for 
the brake propeller. In this case there are two 6th order 


I 



1200 1400 mo WOO 2000 2200 

Engine Speed, R.PM .— 



Engine Speed. R.PM .—>~ 

Fig. 69.—Vibration of engine/air-screw system. 

critical speeds, one about 4 per cent, above and the other 
about 5 per cent, below the 6th order test bench critical. 
vol. 1.—23 
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Diagram II is an interference diagram for this installation. 
This chart shows very clearly the points at which there is co¬ 
incidence between the frequencies of all exciting impulses and 
the natural frequencies of the various modes of vibration of 
the installation. The frequencies of the excitation impulses 
are shown by the excitation lines radiating from the origin. 
Thus the 2nd order excitation line is obtained by noting that 
the frequency of the second order impulse is 2 per revolution. 
Hence at, say, 2000 r.p.m. the excitation impulse frequency is 
2 X 2000 = 4000 impulses/min. 

It is customary to show only the important excitation 
lines on the interference chart. In the present example, since 
the engine is a four-cylinder in-line type the important ex¬ 
citations are the 2nd, 4th, 6th, etc., harmonic components of 
the engine torque curve. 

The natural frequency of torsional vibration of the engine/ 
air-screw system, assuming a rigid air-screw, appears as a 
horizontal line at the frequency 10,950 vibs./min., on the 
interference diagram, whilst the natural frequencies of the 
various modes of flexural vibration of the air-screw blades 
appear as slightly tilted horizontal lines. The increase in the 
flexural vibration frequency of the air-screw blades with 
r.p.m. is due to the effect of centrifugal force in increasing the 
flexural rigidity of the blades as the rotational speed increases. 
A potential danger zone exists at all points where an excitation 
line crosses a natural frequency line. In the present example, 
the interference diagram shows that there is coincidence 
between the 6th order harmonic of the engine torque curve, 
the natural frequency of torsional vibration of the engine/ 
air-screw system, and the 2nd degree mode of flexural vibration 
of the air-screw blades, at a speed of about 1825 r.p.m. This 
is therefore a particularly severe danger zone. 

The result of this condition at 1825 r.p.m. is shown at I 
in Fig. 69. With the brake propeller both the 6th and 8th 
order criticals are clearly defined at the calculated speeds, 
so that evidently the error in neglecting the flexibility of the 
blades of this propeller was negligible. In the case of the 
air-screw, however, the effect of blade flexibility is very pro- 
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nounced, the air-screw, in fact, functioning as a vibration 
absorber for the crankshaft system, and splitting the original 
resonance peak into two smaller peaks. 

A conception of the effect of blade flexibility can be obtained 
from the diagrams shown in Fig. 70. 



Diagram I shows a simple two-mass system with rigid 
flywheels at each end of the shaft. Assuming that the moment 
of inertia of the engine masses is J e = 0-4 lbs.-ins. sec. 2 , and 
that of the rigid air-screw is = 5 lbs.-ins. sec. 2 , whilst 
the torsional rigidity of the shaft is C 6 — 500,000 lbs.-ins. per 
radian, then the natural frequency of torsional vibration of 
the system is 
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F _ - «*/“=£** 

= 11,100 vibs./min. 

In Diagram II the rim of the flywheel representing the 
air-screw is shown connected to the shaft by flexible spokes. 
If it is assumed that the flexibility of the spokes is such that 
the natural frequency of the rim on the spokes is the same as 
the natural frequency of the engine masses on the shaft, then 


C = combined torsional rigidity of spokes and shaft 
— C e . CJ{C e -f C P ), 
where C e == 500,000 lbs.-ins./radian. 

Also.Cjp/Jj, = C e /J e , 

i.e. C„ == C 8 . ]J] e — 6,250,000 lbs.-ins./radian. 


and 


C — 5 0Q00Q x 6250000 
~ 6750000 


= 462,500 lbs.-ins./radian. 


Hence, t = 


= 10,650 vibs./min. 


This value is about 4 per cent, lower than the value obtained 
when the air-screw is assumed to be rigid. 

Since the flexibility of an air-screw blade varies throughout 
its length and is smallest at the root, Diagram III is probably 
a closer approximation to the actual conditions. In this 
diagram a proportion of the air-screw inertia, viz. J A , is assumed 
to be rigidly connected to the shaft, whilst the remainder, viz. 
J* = (J* — Jn), is represented by a flywheel rim connected 
by flexible spokes to the hub. 

As before, it will be assumed that the natural frequency of 
the flexibly connected rim on its spokes is the same as the 
natural frequency of the engine and hub masses on their shaft, 
i.e. that the rim system is tuned as an undamped vibration 
absorber for the engine/hub system. 

Under these conditions the following relationship holds:— 

C„ C e (J e +J ft ) 

J. ~ J..J* ' 
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In the present example the following values will be 
assumed:— 


J« = °'4; J* = 4 -o; Jf = i-o (i.e. J, = J A + J t = 5*o, 
as before). 

C e = 500,000. 

Hence, 


_ 500000 x x-o(o*4 + 4-0) „ . , v 

C„ = -- o~ 4 ~x 4-0 — = I » 375 > 000 lbs.-ms./radian. 

The natural frequencies of the combined system can be 
calculated by means of Equation (19), i.e. 


(J.+J>+J.) J ^ + J,( ^ J * ) )+“ < -^^ J <= 0 


In this case the frequency equation reduces to 
7,425,000 — 9*9 oj 2 + o-ooooo32a) 4 = 0, 

or co 2 = ^ 9 ^ — 95 jH _ T 280,000 or 1,815,000. 

0-0000064 

Hence, F = 10,800 or 12,850 vibs./min. 


The effect of flexibility in this case is to split the " rigid ” 
resonance peak into two peaks, one about 16 per cent, higher 
than the original and the other about 3 per cent, lower than the 
original. 

The value 10,800 is a one-node mode, the node being situated 
in the shaft as shown at III in Fig. 70. The normal elastic 
curve shows that the hub amplitude for the one-node mode is 
zero, but that there is an appreciable tip amplitude which is 
a possible source of high blade root stress at resonance. The 
value 12,850 vibs./min. is a two-node mode with one node in 
the shaft and the other node in the blades. 

The normal elastic curve for the two-node mode indicates 
that the tip amplitude is larger than the amplitude at the engine. 
Hence this mode of vibration is a possible cause of blade tip 
failures. It should be specially noted that in cases where the 
flexibility of the air-screw blades is such that the blades act 
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as vibration absorbers for the engine shaft, very large blade 
tip amplitudes can be developed without correspondingly 
large shaft amplitudes. Thus torsiograph records from the 
shaft are not always a safe criterion of blade stressing, and it 
is now recognised that blade as well as shaft motion must be 
investigated. 

Diagram IV in Fig. 70 shows the actual air-screw blades 
replaced by a series of flywheel rims connected by flexible 
spokes. The system then reduces to a shaft with the engine 
masses at one end and a series of more or less closely coupled 
masses at the other end representing the air-screw. This is 
probably a truer picture of the actual state of affairs in an 
engine/air-screw system, and indicates the possibility of a 
large number of different modes of vibration. 

Indeed, the problem of calculating the coupled frequencies 
of an engine/air-screw system remains unsolved, although 
some light was thrown on the subject by Major B. C. Carter 
in his paper “Airscrew Blade Vibration/’ Journal R.Ae.S., 
1937 * 

The importance of measuring both shaft and blade move¬ 
ments is becoming well recognised as the only safe method 
of ensuring the stability of the complete installation, and 
methods are now available for taking vibration records 
from air-screw blades under running conditions, both on the 
test bench and in flight, as well as for taking reliable torsio¬ 
graph records of shaft vibration. An excellent description of 
this work is given in a paper by Frank W. Caldwell entitled 
" Propellers for Aircraft Engines of High Power,” Gesammelte 
Vortrdge de Hauptversammlung, 1937, der Lilienthal-Gesellschaft 
fur Luftfahrtforschung. 

Engine Frame Vibration. —The introduction of flexible 
engine mounts, particularly those which make use of rubber 
in shear, for connecting an engine crankcase to its supporting 
frame, has added a further complication to the calculation of 
the natural frequencies of torsional vibration of the complete 
system. These mounts permit the whole engine aggregate, 
including the air-screw in the case of aero-engines, to execute 
torsional vibrations relative to the supporting frame or fuselage. 
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The natural frequency of torsional vibration of the crankcase/ 
mount system can be calculated from the moment of inertia 
of the non-rotating parts of the engine aggregate and the 
torsional rigidity of the mounts. It is customary to regard 
this frequency as separate and distinct from the natural fre¬ 
quency of torsional vibration of the engine/air-screw system, 
the latter being calculated from the inertias and elasticities 
of the engine and air-screw rotating and reciprocating parts 
and their connecting shafts. 

For ungeared engines there is not much error in regarding 
these two frequencies as separate phenomena, because the only 
coupling between the two is the inertia coupling which exists 
between the pistons -arid cylinders. This inertia coupling is 
very slight and is not. of practical importance. 

In the case of geared engines, however, the gearing 
introduces a strong reaction torque on the crankcase so that 
any vibratory movement of the gearing causes a corresponding 
vibratory movement of the crankcase, i.e. crankcase and 
crankshaft oscillations are strongly coupled. 

This implies that the crankcase and crankshaft frequencies 
can no longer be regarded as separate phenomena, the general 
effect of the coupling being to replace the uncoupled frequencies 
by two new coupled frequencies. The lowest coupled fre¬ 
quency is lower than the lowest uncoupled frequency, and 
the highest coupled frequency is higher than the highest 
uncoupled frequency. 

In an article entitled " The Torsional Critical Speeds of 
Geared Airplane Engines," Journal of the Aeronautical Sciences, 
October, 1937, J. P. Den Hartog and J. P. Butterfield showed 
that these deviations might be as much as 15 per cent, in either 
direction. 

The following method of calculating the coupled frequencies 
is similar to the method already described for branched systems 
with several masses on each branch. It is therefore applicable 
to the most complicated arrangements, although the arith¬ 
metical work becomes formidable as the complexity increases. 
It is therefore advisable to simplify the system as much as 
possible before commencing the calculation. 
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Diagram I of Fig. 71 shows a geared system employing 
simple spur gears. 

Let a = angular velocity of pinion, 

b — angular velocity of wheel, 
c — angular velocity of crankcase. 

In accordance with the usual convention it is assumed in 
the first instance that all motions have the same sign, and 
that clockwise rotation is positive. 

Then, from the velocity diagram in Fig. 71, assuming positive 
values from left to right, 

Linear velocity of periphery of pinion = r . a. 

Linear velocity of periphery of wheel — R . b. 

Linear velocity of wheel centre, referred to 

centre of pinion == (R + ?) • c. 


Hence, at point of contact of pinion with wheel, 
(R + rj. c — R. & = r. 0, 


or 

where 


R . b + r . a 
R + r 


p — gear ratio — 


__ 5 — p . a 

-P 

air-screw speed 
crankshaft speed 


b 

a 


• ( 179 ) 
r 

R' 


The expression for p is obtained by making c — 0 in 
Equation (179). 

Also, since for simple harmonic motion, velocity is directly 
proportional to amplitude, Equation (179) expresses the geo¬ 
metrical relationships between the angular amplitudes, where 


a — angular amplitude of pinion, 
b — angular amplitude of wheel, 
c = angular amplitude of crankcase. 


From the tooth load diagram, assuming clockwise torque 
positive, 

Torque of engine on pinion 

= T a = P . r. 
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Torque of air-screw on wheel 

= T 6 = P.R=-T jp, . . (180) 

Torque of crankcase on gear 

= T c = - P(R + r) = - (T. + T 6 ). (181) 


I S wr Ge3r H Concentric Spur tear 



In the following treatment the oscillating system is divided 
into three branches, namely, the crankshaft branch terminating 
at the engine pinion; the air-screw branch terminating at 
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the air-screw gearwheel; and the crankcase branch terminating 
at the gearbox. The frequency tables are set down for each 
branch in the usual way, commencing at the free end of each 
branch, assuming a value for the natural frequency of the 
combined system. 

The chosen value of the frequency constant corresponds to 
one of the natural frequencies of torsional vibration of the 
combined system when the geometrical relationship given in 
Equation (179) and the torque relationships of Equations 
(180) and (181) are fulfilled. 

A convenient method of carrying out the tabulations is 
to regard one element of the system, for example, the flexi¬ 
bility of the crankcase mounts, as an adjustable variable and 
determine the dimensions of this element which make the 
chosen frequency a natural frequency of the combined system. 

The following example is based on the system of Example 
41, i.e. referring to Diagram I of Fig. 71. 

Example 42.— 

Je = o*35 lbs.-ins. sec. 2 ; ] a — 0*100 lbs.-ins. sec. 2 ; 
J 6 = 0*675 lbs.-ins. sec. 2 . 

Jp = 120*0 lbs.-ins. sec. 2 ; = 400*0 lbs.-ins. sec. 2 ; 

J, = 10,000 lbs.-ins. sec. 2 . 

C e = 6,500,000 lbs.-ins./radian ; C a — 7,500,000 lbs.-ins./ 
radian. 

C 5 = 4,500,000 lbs.-ins./radian. 

C f — torsional rigidity of the engine mounts. 

Gear ratio — air-screw speed/crankshaft speed 

= r/R = _£ = — 2/3. 

Determine the value of C f so that one of the coupled fre¬ 
quencies is, say, F = 1500 vibs./min., and then determine the 
other coupled frequency. 

Note. —The values of the polar moments of inertia and of 
the torsional rigidities are the actual values, i.e. no adjustment 
must be made to take into account the different speeds of 
rotation of the shafts. 
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TABLE 37. 

Crankshaft Branch ; F = 1500 Vibs.jMin.; w 1 = 24,700. 


Mass. 

J. 

J.0> s . 

8 . 

J.c»s.B. 

rj.m>.8. 

C. 

zj.^.e/c. 

T. 

°'35 

8,650 

I-0000 

8,650 

8,650 

6.500.000 

0*0013 

J. 

°'35 

8,650 

0-9987 

8,625 

17.275 

6,500,000 

0*0027 

J* 

0-35 

8,650 

0-9960 

8,615 

25,890 

6,500,000 

0-0040 

J. 

°'35 

8,650 

0-9920 

8,580 

34.470 

6,500,000 

0-0053 

J. 

°'35 

8,650 

0-9867 

8,540 

43.010 

6,500,000 

0-0066 

J s 

o -35 

8,650 

0-9801 

8,480 

51.490 

7,500,000 

0-0069 

J* 

O'lO 

2,470 

0-9732 

2,400 

53.890 

— 


Col. 

1 

2 

3 

4 

5 

6 

7 


Whence T a = 53,890 lbs.-ins., a = 0-9732. 


Table 37 is constructed as follows. Columns 1, 2, and 6 
can be filled in from the available data. The amplitude at the 
first mass is assumed to be unity and the table is then completed 
in the normal manner. 

The final amplitude in column 3 is the specific amplitude 
at the engine pinion, i.e. a ■; and the final torque summation 
in column 5 is the resultant specific torque of the engine on the 
engine pinion, i.e. T a . 


TABLE 38. 

Air-screw Branch; F = 1500 Vibs.jMin .; <o a = 24,700. 


Mass. 

J. 

J.®*. 

8. 

J.®».8. 


c. 

«/c. 

J* 

Jt 

Col. 

120-000 

0-675 

2,965,000 

16,666 

2 

o- 34 -« 
3 

2,965,000. a 
5,660.« 
4 

2,965,000. a 
2,970,660. a 

5 

4,500,000 

6 

0-66. a 

7 


Whence T 6 = 2,970,660 . a; and b = 0-3400 . at, 
but Tj=—T Jp, from Equation (180), 

i.e. 2,970,660. x = 53,890 X 3/2 = 80,835, 
at =? 0-0272; 


li 11 


or 
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by substituting this value of «, Table 38 becomes 


J* 

120-000 

2,965,000 

0-0272 

80,680 

80,680 

4,5oo,ooo 

0-0179 

J* 

0-675 

16,666 

O-O093 

155 

80,835 


- 


i.e. T 6 = 80,833 and b = 0*0093. 


Table 38 is constructed as follows. Since unit amplitude 
has already been assumed for the amplitude at the first mass 
of Table 37, a value- a is assumed for the amplitude of the first 
mass in Table 38. 

Table 38 commences at the air-screw mass and is completed 
in the usual manner. The final amplitude in column 3 is the 
specific amplitude at the air-screw shaft gearwheel, i.e. it is 
the amplitude at this point corresponding to unit amplitude 
at the free end of the engine crankshaft. 

The final torque summation in column 5 is the specific 
torque at the air-screw shaft gearwheel. 

The air-screw shaft gearwheel amplitude and torque are 
expressed in terms of the assumed air-screw amplitude, a. 

The value of a is obtained from Equation (180), using the 
value of T 0 given by Table 37. This enables numerical values 
to be inserted in Table 38. 


TABLE 39 - 

Crankcase Branch ; F = 1500 Vibs.jMin .; w a = 24,700. 


Mass. 

J. 

J.®*. 

0. 

j.o*.e. 

rj.^.s. 

C. 

rj.®*.e/c. 

J, 

10,000 

247,000,000 

—0-0163 

- 4.034.725 

- 4.034.725 

9,820,000 

-0-4113 

If 

400 

9,880,000 

0*3950 

3,900,000 

- 134.725 

— 

— 

Col. 

1 

2 

3 

4 

5 

6 

7 


Table 39 commences with the frame {or fuselage) inertia 
J ff . This is given as 10,000 lbs.-ins. sec. 2 in the present example, 
but it is a quantity which is generally difficult to obtain. In 
the absence of a definite value, it will be sufficiently accurate 
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to assume in most cases that J, is about 100 times greater than 
J r For instance, in accordance with this rule, if J ff had been 
assumed to be 40,000 lbs.-ins. sec. 2 in the present example, 
then the value of torsional rigidity of the crankcase mounts 
would have been 10,100,000 lbs.-ins. per radian, a difference 
of only 3 per cent. Due to the increased moment of inertia 
of the frame, the frame amplitude would have been reduced 
to + 0-0041 radian for ± i-o radian at the free end of the engine 
crankshaft, but the frame motion is in any case very small 
and therefore not of much practical importance. 

In constructing Table 39 the values of J ff , J f , ] g . o> 2 , and 
] f . co 2 can be entered in the table from the known data. 

The final torque summation in column 5 is the torque of 
the crankcase on the gearing, i.e. T c , and this can be calculated 
from' Equation (181), using the values of T a and T 5 given by 
Tables 37 and 38, i.e. 

T c=-(T 0 + T 6 ) = - (53,890 + 80,835) = - 134 , 725 lbs.-ins. 

The final deflection in column 3 is the deflection at the 
crankcase, i.e. c, and this can be calculated from Equation (179), 
using the values of a and b given by Tables 37 and 38, 

— - ~~ $ ’ a — Q,Q °93 4- 0-6666 x 0-9732 
Le ‘ C ~~ 1 — j> ~ 1-6666 

= 0-3950 radian. 

This value is entered at the bottom of column 3. 

The final torque in column 4 can now be calculated from the 
final values in columns 2 and 3, i.e. final value to be entered in 
column 4 = (0-3950 x 9,880,000) = 3,900,000 lbs.-ins. 

The value in the top line of columns 4 and 5 is obtained by 
subtracting the bottom value in column 4 from the bottom 
value in column 5, i.e. value to be entered at the top of columns 
4 and 5 = (— 134,725 — 3,900,000) = — 4,034,725 lbs.-ins. 

The top line of column 3 is obtained by dividing the top 
value of column 4 by the top value in column 2, i.e. top value 
in column 3= (— 4,034,725/247,000,000) = — 0-0163 radian. 

The change in deflection given in column 7 is obtained by 
subtracting the final from the initial deflection in column 3, 
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i.e. top line of column 7 = (— 0-0163 — 0-395) = — 0-4113 
radian. 

Finally, the torsional rigidity of the crankcase mounts, 
i.e. the top line of column 6, is obtained by dividing the top 
line of column 5 by the top line of column 7, i.e. torsional 
rigidity of mounts = (4,034,725/0-4113) = 9,820,000 lbs.-ins. 
per radian. 

It should be noticed that Table 39 is constructed by using 
the arithmetical processes normally employed when building 
up a frequency table. 

Although the various operations appear somewhat lengthy 
when described in detail, the actual work is carried out very 
rapidly once the construction of a normal frequency table is 
understood. 

From Table 39 the torsional rigidity of the crankcase 
mounts for a coupled frequency of 1500 vibs./min. is 9,820,000 
lbs.-ins./radian, and that the node occurs in the mounts them¬ 
selves, i.e. in the connection between the crankcase and the 
frame. 

If the crankcase on its mounts is regarded as a separate 
system, the uncoupled frequency is 

F = 9• 55 vibs./min. 

J/ * So 

In the present example 

p _ / 9820000(400 -f loooo) 

— 9 55^1 400x10000 

= 1525 vibs./min., 

also the uncoupled frequency of the crankshaft/air-screw system 
is 6920 vibs./min., from Table 36 of Example 41. 

Hence the coupled frequency which has just been calculated 
is the lower mode of coupled vibration, and this is about 1-5 
per cent, lower than the lower uncoupled frequency. 

It is interesting to note that the specific amplitude at the 
crankcase is large, indicating that at speeds in the neighbour¬ 
hood of resonance between the engine impulse frequency and 
the natural frequency of the crankcase on its mounts very 
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large vibratory movements of the flexibly mounted crankcase 
are likely to occur. This is borne out in practice. For example, 
in the case of automobile or aero engines employing rubber- 
in-shear in the crankcase attachments to the frame, very large 
crankcase movements are experienced at low r.p.m. when 
passing through the crankcase/mount resonant speed unless 
stops are provided to limit the motion. 

For this reason these attachments should have sufficient 
flexibility to place the frequency of the crankcase/mount 
system well below the lowest engine impulse frequency at 
idling speeds. In practice it is usual to design the mounts so 
that the lowest engine impulse frequency is about V2 times 
the crankcase/mount frequency, considering the crankcase on 
its mounts as a separate torsionally flexible system. Example 
41 shows that when the two uncoupled frequencies are far 
apart there is not much error in regarding the crankcase/mount 
and the engine/air-screw systems as separate systems, and in 
any case the actual value of the coupled frequency will be 
somewhat lower than the uncoupled frequency, so that the 
actual ratio between the engine impulse frequency and the 
crankcase/mount frequency will be somewhat greater than 
V2. The resonance curve in Fig. 75 shows that when the 
frequency ratio is V2 the dynamic magnifier is unity, i.e. 
there is no dynamic magnification of the torque impulses. 
Hence, if the frequency ratio is somewhat greater than V2, 
there will be a slight additional attenuation of the torque 
impulses, so that the error in regarding the crankcase/mount 
-system as a separate system is in the right direction. 

In a six-cylinder in-line, 4-S.C., S.A. engine, for example, 
the main impulse frequency is three impulses per revolution, 
and Table 37 shows that so far as the crankcase/mount 
frequency of the system is concerned all cylinders vibrate 
with approximately equal amplitudes. It will be shown later 
that under this condition the only unbalanced harmonic com¬ 
ponents of the engine torque are those having a frequency 
equal to an integral multiple of one-half the number of cylinders 
in the case of a 4-S.C., S.A. engine, i.e. the 3rd, 6th, 9th, etc., 
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components for a six-cylinder engine. Thus in the case of a 
six-cylinder in-line 4-S.C., S.A. engine the lowest engine im¬ 
pulse frequency is three impulses per revolution. If the engine 
is to run satisfactorily at an idling speed of 700 r.p.m., corre¬ 
sponding to a minimum impulse frequency of 3 X 700 = 2100 
impulses per minute, the crankcase/mount frequency should 
be not more than 2100/V2 = 1490 vibs./min. The 6th order 
impulse frequency of this engine at a speed of 700 r.p.m, is 
6 x 700 — 4200 vibs./min,, which is far removed from the 
proposed crankcase/mount frequency. 

It should also be noted that since Table 37 shows that all 
parts of the crankshaft branch vibrate with approximately 
equal amplitudes, there is practically no twist and therefore 
no vibration stress in the shaft, due to this mode of vibration. 
Also, Table 38 shows that the specific amplitudes of the air¬ 
screw branch are very small, so that there will be practically 
no vibratory movement of this section of the system. 

In other words, the engine pinion rolls back and forth on 
the practically stationary air-screw gearwheel, carrying all 
parts of the engine crankshaft mass system and the crankcase 
with it but without causing any appreciable distortion of the 
crankshaft. 

The principal vibratory stress occurs therefore in the 
connections between the crankcase and the frame. 

The foregoing characteristics are typical of systems where 
the uncoupled frequency of the crankcase/mount system is 
considerably lower than the uncoupled frequency of the crank¬ 
shaft/air-screw system. The absence of any severe vibratory 
stress in the crankshaft when passing through the resonant 
speed of the lower coupled frequency is an additional advantage 
of systems arranged in this way. 

Higher Frequency of the Coupled System .—The method is 
similar in every respect to that already described. 

A clue to the probable higher frequency of the coupled 
system can be obtained by calculating the higher uncoupled 
frequency, viz. that of the crankshaft/air-screw system. This 
frequency is given in Table 36 of Example 41, viz. F = 6920 
vibs./min. With this value as a guide the higher coupled 
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frequency of the same installation was calculated by trial and 
error, using the tabulation method just described. 

The final frequency Table is given in Table 40, from which 
the higher coupled frequency is seen to be F = 7030 vibs./min. 
or about 1*5 per cent, higher than the uncoupled frequency of 
the crankshaft/air-screw system. Table 40 shows a very con¬ 
venient standard method of setting down computations of 
this type. 

One node of the higher coupled mode of vibration is located 
in the air-screw shaft, close to the air-screw, and the other 
node is located in the connections between the crankcase and 
the frame. 

The specific deflection of the crankcase is very small, so 
that the vibratory motion is almost entirely confined to the 
crankshaft and air-screw branches. 

In general, therefore, when the natural frequency of the 
crankcase on its mounts is appreciably different from the natural 
frequency of the crankshaft/air-screw system, there is not much 
error in assuming that the coupled frequencies are substantially 
the same as the uncoupled frequencies, i.e. the crankcase/mount 
and the crankshaft/air-screw systems can be regarded as separate 
systems. In the present example, for instance, the error due 
to neglecting the coupling effect is only 1-5 per cent. 

Concentric Spur Gear.—Diagram II of Fig. 71 shows an 
aero-engine/air-screw system in which the air-screw shaft is 
concentric with the engine crankshaft (see also Diagram I 
of Fig. 67). 

The method just described for a simple spur gear arrange¬ 
ment requires some modification when other types of gear are 
employed. The following treatment of a concentric spur gear 
can be applied to systems having any number of oscillating 
masses on the various branches, although in Diagram II of 
Fig. 71 a single-row radial engine is shown merely for the 
purpose of minimising the arithmetical work by having only 
a single engine mass to deal with. It will also be assumed 
that the pitch radii of the layshaft pinions and wheels are the 
same as the pitch radii of the engine pinion and air-screw shaft 
gearwheel respectively, since this is the arrangement which 
vol. 1.—24 
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TABLE 40. 

Frequency Tabulation: Higher-Coupled Mode. 


F = 7030 Vibs.lMin .; o> ! = 542,500; p = — 2/3. 


Mass 

J. 


6 . 



c. 

2 J.w ®.0 

C 

t 

J. 

J. 

J. 

J. 

J# 

J. 

J* 

o -35 

o -35 

0'35 

o *35 

°-35 

o -35 

o-io 

190,000 

190,000 

190,000 

190,000 

190,000 

190,000 

54.250 

Whence 

1-0000 

0-9708 

0-9132 

0-8288 

0-7203 

0-5908 

0-4636 

T a = 97 

190,000 

184.400 

173.400 

157.400 
136,900 
112,100 

25,100 

9,300 and 

190,000 

374.400 

547,800 

705.200 
842,100 

954.200 
979.300 

= 0-4636. 

6,500,000 

6,500,000 

6,500,000 

6,500,000 

6,500,000 

7,500,000 

0-0292 

0-0576 

0-0844 

0-1085 

0-1295 

0-1272 

Z 

< 

5 

H 

M 

a 

r 

J, 

Jl 

120-000 

0-675 

65,100,000 

366,000 

a 

- 13 - 45 * 

65,100,000a 
— 4,925,000a 

65,100,000a 

60,175,000a 

4,500,000 

* 4 ‘ 45 a 

l 

l 

w 

l 

J 

< 

Whence T s = 60,175,000a = - TJp = 979,300 x 3/2 = 1,468,900, 
or, a = 0-0244. 

J* 

J» 

120-000 

0-675 

II 

0-0244 

-0-3287 

1,589,000 

—120,100 

1,589,000 

1,468,900 

4,500,000 

0-3531 

Whence T 6 = 1,468,900 and b = — 0-3287. 

1 J, 

1 ^ 

10,000 

400 

5,425,000,000 

217,000,000 

0-0000 

-o-oii8 

115,700 
- 2,563,900 

1x5,700 

—2,448,200 

9,820,000 

0-0118 

I 

0 

5 

H 

l 

U 

1 

Where T e =- (T„ + T b ) = — (979,300 + 1,468,900) =— 2,448,200 

0 , 0-4636 X 2 
i - t : ”’ 3S87+ 3 

c as - £-_ _ -2- =- 0-01l8. 

l~P 1 + 2/3 

ChBck : (T a + Tj + T c ) = (979,300 + 1,468,900 — 2,448,200) = 0. 





GEARED SYSTEMS 


371 


is most likely to be preferred in practice in cases where there 
is only one layshaft. If there are several layshafts it might 
be found advantageous from the point of view of tooth loading 
to increase the diameter of the engine pinion and reduce the 
diameter of the layshaft pinion. 

Let a = angular velocity of engine pinion, 

b — angular velocity of air-screw shaft gearwheel, 
c = angular velocity of layshafts, 
d — angular velocity of crankcase, 
r = radius of engine and layshaft pinions, 

R = radius of air-screw shaft and layshaft gearwheels. 

Then, from the velocity diagram, Case II, Fig. 71: 

At point of contact of engine pinion and layshaft gearwheel, 
(R + y ). d — R • c = r. a. . . (182) 


At point of contact between layshaft pinion and air-screw 
shaft gearwheel, 

(R + r) .d 

Subtract (182) from (183), 

c(R - r) = 


c — R.b. . 

• (183) 

— t. a, 

— r. a 

— r 

. (184) 


Equations (182), (183), and (184) establish the geometrical 
relationships which must be fulfilled by the motions of the 
various elements of the gearing. 


The gear ratio == 


air-screw speed 
engine speed 


This can be obtained from Equations (182) and (183) by 
assuming that d, the crankcase velocity, is zero and then 
solving the equations simultaneously, 
i.e. bja = r 2 / R 2 , 


a result which agrees with Equation (171) for the case where 
the number of teeth in primary and secondary pinions and in 
primary and secondary wheels are equal. 
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Equation (182) also shows that when the crankcase is 
stationary the ratio (layshaft speed/engine speed) = — rj R, 
which agrees with Equation (172). 

Torque Relationships. —From the tooth load diagram of 
Case II, Fig. 71, 

T a — torque of engine on engine pinion = P . r, 

T & = torque of air-screw on air-screw shaft gearwheel 

= -QR. 

T c = torque of crankcase on gear = (Q — P)(R + r), 
T v = torque on gear due to inertia reaction of layshaft 
gears = ] c .co 2 .c. 

Also Tj, = (P . R — Q . r) = J e . <w 2 . c. 

The foregoing geometrical and torque relationships enable 
the coupled frequencies to be calculated by the tabulation 
method already described for plain spur gearing. The following 
example gives the details of a typical calculation:—* 

Example 43. —This example is based on the system shown at 
II in Fig. 71. 


* In cases where the pitch radii of the layshaft wheels and pinions are 
not the same as the pitch radii of the air-screw shaft gearwheel and engine 
pinion respectively, the following more general expressions should be used :— 
Let r x = radius of engine pinion, 

r 2 = radius of layshaft pinion, 

R x = radius of layshaft gearwheel, 

R 2 = radius of air-screw shaft gearwheel. 

The remaining symbols are unaltered. 

Then, from the geometry of the gearing (R x + jq) = (R a + r t ), and the 
geometrical and torque relationships become 

(Rj + r x )d - R l .c = r 1 .a, . . . . (185) 

( R i + ~ r i ■ 0 = R* • • • • • (186) 


b r^.r. 


T 0 = P . r lt 

T « - (Q - P)( R 2 + rj = (Q - P)(R X + rj, 
T, = (P.Rj-Q.rJ. 
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Where J e = moment of inertia of crank masses = 6*5 lbs.-ins. 
sec. 2 , 

J„ = moment of inertia of air-screw = 480-0 lbs.-ins. 
sec. 2 , 

J ffl = moment of inertia of engine pinion = 0-25 lbs.- 
ins. sec. 2 , 

Jf, — moment of inertia of air-screw shaft gearwheel 
= 1*5 lbs.-ins. sec. 2 , 

J e = moment of inertia of layshaft gears = 2-0 lbs.- 
ins. sec. 2 , 

] f = moment of inertia of crankcase = 300-0 lbs.-ins. 
sec. 2 , 

J g = moment of inertia of frame = 30,000 lbs.-ins. 
sec. 2 , 

C e — torsional rigidity of engine shaft = 2,600,000 
lbs.-ins./radian, 

C 6 = torsional rigidity of air-screw shaft — 8,000,000 
lbs.-ins./radian, 

C/ = torsional rigidity of connections between crank¬ 
case and frame, 

r — radius of engine and layshaft pinions = 1-75 ins. 

R = radius of air-screw and layshaft gearwheels 
= 2-5 ins. 

Note. —J 0 is the total moment of inertia of the layshaft 
gears about the axis of rotation of the layshaft, i.e. it is equal 
to the moment of inertia of each layshaft assembly multiplied 
by the number of layshafts. 

p = gear ratio = air-screw speed/crankshaft speed 
= y2/R2 = 0*49. 

Calculate the torsional rigidity C f of the flexible connections 
between the crankcase and the frame for a coupled frequency 
of 3020 vibs./min., i.e. &> 2 = 100,000, then determine the natural 
frequency of the other mode of coupled vibration. 
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TABLE 41. 


Crankshaft Branch ; F = 3020 VibsfMin. ; cu 2 = 100,000. 


Mass. J. 

J--. 

6 . J . to *. 8 . 

■TJ.fi> 2 .0. 

c. 

-2j.o>*.e/c. 

J* 6-5 

650,000 

1-0000 650,000 

650,000 

2,600,000 

0-2500 

J 0 o - 2 5 

25,000 

0-7500 18,750 

668,750 

— 

- 


Whence T a = 668,750 ; and a — 07500, 

but T a = P . r = 175 . P, from tooth load diagram, 

i.e. P = 668,750/175 = 382,143. 


TABLE 42. 


Air-screw Branch ; F = 3020 Vibs.jMin. ; <u 2 = 100,000. 


Mass. J. 

J.o>*. 0. 


ZJ.» 2 .0. 

C. 

rj.o,». 0 /c. 

J, 480-0 

48,000,000 a 

48,000,000a 

48,000,000a 

8,000,000 

6-oooa 

J* i-5 

150,000 —5*oooa 

— 750,000a 

47,250,000a 

— 

- 


Whence Tj = 47,250,000a; and b — — 5-oooa, 
but T 6 = — Q. R = — 2-5. Q, from tooth load diagram, 

i.e. Q = — 47,25o,oooa/2-5 = — 18,900,000a. . (188) 
Also T, = inertia reaction torque of layshaft gears 

— Jc•W 2 • C 

— 2*0 X 100,000 x c = 200,000 . C, 
but Tj, = (P. R — Q. r) from tooth load diagram 
= 382,143 X 2*5 + 18,900,000a x 175 
= 955.357 + 33.075.oooa, 
i.e. 200,000. c = 955,357 + 33,075,000a, 

or c = 47769 + 165775a.(189) 

Again, from Equation (184), 

c = (R. b — r . a)l (R — r) 

_ - 2-5 x 5-oa - 175 X 075 
2*5 - 175 

i.e. c — — i6-666a — 175. 


(190) 
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From Equations (189) and (190), 

a = — 0-0359, an d c = — 1-153. 
When this value of a is substituted, Table 42 becomes 


J* 

480-0 

48,000,000 

-0-0359 

—1,720,000 

—1,720,000 

8,000,000 

—0-2150 

Jl 

i '5 

150,000 

0-1791 

26,900 

—1,693,100 

- 

- 


Whence T s = — 1,693,100 ; i — 0-1791; and Q = 677,000, 
T„ = 200,000. c = — 200,000 x 1-153 = — 230,600. 


TABLE 43. 

Crankcase Branch ; F = 3020 Vibs . jMin .; w 2 = 100,000. 


Mass. 

J. 

J.co*. 

e. 



C. 

£J.o>M/C. 

Jr 

30,000 

3,000,000,000 

0-0041 

12,355,000 

12,355,000 

33,000,000 

0-3741 

J/ 

300 

30,000,000 

-0-3700 

—11,100,000 

1,255,000 

— 

— 

Col. 

1 

. 

2 

3 

4 

5 

6 

7 


Where T c = torque of crankcase on gear = last line of 
column 5 

= (Q — P)(R + r) (from tooth load diagram) 

= (677,000 - 382,143) (2-5 + 1*75) = 1,255,000, 
and d = amplitude at crankcase = last line of column 3 
= (R. c + r , a)l(R -f- r) (from Equation (182)) 
2-5 X 1-153 + 175 x 075 = 

2-5 +175 

Hence, C f = torsional rigidity of the connections between 
crankcase and frame = 33,000,000 lbs.-ins./ 
radian. 

Note. — NT = resultant torque on gearbox 

= (T« 4 - T& + T c + Tji) 

= 668,750 — 1,693,100 + 1,255,000 

— 230,600 — 50, 
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i.e. the resultant torque is practically zero, which is a good 
check on the accuracy of the foregoing treatment. 

The natural frequency of the crankcase/mount system 
considered as a separate system is 3160 vibs./min., whilst 
the uncoupled frequency of the engine/air-screw system is 
3910 vibs./min. Hence the frequency which has just been 
calculated is the lower coupled frequency and this is 4! per 
cent, lower than the lower uncoupled frequency. For this 
mode of coupled vibration there are two nodes, one in the air¬ 
screw shaft close to the air-screw, and the other in the elastic 
connections between the crankcase and the frame. 

Higher Mode of Coupled Vibration .—The most direct method 
of determining the natural frequency of the higher mode of 
coupled vibration is to carry out several sets of tabulations of 
the type just described, but for different assumed values of 
the natural frequency, adjusting the torsional rigidity of the 
elastic connection between the crankcase and the frame in each 
case, so that the necessary torque and gear deflection equations 
are satisfied. A curve is then constructed showing the varia¬ 
tion of frequency with torsional rigidity of the elastic con¬ 
nections between the crankcase and the frame. The value of 
the higher coupled frequency can then be read off the curve 
at the known value of the torsional rigidity of the elastic con¬ 
nections, viz. 33,000,000 lbs.-ins./radian. 

The following tables give the final tabulations for the higher 
coupled frequency:— 

TABLE 44. 

Crankshaft Branch ; F = 4075 Vibs . jMin . ; <w 2 = 182,000. 


Hass. 

J. 

J.A 

e. 



c. 

2 J.tuS,fl/C. 

L 

6-5 

1,183,000 

1-0000 

1,183,000 

1,183,000 

2,600,000 

0-455 

J. 

0-25 

45,500 

o -545 

24,800 

1,207,800 


- 


Whence T„ = 1,207,800 ; a = 0-545 >' 

P — 1,207,800/1-75 = 690,000. 
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TABLE 45. 

Airscrew Branch ; F = 4075 Vibs . fMin .; ai 8 = 182,000. 


Mass. 

J. 

J.aA 

6. 

J. . 9. 

ZJ.tf.6. 

C. 

ZJ.10K6IC. 

J, 

h 

480-0 

i-5 

87,360,000 

273,000 

a 

—9-92a 

87,360,000a 

—2,710,000a 

87,360,000a 

84,650,000a 

8,000,000 

lo-92a 


Whence T s = 84,650,000a; b = — 9‘92a; 

Q = — 84,65o,oooa/2-5 = — 33,860,000a, 
also Tj, = J c . to 2 . c — 2*o x 182,000 x c = 364,000 . c, 

but Tj, = (P . R — Q . r) — 690,000 x 2*5 

-j- 33,860,000a x 175 
= 1,725,000 -f 59,260,000a, 
i.e. c — 474 + i62’8ia, 

again, c = (R . b — r . a)j( R — r) 

= - 2*5 x 9 , 9 2 « - 175 x 0-545 
2*5 -175 

or c = — 33-ia — 1-272, 

hence, a = — 0-0307, and c— — 0-256, and Table 45 

becomes 



Whence T 6 = — 2,599,000; b = 0-3045; 

Q = 2,599,000/2-5 = 1,039,500, 
and Tj, = 364,000 . c — — 364,000 X 0-256 = — 93,200. 


TABLE 46. 

Crankcase Branch ; E = 4075 Vibs . jMin .; cu a = 182,000. 


Mass. J. 

J.oA 0. J. <a 8 .6. .TJ. . 0. 

C. 

ZJ.mK 0/C. 

J s 30,000 

5,460,000,000 —0-0005 —2.545,000 —2,545,000 

34,200,000 

-0-0745 

J/ 300 

54,600,000 0-0740 4,030,000 1,485,000 
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Where T c = (Q — P)(R + r) = (1,039,500 — 690,000)4*25 

= 1,485,000 

and d — (R . c + r. a)J( R 4- r) = (— 2*5 X 0*256 

4 - 175 X o*545)/4*25 = 0*074. 

Note.—ZT = (T ffl + T 6 + T c -f T„) - (1,207,800 

— 2,599,000 + 1,485,000 — 93,200) = 600, 

i.e. the resultant torque is practically zero, and also the tor¬ 
sional rigidity of the connections between the crankcase and 
the frame in Table 46 is very nearly the same as the value in 
Table 43. 

Hence the value F = 4075 is the natural frequency of the 
higher coupled mode of vibration of this system. The natural 
frequency of the engine/air-screw system, considered as a 
separate system is 3910 vibs./min., so that the higher coupled 
frequency is about 4% per cent, higher than the higher uncoupled 
frequency. 

In this system, therefore, where the uncoupled frequency of 
the crankcase/mount system is comparatively close to the 
uncoupled frequency of the engine/air-screw system, the effect 
of the coupling provided by the gearing is to lower the lower 
uncoupled frequency by about 4% per cent, and to raise the 
higher uncoupled frequency by about 4% per cent. It should 
be noted that if plain spur gearing of the same ratio had been 
used instead of concentric gearing the gear reaction would 
have been greater, and therefore the coupling effect would 
have been even greater than 4\ per cent.. 

Epicyclic Gear.—Diagram III of Fig. 71 shows another 
common type of concentric gear, i.e. an epicyclic gear. The 
particular arrangement shown in this diagram employs a fixed 
sun so that the gear is suitable for ratios of 0*600 to 0*666 as 
already discussed. 

Thus, if the annulus is driven by the engine and the air¬ 
screw by the planet cage, the air-screw will rotate at o*6oo 
to o*666 of the engine speed, depending on the tooth relation¬ 
ships employed. Alternatively, if the engine drives the planet 
cage and the air-screw is driven by the annulus, the air-screw 
will rotate at i*666 to 1*5 times engine speed, but this type of 
gear is not usually found in aero-engine practice. 
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For gear ratios between 0-333 and 0-400 the annulus is 
fixed and the engine drives the sun and the air-screw is driven 
by the planet cage. In this case the air-screw rotates at 0-333 
to 0-400 of the engine speed. 

The following treatment is based on an epicyclic gear with 
fixed sun, as shown in Fig. 71, but the method is also applicable 
to the case where the annulus is fixed merely by making the 
appropriate changes in the engine and air-screw branches of 
the system before commencing the tabulations. 

Referring to Diagram III of Fig. 71, 

Let a = angular velocity of annulus, 

b = angular velocity of cage, 
c — angular velocity of planets, 
d — angular velocity of sun, 
r — radius of sun wheel, 

R = radius of annulus. 

Then, from the velocity diagram, Case III of Fig. 71, 

At point of contact of planets with sun, 

£±£2.»-£=r> c-r.d. 

2 2 

At point of contact of planets with annulus, 

2 2 

i.e. R . a — r . d — (R — r). c, 

and R . a + r . d = (R r) . b. 

These equations express the geometrical relationships 
between the gear elements. 

From the tooth load diagram. Case III, Fig. 71, 

T a = torque on annulus = torque of engine on gear in this 
case. 

T 6 = torque on cage = torque of air-screw on gear in this 
case. 

T e = torque on sun = torque of crankcase on gear in this 
case. 

Tjp = torque on gear due to inertia reaction of planets 
— Jc • C - 


• (191) 

• (192) 

■ (193) 

• (194) 
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Then T„ = Q . R,.(193) 

T & = -(P + Q)(R + r)/2, . . . (196) 

T e = P.r, .( 197 ) 

. {198) 


These torque relationships, in conjunction with the geo¬ 
metrical relationships of Equations (191) to (194), enable the 
tabulation method already described to be used for determining 
the’natural frequencies of systems employing epicyclic gearing, 
as shown by the following example:— 

Example 44.—This example is based on the system shown at 
III in Fig. 71. 

Let ] e = moment of inertia of crank masses = 6*5 lbs.-ins. 
sec. 2 , 

] v = moment of inertia of air-screw = 480' lbs.-ins. 
sec. 2 , 

J 0 = moment of inertia of annulus = 2*0 lbs.-ins. 
sec. 2 , 

J s = moment of inertia of planet cage = 2-5 lbs.-ins. 
sec. 2 , 

J e = moment of inertia of planets about their axles 
= o-io lbs.-ins. sec. 2 , 

] d = moment of inertia of sun = 0-5 lbs.-ins. sec. 2 , 

Jj, = moment of inertia of crankcase = 300 lbs.-ins. 
sec. 2 , 

J fl = moment of inertia of frame = 30,000 lbs.-ins. 
sec. 2 , 

C e = torsional rigidity of engine shaft = 2,600,000 
lbs.-ins./radian, 

C 6 = torsional rigidity of air-screw shaft = 8,000,000 
lbs.-ins./radian, 

C c = torsional rigidity of connection between sun and 
crankcase = 100,000,000 lbs.-ins./radian, 

C y = torsional rigidity of connection between crank¬ 
case and frame, 

r = sun radius = 3 ins., 

R = annulus radius — 6 ins. 
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Calculate the torsional rigidity C f of the flexible connections 
between the crankcase and the frame for a coupled frequency 
of 4275 vibs./min., i.e. to 2 = 200,000. Then determine the 
natural frequency of the other mode of coupled vibration. 

Note. —J c is the total moment of inertia of the planets 
about their axles, i.e. it is the moment of inertia of one planet 
multiplied by the number of planets. 

Since, in this case, the sun is fixed, the annulus is driven 
by the engine, and the planet cage drives the air-screw, the 
gear ratio ft is 

_ air-screw speed __ ,, 

^ ~~ engine speed ' 

Hence, from Equation (194), when d = 0 (sun fixed), 
ft = b[a = R/(R -f- r) = 6/9 = 0-6666, 
i.e. the air-screw rotates in the same direction as the engine at 
0-6666 times engine speed. This result agrees with the result 
given by Equation (175). 


TABLE 47. 

Crankshaft!Annulus Branch ; F = 4275 Vibs . jMin .; <o a = 200,000, 


Mass. 

J. 

J.»». 

8. 

J • a>*. 8. 


C. 

£1.0*. e/c. 

L 

6-5 

1,300,000 

I-0000 

1,300,000 

1,300,000 

2,600,000 

0-5000 

J« 


400,000 

0-5000 

200,000 

1,500,000 

~ 

- 


Whence T 0 = 1,500,000 ; a = 0-5000 ; 

Q = T 0 /R, from Equation (195), 
= 1,500,000/6 — 250,000. 

TABLE 48. 


Air-screwjCage Branch ; F = 4275 ; o»* — 200,000. 


Mass. 

J. 

J.«A 

8. 

J. a>’. 8. 

ZJ.no*. 8. 

c. 

zj.<o*.e/c. 

J, 

J» 

480-0 

2-5 

96,000,000 

500,000 

a 

—ix-oa 

96,000,000a 

—5,500,000a 

96,000,000a 

90,500,000a 

8,000,000 

12-oooa 
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Whence T & = 90,500,000a; b = — iroa, 

but T 6 = - (P + Q)(R + r)j2, from Equation (196), 

= - (P + 250,000) (6 + 3)/2 

_ _ 4.5P _ 1,125,000, 

i.e. — 4*5P — 1,125,000 = 90,500,000a, 

or P = ~ 250,000 — 20 ,hi, nia. . . . (199) 

Again, T„ = J„. co 2 . c = o-i X 200,000 . c = 20,000 . c, 

from Equation (198), 

also Tj, = (P — Q)(R — r)l 2, from Equation (198), 

= (P - 250,000) (6 - 3)/2 = i*5P - 375,000. 

Hence P5P - 375>000 = 20,000c, 

or P = 250,000 + 13 , 333 ^.( 20 °) 

From Equations (199) and (200), 

20,ill,nia + 13 , 333 c — - 500,000- . (201) 

From Equation (192), + c—~~- = R • 

but a — 0-5, from Table 47, 

and b = — iroa, from Table 48, 

i.e. - iia (6 + 3) + e {6 - 3) = 2 X 6 X 0-5 

— i6*5a + o*5c = 1.(202) 

From Equations (201) and (202), 

a = — 0-0256; c = 1*1541; P = 265,400, 

also Tj, = 20,000 c = 23,080. 


Substituting this value of a, Table 48 becomes 


J* 

480-0 

96,000,000 

1 —0-0256 

—2,460,230 

—2,460,230 

8,000,000 

-0-3075 

h 

2-5 

500,000 

0-2819 

140,950 

—2,3x9,280 

- 

- 


Whence T t = — 2,319,280; b = 0-2819, 
T c = P . r , from Equation (197), 
i.e. T c = 265,400 X 3 = 796,200. 
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Also, from Equation (194), 

R . a + r . d = (R + r ) b , 

i.e. (6 X 0-5) + (3 X d ) = (6 + 3) X 0-2819, 
or d = - 0-1543. 

The above values of T c and d can now be used to construct 
the frequency table for the crankcase/sun branch, as follows :— 

TABLE 49. 

Crankcase I Sun Branch ; F = 4275 Vibs . jMin . ; cu 2 = 200,000. 


Mass. 

J. 

J.« s . 

6. 

J.ais.e. 

j . cokb . 

c. 

J . tu ! . S/C. 

L 

30,000 

6,000,000,000 

0-00x6 

9.583.630 

9.583.630 

64,700,000 

0-1478 

h 

300 

60,000,000 

—0-1462 

—8,772,000 

811,630 

100,000,000 

0-0081 

J ‘l 

o-5 

100,000 

-0-1543 

- 15.430 

796,200 

1 




Check ST = (T 0 + T> + T t + T„) 

a= (1,500,000 — 2,319,280 + 796,200 + 23,080) 
= 0 . 


Table 49 shows that the torsional rigidity of the flexible 
connections between the crankcase and the frame is 64,700,000 
lbs.-ins. per radian for a coupled frequency of 4275 vibs./min. 
There are two nodes, one in the air-screw/cage branch, close 
to the air-screw; and the other in the crankcase/sun branch 
in the flexible connections between the crankcase and the frame. 

Due to the relatively small moment of inertia of the planets 
about their axles there is not much error in neglecting this 
quantity in the frequency tabulations, and when this is done 
the arithmetical work is considerably simplified since P is then 
equal to Q. 

Table 50 shows the frequency tabulations for the lower 
and higher coupled frequencies when the planetary inertia is 
neglected. The torsional rigidity of the flexible connections 
between the crankcase and the frame for a lower coupled 
frequency of 4275 vibs./min. is 63,800,000 lbs.-ins, per radian, 
which is in very close agreement with the value previously 
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obtained by the lengthier method which includes planetary 
inertia. The higher coupled mode of vibration is 4625 vibs./ 
min., from Table 50. 

TABLE 50. 

Coupled Frequencies : Aero-Engine with o-666 Epicyclic Gear : 
Fixed Sun. 


Lower Mode of Coupled Vibration . 
F = 4275 Vibs . lMin .; to 2 — 200,000. 






t 




c 

| 

J. 

Jo 

6-5 

2*0 

1,300,000 x-oooo 1,300,000 1,300,000 2,600,000 

400,000 0-5000 200,000 1,500,000 — 

0*5000 

| i 

§ l 

u B 

Whence T 0 = 1,500,000, and a =» 0-5000, 
i.e. P - Tj/R = 1,500,000/6 = 250,000. 

1 

h 

h 

480-0 

2*5 

96,000,000 a 96,000,000a 96,000,000a 8,000,000 

500,000 — n-oa - 5,500,000a 90,500,000a — 

12-oa 

1 

t 1 

Whence T & = 90,500,000a = — P(R -f- r), 

— 250,000 x 9 

i.e. a = - -- — 0*0240. 

90,500,000 

I 

1 

| 

j. 

480-0 

2-5 

96,000,000 -0-0248 — 2,387,000 — 2,387,000 8,000,000 

500,000 0-2742 137,000 — 2,250,000 — 

— 0*2990 

l 

Whence T, = — 2,250,000, and b — 0-2742. 


J, 

J / 

J* 

30,000 

300 

0-5 

6,000,000,000 0-0018 10,949,740 10,949,740 63,800,000 

60,000,000 — 0-1697 ,-10,182,000 767,740 100,000,000 

100,000 — 0-1774 — 17,740 750,000 — 

0-1715 

o-oo 77 

J 

1. U 

si 


Where ' 

r„ = pj. «= 250,000 x 3 = 750,000, 

. (R + f ).S — R.« 9x0-2742 — 6x0-5 

d = —- = --= _ 0-1774. 

T 3 


|l 

I 

u 

1 

Check: St — (X, + T, + T e ) = 1,500,000 — 2,250,000 + 750,000 = 0. 
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TABLE 50 ( continued ). 
Higher Mode of Coupled Vibyation . 


F = 4625 Vibs . jMin .; a> s — 235,000. 


Mass - 

J. 

J.«A 

0. 

J . cci . 9 . 


C. 

C * | 

J e 

J a 

6-5 

1,527,000 

470,000 

0*4120 

1,527,000 

*93,000 

1,527,000 

1,720,000 

2,600,000 

0-5880 i g 

~ u 



Whence T a = 1,720,000, and a — 0-412, 
i.e. P = Tj/R = 1,720,000/6 = 287,00' 

0. 

1 

J, 

Ji 


112,700,000 

588,000 

-13‘icc 

113,700,000a 
— 7,700,000a 

112,700,OOOK 

105,000,000a 

8,000,000 

t 



Whence T & = 

i.e. a = 

05,000,000a = 
- 287,000 X 9 

105,000,000 

— P(R + r). 


& 

« 

J 

4 8o-o 


_ ifi 



8000000 

I 

—0-3460 0 

h 

2-5 

'588^00 

0-3214 

'iS&ooo 

- oiiooo 

’ - 

“ 1 



Whence T t = - 

2,581,000, and b — 0-3214. 



J» 

J, 

Jd 

30,000 

300 

0*5 

7,050,000,000 

70,500,000 

1x7,500 

— 0*0014 
0*1486 
O’1402 

- 9,6*5,450 
10,470,000 
*6,450 

- 9,625,450 

844,550 

861,000 

64,000,000 

-0-1500 A 

0-0084 Z 

s" s 


Where 

T c = P.r. = 

j (R + *)> 

87,000 X 
— R.a 

= 86r,ooo, 

9 X 0-3214 - 

3 

6 x 0-412 

1402. 

i 5 

5 

1 


Check: 2/T = (X 

+ T s + T e ) = (1,720,00c 

- 2,581,000 + 

861,000) «■ 



The uncoupled frequencies are 4460 vibs./min. for the 
engine/air-screw system and 4450 vibs./min. for the crankcase/ 
mount system, i.e. the lower coupled frequency is about 4 
per cent, lower than the lower uncoupled frequency, and the 
vol. 1.—25 
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higher coupled frequency is about 4 per cent, higher than the 
higher uncoupled frequency. It is interesting to note that 
although the two uncoupled frequencies are practically co¬ 
incident the coupled frequencies differ from the respective 
uncoupled frequencies by the comparatively small amount of 
4 per cent. This is because the coupling due to the gearing 
is comparatively small, i.e. the gear ratio itself is high, 0-666, 
and with epicyclic gearing the air-screw rotates in the same 
direction as the engine crankshaft, so that the torque reaction 
on the gearcase is the difference between the input and output 
torques. A much greater difference, as much as 15 per cent, 
either way, between the coupled and uncoupled frequencies is 
experienced when the gear ratio is low and when the output 
shaft rotates in the opposite direction to the input shaft, so 
that the torque reaction on the gearcase is the sum of the input 
and output torques. 

Approximate Method for Calculating the Coupled 
Frequencies of a Geared Engine/Air-Screw Installa¬ 
tion. —The following approximate method for calculating the 
coupled frequencies of a geared engine/air-screw installation is 
based on an analysis of the torsional critical speeds of geared 
aeroplane engines by J. P. Den Hartog and J. P. Butterfield 
in The Journal of the Aeronautical Sciences, October, 1937. It 
will be found useful for a preliminary investigation of the 
characteristics of an installation and will considerably reduce 
the arithmetical work involved in applying the more accurate 
tabulation method just described. 

The following assumptions have been made in obtaining the 
approximate solution:— 

(i) The moments of inertia of the gear masses have been 

neglected. 

(ii) The moment of inertia of the fuselage has been assumed 

to be infinite. 

(iii) The inertia coupling between the pistons and cylinders 

has been neglected. 

Item (i) is the principal source of error in this approximate 
method, since the moments of inertia of the gear masses are 



GEARED SYSTEMS 


387 

not usually negligibly small compared with the other oscillating 
parts. Item (ii) does not cause much error, because the moment 
of inertia of the fuselage is always very large compared with the 
moments of inertia of the other parts of the system. Item (iii) 
also does not cause much error, because the moment of inertia 
of the reciprocating parts of the engine is usually small compared 
with the moments of inertia of other parts of the system. 

Referring to Fig. 71:— 

Let ] e — moment of inertia of the crank masses, 

] v = moment of inertia of the air-screw, 

Jy. = moment of inertia of the crankcase, 

C e = torsional rigidity of engine shaft, 

C 6 = torsional rigidity of air-screw shaft, 

C 0 = torsional rigidity of connection between the 
reaction element of the gearing and the 
crankcase, 

C f = torsional rigidity of the connection between the 
crankcase and the fuselage (or frame), 
p = gear ratio = air-screw speed/engine speed, 

K = coupling factor, defined by Equation (206), 
oj s = phase velocity of engine/air-screw system, re¬ 
garded as a separate system, 
co f — phase velocity of crankcase/mount system, 
regarded as a separate system, 
c 0 = phase velocities of the coupled modes of 
vibration, 

F s = natural frequency of engine/air-screw system 
= 9*55 . o) s vibs./min., 

Fy = natural frequency of crankcase/mount system 
= 9-55 . cof vibs./min., 

F = natural frequencies of coupled system = 9-55 ■ w 
vibs./min. 

Then, (a) Natural Frequency of Torsional Vibration of the 
EnginejAir-Screw System regarded as a Separate System. 

,_l/J_ 

(i/C) + (i-^)/(^-C.'’ ’ 


(203) 
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where J = “ combined inertia ” of engine/air-screw system 

Since is usually very large compared with J s there is 
not much error in neglecting the term J„ in the denominator of 
the above expression for J, in which case J = ] e . 

C = " combined torsional rigidity ” of engine/air-screw 
system 
j> 2 .C,.C> 
p* . c 5 + C e * 


Note that p, the gear ratio, is positive if the air-screw 
shaft rotates in the same direction as the engine shaft, i.e. in 
the case of concentric spur gears or epicyclic gears. Alter¬ 
natively p is negative if the air-screw shaft rotates in the 
opposite direction to the engine shaft, i.e. in the case of plain 
spur gears. 

Also, if the coupling between the reaction element of the 
gear and the crankcase is very rigid, i.e. C e is very large, the 
second term in the denominator of Equation (203) is negligible 
and Equation (203) becomes 


V = C/J = 


c,.c»fr».j, + L) 

Je-J^ 2 .C & + C e )- 


(204) 


This is the usual expression for a simple two-mass geared 
system. 

Equation (203) shows that appreciable changes in the un¬ 
coupled frequency of the engine/air-screw system can be made 
by changing the stiffness of the connection between the reaction 
element of the gearing and the crankcase. , 

In practice this is accomplished by inserting a spring con¬ 
nection between the sun wheel and the crankcase in the case of 
an epicyclic gear with fixed sun, or between the annulus and 
the crankcase in the case of an epicyclic gear with fixed annulus. 
In the case of spur gears the same result would be obtained by 
inserting a spring connection between the gear housing and the 
crankcase. 
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(b) Natural Frequency of Torsional Vibration of the Crank¬ 
case/Mount System regarded as a Separate System. 


"*/ = C//Jr • • • (205) 


It is preferable to arrange the mounts so that the crankcase 
tends to oscillate about a longitudinal axis passing through the 
centre of gravity of the combined engine and air-screw masses, 
as shown in Fig. 72, since this avoids displacement of the centre 
of mass and, consequently, the introduction of impulsive 
forces on the supporting frame when the power plant oscillates 
under the action of torque impulses. When this is done ] f is 
defined as follows :— 


W 


where J 0 = moment of inertia of the stationary parts about 
an axis passing through the centre of gravity 
of the combined engine and air-screw masses, 
parallel to the longitudinal axis of the engine 
crankshaft. Note that J c does not include 
the moment of inertia of the air-screw or the 
rotating parts of the shaft system, but that it 
does include the moment of inertia of the 
reciprocating masses of the engine, assuming 
that these are “ frozen ” at mid-stroke. 


The value of J c can be determined experimentally by the 
method shown in Fig. 37. In applying this method it is 
advisable to use a tri-filar suspension instead of the bi-filar 
suspension shown in Fig. 37. 

W = weight of the rotating parts, i.e, of all parts, 
including the air-screw, which are not included 

in Jc, 

a — distance between the axis of rotation and the 
parallel axis through the centre of gravity. 

In the case of an eccentric gear where the axis of rotation 
of the air-screw differs from the axis of rotation of the crank¬ 
shaft the expression for J/ becomes 
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w w„ 

J r = J c + . a? + ~ • b 2 (see Diagram II of Fig. 72), 

where W x = weight of rotating parts of crankshaft, 

W 3 = weight of air-screw and rotating parts of air¬ 
screw shaft. 



Fig. 72.—Crankcase inertia of geared engine. 


If the crankcase mounts cannot be located on the hori¬ 
zontal plane containing the centre of gravity as shown at (A) 
in Diagram I of Fig. 72, they can be inclined as shown at (B), 
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so that the crankcase is still free to oscillate about the longi¬ 
tudinal axis through the centre of gravity. Arrangement (B) 
suffers from the disadvantage, however, that side thrusts are 
imposed on the engine supporting frame. 


(c) Coupling Factor. 

K 2 = 


J ,.^ 2 


(206) 


and since it has already been shown that in most practical 
cases J = J 6 there is not much error in writing Equation (206) 
as follows:— 


K 2 = 


J.(i -P ) 2 
J f-P* 


(207) 


Note. —(i) For a direct drive where p = 1, the coupling 
factor is zero. 

(ii) The coupling factor is large, i.e. strong coupling, 

for low gear ratios (small values of p). 

(iii) The coupling factor is large if the crankcase 

inertia is small (small values of J/). 

(iv) The coupling factor is larger for simple spur 

gears (p negative), than for concentric gears 
(p positive). 


(d) Coupled Frequency Equation. 

co 4 - w s 2 . £o 2 [i + K/w,) 2 + K 2 ] + w/ . m 0. (208) 

This equation indicates that there are two coupled fre¬ 
quencies. It should be noted that if the crankcase inertia 
is very small, or if the crankcase mounts are very stiff, 
i.e. C f very large, then aif approaches infinity, and Equation 
(208) reduces to 

CO 2 — a»/ = 0, or — — I ., . . (209) 


i.e. there is only one coupled frequency, and that is the fre¬ 
quency of the engine/air-screw system regarded as a separate 
system. The coupling factor K does not influence the result. 
Alternatively, if the crankcase inertia, J^, is very large, or 
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if the crankcase mounts are very flexible, i.e. C f very small, 
then co f 2 approaches zero, and Equation (208) reduces to 

<o 2 = «,*(: 1 -f K 2 ), or ~ — Vi + K 2 . . (210) 

In this case also there is only one coupled frequency, but 
this is influenced by the coupling factor K. Since, however, 
the moment of inertia of the crankcase J/ is generally very 
large compared with J in Equation (206), the coupling factor 
is usually comparatively small. Hence, in this case also co 
does not greatly differ from oj s , i.e. the coupled frequency is 
again practically the same as that of the engine/air-screw system, 
regarded as a separate system. 

The principal significance of the above results is that if 
the crankcase/mount frequency is either very low or very 
high, i.e. approaching either zero or infinity, there is only one 
coupled frequency and this is practically the frequency of 
the engine/air-screw system, regarded as a separate system. 

If, on the other hand, the crankcase/mount frequency has 
a finite value which, however, is either considerably higher or 
considerably lower than the engine/air-screw frequency, it 
will be found that there are two coupled frequencies, the lower 
of which is lower than the lower uncoupled frequency and the 
higher of which is higher than the higher uncoupled frequency. 
It can also be shown that an alteration in the crankcase/mount 
system, for example, by changing the torsional rigidity of the 
mounts, will change the crankcase/mount frequency without 
appreciably altering the engine/air-screw frequency. Con¬ 
versely, an alteration in the characteristics of the engine/air- 
screw system, for example, by changing the torsional rigidity 
of the connection between the fixed member of an epicyclic 
gear and the crankcase, will change the engine/air-screw fre¬ 
quency without appreciably altering the crankcase/mount 
frequency. 

Lastly, it is of interest to determine the value of the coupled 
frequencies when the uncoupled frequencies have the same 
value, i.e. when <o s = a> f , because this is the condition for 
maximum coupling effect in any given example. 
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For this condition Equation (208) becomes 

to 4 — (2 -f- K 2 )co s 2 . to 2 + co s 4 = 0, . . (2Il) 

or = o-5a> 8 2 [(2 + K 2 ) ± K V4 + K 2 ]. . (212) 

In most practical cases K 2 is small compared with K, so 
that there is usually not much error in neglecting K 2 in the 
above expression, 

i.e. o» a = o) 8 2 (i ± K),.(213) 

whence u>jio s = Vi ± K approximately, when a> s = w f . (214) 


The following table shows the value of co[w s for various 
values of K, when a> s = w f :— 


K. 

(Approximate Value). 

(Real Value). 

0 

1-0000 

1*0000 

0-02 

I'oxoo and 0*9900 

1*0105 and 0*9901 

0-04 

1*0198 and 0*9798 

1*0202 and 0-9802 

0*06 

1-0296 and 0*9695 

1*0304 and 0*9705 

0-08 

1*0392 and 0*9592 

1*0408 and 0*9608 

O-IO 

1*0488 and 0*9487 

1*0513 and 0*9513 

0"20 

1*0955 And 0*8944 

1*1049 and 0*9050 

0-30 

1*1402 and 0*8367 

I*i6i2 and 0*8612 

0*40 

1*1832 and 0*7746 

1*2198 and 0*8198 

0-50 

1*2247 and 0*7071 

1*2807 and 0*7808 


* In practice the value of K rarely exceeds 0*10 for aero¬ 
engine/air-screw installations, due to the comparatively large 
moment of inertia of the crankcase compared with that of the 
engine crankshaft masses. The foregoing table shows that for 
values of K up to o-io the approximate expression given in 
Equation (214) can be used for the case when co s = a) f , without 
much error. 

It can be shown that, when the uncoupled frequency of 
the engine/air-screw system is not greatly different from the 

* In extreme cases, however, K can be as much as 0*25 for radial engines, 
and 0-50 for high-speed in-line engines driving the air-screw through reduction 
gears of low ratio. 
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uncoupled frequency of the crankcase/mount system, any 
change in the characteristics of either system will have an 
appreciable effect on both coupled frequencies. 

The foregoing considerations are of great practical im¬ 
portance when methods of tuning geared installations are 
being investigated. For example, there is not much advantage 
in altering the characteristics of the engine/air-screw system 
with the object of bringing about a more favourable disposition 
of the various critical speeds, corresponding to one of the 
coupled frequencies, if by so doing the disposition of the critical 
speeds corresponding to the other coupled frequency becomes 
less favourable. For this reason it is generally advantageous 
to provide the greatest possible difference between the values 
of the engine/air-screw frequency and the crankcase mount/ 
frequency. When this is done changes in the characteristics 
of, say, the engine/air-screw system do not appreciably affect 
■ the crankcase/mount frequency. 

Since it is difficult and in any case undesirable, from the 
point of view of transmission of vibration, to provide suffi¬ 
cient rigidity in the crankcase/mount system to ensure that 
the crankcase/mount frequency is a very large multiple of the 
engine/air-screw frequency, the better practical solution is to 
provide sufficient flexibility in the crankcase mounts to ensure 
the lowest possible crankcase/mount frequency which is com¬ 
patible with mechanical requirements. This can be readily 
accomplished by means of rubber-in-shear engine mountings, 
which not only enable undesirable coupling effects to be 
avoided, but serve to prevent transmission of vibration to the 
surrounding structure. Care must be taken, however, to allow 
for the coupling effect on the engine/air-screw frequency, since, 
as shown by Equation (210), the coupling factor K does in¬ 
fluence the value of the engine/air-screw frequency when a 
flexible engine mount is employed. 

The strongest coupling effects occur when the two un¬ 
coupled frequencies are dose together; when the gear ratio is 
small; when the crankcase inertia is small; and when the 
air-screw shaft rotates in the opposite direction to the engine 
shaft. 
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Example 45.—Calculate the coupled frequencies of the in¬ 
stallation of Example 43, using the approximate method 
just described. 

From Example 43 (see Diagram II of Fig. 71). 

J e = 6*5 ; Ja, = 480-0 ; J y = 300-0 lbs.-ins. sec. 2 , 

C e = 2,600,000 ; C & = 8,000,000 ; C f — 33,000,000 lbs.- 
ins./radian, 
p = 0-49. 


(i) Uncoupled, Frequency of Engine jAir-Screw System. 

Since there is no flexible connection between the reaction 
element of the gearing and the crankcase in this case, the 
second term in the denominator of Equation (203) is zero. 
Hence Equation (204) can be used to determine the uncoupled 
frequency of the engine/air-screw system, 
i.e. oif = C/J, 

h C = ^ ’ C » = °‘ 49 2 X 2600000 x 8000000 

w ere ~ p *. -f C e ~ o*49 2 x 8000000 + 2600000 
= 1,104,700 lbs.-ins./radian, 


and 


T _ P 2 -Je-Jp _ 0^ x 6-5 x 480 _ 

J "" P 2 - J, + Je “ 0 - 49 2 X 480 + 6-5 “ I53 - 


Hence, wf = 1,104,700/6-153 = 179,500. 


The uncoupled frequency of the engine/air-screw system 
is therefore 4040 vibs./min., which is about 3 per cent, higher 
than the value obtained in Example 43. This discrepancy is 
due to neglecting gear inertia in the present example. 


(ii) Uncoupled Frequency of Crankcase j Mount System. 

This is obtained from Equation (205), viz., 

oif = C flJf = 33,000,000/300 = 110,000, 

i.e. the uncoupled frequency of the crankcase/mount system is 
F = 3160 vibs./min., which is the same as the value in Example 
43, since 33,000,000 is the value of the torsional rigidity of the 
crankcase mounts determined in Example 43. 
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(iii) Coupling Factor. 

From Equation (206), K 2 = ^ 

i.e. in this example K 2 = ^ 1 ^ I ~ —= 0-0222. 

r 300 X 0-49 2 

(iv) Coupled Frequencies. 

These are obtained from Equation (208), viz., 

it)* — OJ s 2 . 0) 2 [l -j- (ft)//a)j) 2 4" K 2 ] 4- CO/ 2 . co s 2 = 0, 
i.e. in this example 

co 4 —i79,5ooco 2 |jc+ (^^3^) 8 4-O’0222j+iio, 000 x 179,500=0, 

or co 4 — 293,483a) 2 4-19,745,000,000 = 0. 

Hence, co 2 = 189,027 or 104,456, 

and F = 9*55co = 4150 or 3080 vibs./min. 

Thus the approximate method gives coupled frequencies 
of 4150 and 3080 vibs./min. compared with 4075 and 3020 
vibs./min. given by the tabulation method of Example 43. 
The discrepancy is due to neglecting gear inertia in the present 
example. 

Special Geared Drives.—Fig. 73 shows some interesting 
geared drives and contains one or two arrangements which are 
not commonly employed. 

In the arrangement shown at I in Fig. 73 the gearing is 
placed at the forward end of the installation, with the object 
of providing a longer length of propeller shafting, thus in¬ 
creasing the flexibility of the propeller drive. 

In marine installations with machinery installed aft this 
device does provide an appreciable degree of increased flexi¬ 
bility in the propeller shafting, and in cases where the increased 
flexibility is necessary for satisfactory tuning of the system, 
the increase in length of the propeller shafting is probably 
a more economical method than the installation of a flexible 
coupling between the propeller and the main gearwheel, bearing 
in mind that in high-powered, slow-speed installations the 
flexible coupling would be proportionately large and heavy. 
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Arrangements II and III show two methods of constructing 
a double-reduction gearing assembly. In arrangement II 
a flexible quill shaft is provided between the primary gearwheel 



J3 

Gear Ratio 


Fig, 73.—Special gearing arrangements. 

and the secondary pinion, whereas, in arrangement III, the 
gear assembly is practically rigid. Both arrangements have 
been used successfully in practice. The advantages claimed 
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for arrangement II are that the flexibility of the quill shaft 
compensates to some extent for errors in gear cutting and 
assembly, whilst in some quarters it is considered that this 
arrangement gives a stiffer gearcase. The chief advantage of 
III is that the elimination of the flexible quill shaft removes one 
of the principal flexibilities in the system, and thus eliminates 
one possible mode of vibration. From the torsional vibration 
point of view, therefore, arrangement III is simpler than II, 
since the number of principal modes of vibration with III is 
one less than with II, With modem methods of gear tooth 
generation, troubles due to gear inaccuracies should not be 
experienced with arrangement III. 

The arrangement shown at IV is quite unusual and has 
not been used to any noticeable extent in practice. Power 
is taken from two points in the crankshaft simultaneously, 
and the underlying object of this scheme is to reduce the tor¬ 
sional deflections which occur in the crankshaft and to give 
higher natural frequencies of torsional vibration. Since any 
deflection of the crankshaft must be accompanied by a pro¬ 
portionate deflection of the layshaft, the torsional rigidity of 
the layshaft must be added to that of each section of the crank¬ 
shaft when calculating the natural frequencies of the whole 
system. If the gear ratio differs from unity the equivalent 
torsional rigidity of the layshaft should be used, as previously 
explained. 

Diagram V of Fig. 73 shows a simple system of the type 
shown in Diagram IV, consisting of two masses, J x and J 2 , 
on a mainshaft of torsional rigidity Cj. The layshaft, of 
torsional rigidity C 2 , is connected to each end of the main shaft 
by gears of ratio P, where 

P = speed of layshaft/speed of mainshaft. 

The polar moments of inertia of the pinions on the layshaft 
are J 3 and J 4 . 

Then, referring all masses and elasticities to mainshaft 
speed, 

Equivalent inertia at left-hand end of mainshaft 
Js = (Ji + J 3 • P a )> from Equation (153), 
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Equivalent inertia at right-hand end of mainshaft: 

J 6 = (J 2 + J4.P 2 ), 

Equivalent torsional rigidity of mainshaft: 

C 3 = (C x + C 2 . P a ), from Equation (154), 

i.e. the equivalent system consists of two masses, J 6 and J 6 , 
on a shaft of torsional rigidity C 3l and the natural frequency is 
given by Equation (16). 

Hence, 

F = 9*55 VC 3 (J 5 + J 6 )/(J 6 .J 6 ), 
or 

F = 9*55 V(C X + C 2 . P) [i/Q, + J 3 . P 2 ) + i/(J 2 + J 4 . P 2 )]. 

If Ji = J 2 — J, Js and J 4 are negligible ; 

Cj = C 2 = C; and P = 1, 
F = 9-55 V4 • C/J vibs./min. 

The natural frequency of a simple two-mass system con¬ 
sisting of a mass J at each end of a shaft of torsional rigidity 
C is, from Equation (16), 

F = 9-55 V2 . C/J. 

Hence the result of fitting the layshaft is, in this case, to 
increase the frequency by 40 per cent. 

If P is made large a large increase of frequency is obtained, 
with a comparatively light layshaft. If, on the other hand,. 
P is appreciably smaller than unity, the change of frequency 
will not be very marked. 

The foregoing discussion assumes that the gears are very 
accurately generated and are assembled without backlash. 
The assumption of no backlash is permissible so long as the 
mean torque transmitted exceeds the torque variation, but 
under no-load conditions this assumption is no longer strictly 
valid. The possibility of trouble with the gearing is probably 
the chief difficulty in applying the scheme in practice. 

Another novel form of geared drive proposed by Junkers 
for wing mounted aero-engines also employs a layshaft located 
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below the crankshaft running the full length of the engine. 
In installations of this type the engine usually projects some 
distance beyond the wing so that the crankcase is subjected to 
twisting loads caused by transmission of torque reaction from 
the air-screw to the point of attachment of the engine to the 
wing. The consequent crankcase distortion is apt to be ob¬ 
jectionable, especially in the case of geared engines with 
magnesium alloy crankcases, a material with rather low elastic 
moduli. In this Junkers construction this defect is overcome 

by driving the lay- 
shaft by gearing 
located at the end 
remote from the air¬ 
screw, i.e. the end 
adjacent to the point 
of attachment of the 
crankcase to the 
wing. In this way 
the torque reaction 
is taken by the wing 
mounting. Inciden¬ 
tally the long lay- 
shaft between the 
gearing and the air¬ 
screw provides a sub¬ 
may or may not be 
advantageous according to the characteristics of individual 
installations. 

Since satisfactory tuning of any given oscillating system 
depends on the selection of suitable values for the various 
inertias and elasticities it is desirable for the designer to have 
at his disposal means for adjusting these quantities in any 
desired direction. Couplings with a large range of adjustable 
flexibility have already been described, whilst a method of 
increasing the torsional rigidity of a section of shafting, in cases 
where an increase in the dimensions of the shaft is not possible, 
is shown in Diagrams IV and V of Fig. 73. In certain cases 
it is required to provide a coupling which permits free move- 



stantially flexible airscrew drive which 
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ments in an axial direction whilst retaining the maximum 
degree of torsional rigidity of the connection. 

Fig. 74 shows such a coupling, the design illustrated having 
been successfully used in geared oil engine installations for 
connecting the engine to its pinion. Messrs. Blohm and Voss 
have built many ships with geared oil engine propulsion in 
which couplings of this type are used between the main engines 
and their pinions. Presumably in these installations the use 
of a coupling having very small torsional flexibility enabled 
the designers to place all the serious critical speed zones above 
the operating range. An important point to be kept in mind 
when the coupling between the engine and the gearing is rigid, 
and a heavy flywheel is fitted to reduce speed fluctuations at 
the gears, is that the flywheel inertia is added to the inertia 
of the system. As explained in connection with Diagram III 
of Fig. 73 this provides a practically rigid gear assembly and 
reduces the number of degrees of freedom of the whole system 
to a minimum. It is essential, however, to employ gears with 
very accurately generated teeth and ensure that the alignment 
of the gearing is correct, otherwise trouble originated by gear 
cutting and mounting inaccuracies might be encountered. 

The coupling shown in Fig. 74 consists of the flywheel 
hub, which is rigidly bolted to the driving end of the crankshaft, 
and a coupling flange formed integral with the pinion. The two 
parts of the coupling are connected by four very generously 
proportioned bolts located axially in the holes in the flywheel 
hub. The located screws are designed so that the main driving 
bolts can be withdrawn easily if it is desired to uncouple one 
of the engines. 

Generous bearing surfaces, i.e. large diameter bolts, are 
necessary, not only to provide the required degree of torsional 
rigidity, but also to eliminate wear and to prevent “ freezing ” 
of the bolts against axial movements when the coupling is 
transmitting torque. This tendency of the friction between 
the contacting surfaces to prevent axial movement under load 
is one of the criticisms applied to turbine claw couplings, but 
Messrs. Blohm and Voss’s successful experience appears to 
vol. 1.—26 
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indicate that this trouble is overcome in the design shown in 
Fig. 74. 

It may be, however, that owing to the extreme accuracy 
of modem gear cutting the axial movements imposed on the 
bolts are very small. 

Engine Accessories— The following accessories are usually 
driven from the engine : camshafts, magnetos, dynamos, service 
pumps, and superchargers. As a general rule the moments of 
inertia of these accessories are so small, even when driven at 
a higher speed than that of the engine, and the flexibility of 
their drives is so large, that their influence can be disregarded 
so far as torsional vibration of the main system is concerned. 
This is especially true when the drives are taken from the 
driving end of the crankshaft, because the node for funda¬ 
mental torsional vibration of the main system is located near 
this end. Incidentally, it is preferable to drive the important 
accessories such as camshafts and superchargers from this end 
of the crankshaft, because the amplitude of vibration is very 
small at this point. 

In this connection experience with accessory drives of 
automobile and aero-engines indicates that trouble is likely to 
occur when the vibratory amplitude at the point from which 
the accessories are driven exceeds ± 0-5°. 

Where the polar moment of inertia of an accessory is 
appreciable compared with that of the principal oscillating 
masses of the main system, or where the accessory drive is 
comparatively rigid, it is advisable to include it in the calcula¬ 
tions. This merely requires an extension of the frequency 
tabulations to include the accessory, which is a simple matter 
when the accessory is driven from the free end of the crank¬ 
shaft, but is troublesome when it is driven from the driving 
end of the crankshaft, because in the latter case the accessory 
and its drive must be regarded as a branch from the main 
system. 

Fortunately, however, in aero-engine/air-screw systems the 
large moment of inertia of the air-screw implies that there is a 
node near the driving end of the crankshaft for both the one- 
node and the two-node modes of torsional vibration (see Fig. 
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22). Hence, in practice, the influence of any accessory driven 
from the driving end of the crankshaft on the main system is 
imperceptible. 

In the case of accessories driven from the free end of the 
crankshaft, the only alteration in procedure is to commence the 
frequency tabulation for the crankshaft/air-screw system at 
the accessory instead of at the free end of the crankshaft. 
Care should be taken to allow for the gear ratio in the case of 
gear-driven accessories. 

If the accessory is chain driven and the chain is not too 
long the drive should be regarded as rigid, but allowance should 
be made for any difference of speed between the accessory and 
the crankshaft in calculating the equivalent moment of inertia 
of the accessory. 

If the accessory is belt driven the torsional rigidity of the 
belt drive can be estimated by the methods given in Chapter 8 
for the belt drives of torsiographic apparatus. In general, 
however, the torsional rigidity of even short rubber or rubber 
and canvas belts is so small that the influence of any accessory 
driven in this way is negligible. 

Although the above discussion shows that in most practical 
cases the influence of engine-driven accessories on the char¬ 
acteristics of the main system is negligible, the possibility of 
resonance in the auxiliary drive itself must not be overlooked. 
The main and accessories systems are subject to the action of 
a very large number of periodic forces of different frequencies, 
which are dissipated harmlessly by imperceptible vibratory 
movements of the system, so long as resonant conditions do not 
arise. In the event of resonance occurring between the fre¬ 
quency of one of these periodic forces, even though it be of 
comparatively feeble magnitude, and a natural frequency of 
the system, very large vibratory disturbances are likely to 
occur. 

The main and accessory systems are capable of executing 
torsional vibration in a great many different modes, and 
vibration of an accessory drive is liable to occur when resonance 
is established between a high-frequency disturbing force and 
one of the higher modes of natural vibration of the combined 
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system. In such a case the accessory drive may well appear to 
be the only part of the system affected, because the motion of 
the main system may be insignificant, i.e. the accessory system 
will appear to vibrate with a node at the point of attachment 
to the main system. Where there is any doubt about the 
stability of an accessory drive, therefore, the natural frequency 
of the accessory system, regarded as fixed at the point of attach¬ 
ment to the main system, should be calculated, and then the 
installation should be examined for possible sources of high- 
frequency excitation forces, for example, forces corresponding 
to the frequency of engagement of gearwheel teeth or torque 
variation in camshafts, which are likely to synchronise with 
the natural frequency of the accessory drive. If a resonant 
condition exists it is necessary to retune the accessory drive, 
either by altering the flexibility of the drive or by altering the 
mass. Alternatively, it might be possible to introduce addi¬ 
tional damping, although this method is only desirable if the 
system cannot be retuned effectively. 

In the case of camshafts, for example, the most effective 
method of avoiding excessive vibratory motion, due to the 
transmission of vibration from the crankshaft, is to drive the 
camshaft from the driving end of the crankshaft, i.e, from a 
point near a crankshaft node. If, on the other hand, the 
trouble is due to forced vibration of the camshaft, due to torque 
variation in the camshaft itself, causing reversals of torque and 
therefore hammering at the teeth of the driving gears, an effec¬ 
tive remedy is to drive an accessory such as a dynamo from the 
free end of the camshaft. The torque variation in the camshaft 
is then superimposed on the mean torque required to drive the 
accessory, and if this mean torque is sufficiently large torque 
reversal will be eliminated. 

If the trouble is due to resonant vibration in the camshaft 
the camshaft system can be retuned in various ways, for 
example, by drilling a hole half way along the shaft, com¬ 
mencing at the free end. This removes material from the free 
end of the shaft, which reduces the moment of inertia at that 
point, whilst at the same time the torsional rigidity at the 
driven end, i.e. at the virtual node of the camshaft system, is 
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maintained, so that the net effect is to raise the frequency of 
the camshaft system. 

Alternatively the natural frequency of the camshaft system 
can be lowered by attaching a flywheel mass to the free end of 
the camshaft, for example, by driving an auxiliary, such as a 
service pump, from the free end of the camshaft. 

Backlash in the camshaft driving gears can also be used 
as an adjustable variable for tuning the camshaft system, since 
Equation (438a) in Chapter io. Volume II, indicates that the 
general effect of an increase of backlash is to lower the natural 
frequency of the system, and vice-versa. 

An interesting practical example of resonance in a cam¬ 
shaft system is given by Mr. A. T. Gregory of the Ranger 
Engineering Corporation, U.S.A., in a paper entitled “ Progress 
in the Development of In-line Air-cooled Engines ” (S.A.E. 
Preprint 1939). 

In the case discussed by Mr. Gregory the original camshaft 
system of a 6-cylinder, 4-stroke cycle, in-line, aero-engine had 
an effective polar moment of inertia of 0*0237 lbs.-ins. secs. 2 , 
and a non-linear stiffness characteristic composed of a linear 
portion of torsional rigidity 17,100 lbs.-ins. per radian with a 
backlash in the driving gears and shaft splines of 2*8° (± 1*4°). 

Torsiograph tests revealed a resonant zone at 2100 crank¬ 
shaft r.p.m., having an amplitude of twist across the camshaft 
of ± 4*5° with a frequency of 3 practically sinusoidal impulses 
per crankshaft revolution or 6 per camshaft revolution, i.e. a 
frequency of 6300 vibs./min. excited by the fundamental torque 
impulse frequency of the engine. Below 2100 r.p.m. the twist 
amplitude varied between ± 2*5° and ± 3*5° down to an engine 
speed of 1300 r.p.m. 

The backlash was reduced to 2*2° (± i*i°) and this was 
found to be effective in removing the resonant zone outside 
the speed range up to 2300 r.p.m., but the twist amplitudes 
remained between ± 2*5° and ± 3*5° for speeds above 1800 
crankshaft r.p.m. 

The backlash was then restored to its original value of 
2*8° (± 1*4°) and the effective inertia of the camshaft system 
was increased to 0*0518 lbs.-ins. sec. 2 by adding a flywheel 
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weighing 2*6 lbs. This change resulted in lowering the reson¬ 
ant zone to 885 engine r.p.m. at which speed the twist ampli¬ 
tude was ± 2*3°; whilst the amplitude was below ± i° at all 
speeds above 1100 engine r.p.m. 

This result can be considered very satisfactory bearing in 
mind that experience has shown that twist amplitudes below 
± i° in the operating range have no appreciable influence on 
engine smoothness and ensure satisfactory and safe valve gear 
and camshaft drive operation. 

It is desirable, however, to make sure that any changes 
made in the camshaft system do not have an adverse influence 
on the vibrational characteristics of the crankshaft system, 
since, strictly speaking, the camshaft and crankshaft systems 
cannot be regarded as separate systems. 

Where the engine speed is controlled by a governor, especi¬ 
ally if a very close degree of speed regulation is required, it is 
desirable to drive the governor from a point near the crank¬ 
shaft node where the shaft amplitude and therefore the cyclic 
speed variation is a minimum (see Chapter 6). Equation 
(421), Vol. II, shows that the cyclic speed variation is directly 
proportional to the vibratory amplitude so that in extreme 
cases it is conceivable that an engine with a very small degree 
of cyclic speed variation at the nodal point in the shaft where 
the vibratory amplitude is negligible may yet possess a very 
large degree of speed variation at the free end of the crankshaft 
where the vibratory amplitude is large. If the governor is 
driven from the free end of the crankshaft of such an engine, 
therefore, trouble will be experienced if the degree of cyclic 
speed variation of the shaft is greater than the degree of speed 
regulation which the governor is designed to maintain. 

In the case of spark ignition engines variations in spark 
timing may result from non-uniform rotation of the t im ing 
cam caused by torsional vibration in the drive. 

In Technical Note No, 651, National Advisory Committee 
for Aeronautics, “Effect of Spark Timing on the Knock 
Limitations of Engine Performance/' considerable reduction 
of the non-knocking power range of an engine due to irregular 
spark timing is revealed. 
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Automobile Transmission Systems.— For the one-node 
mode of vibration the torque variation is more severe in the 
propeller shaft or rear axle, and is comparatively small in the 
engine crankshaft. The normal elastic curve is similar in 
shape to the one-node normal elastic curve of a marine in¬ 
stallation shown in Fig. 18c, i.e. all cylinders vibrate with 
approximately equal amplitudes so that there is usually only 
one critical speed of practical importance in the running speed 
range. The maximum vibration stress at this critical speed 
occurs at the nodal point, i.e. in the propeller shaft or rear 
axle, and breakages due to one-node torsional vibration are 
therefore most likely to occur in these parts. 

Due to the low value of the one-node frequency, the one- 
node critical speed occurs at a low number of engine revolutions 
in direct drive. Hence the one-node natural frequency deter¬ 
mines the slowest speed at which the engine will operate 
smoothly in direct drive. The one-node frequency is lowered 
by thinning the propeller shaft or by increasing the moment of 
inertia of the flywheel. 

In the case of two-node vibrations, the normal elastic curve 
is similar in shape to the two-node normal elastic curve of a 
marine installation shown in Fig. 18c, i.e. all cylinders do not 
vibrate with the same amplitude. Hence minor, as well as 
major, critical speeds will occur within the running speed range. 
The torque variation is more severe in the engine crankshaft, 
and is comparatively slight in the propeller shaft and rear axle. 
The maximum torsional vibration stress occurs at the crank¬ 
shaft node, i.e. close to the flywheel, and this is the place where 
crankshaft breakages due to two-node vibrations are likely to 
occur. Even if actual breakdown does not take place, however, 
harsh running at engine speeds corresponding to the positions of 
all two-node criticals of disturbing amplitude will occur, unless 
the shaft system is properly designed with the object of pro¬ 
viding smooth-running conditions over the whole speed range. 

As in the case of torsional vibrations of marine installations 
the crux of the problem is the disposition and magnitude of the 
two-node critical speeds. The ideal solution is to design the 
transmission system so that all two-node criticals of disturbing 
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amplitude are situated above the highest engine speed. Much 
can be done in this direction by making the engine crankshaft 
as short and as stiff as possible, and the engine masses as light 
as possible. In the case of four-cylinder engines, for example, 
the two-node frequency is so high in relation to the frequency 
of the engine impulses due to the short crankshaft that two 
node criticals of disturbing amplitude are rare. In the case of 
straight-six and straight-eight engines, however, there may be 
some difficulty in obtaining a sufficiently high value for the 
two-node frequency merely by altering the dynamic and elastic 
properties of the system. In such cases a torsional vibration 
damper is fitted to the free end of the engine crankshaft (see 
Chapter io). 

Owing to the much greater flexibility of the propeller shaft 
and rear axle compared with that of the crankshaft, the one- 
node natural frequency and the amplitude of the predominant 
one-node torsional vibrations can be obtained without much 
error by assuming that the system is a simple two-mass system 
with the engine and flywheel masses at one end of the shafting 
and the road wheels at the other end. 

Also, since the crankshaft node in the case of the two-node 
mode of vibration is close to the flywheel, the two-node natural 
frequency and the amplitudes at two-node critical speeds can 
be calculated without much error by assuming that the oscil¬ 
lating system consists only of the engine and flywheel masses, 
i.e. by neglecting all parts of the transmission system behind 
the flywheel. 

In engines fitted with a hydraulic coupling between the 
crankshaft and the propeller shaft, e.g. the Daimler fluid fly¬ 
wheel transmission, the coupling effectively isolates the trans¬ 
mission shaft from engine torque variations by destroying the 
dynamic co-operation of the two parts into which it divides 
the whole oscillating system. It is necessary, however, to 
examine each of the two parts into which the system is divided 
for possible causes of resonant torsional vibration in each self- 
contained part. Since the principal stimulating source, viz. 
engine harmonic torque variations, is isolated from the trans¬ 
mission shaft by the hydraulic coupling, and since there is 
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usually no serious harmonic disturbing torque in the trans¬ 
mission system itself, the latter should operate smoothly at all 
speeds. The magnitude of the vibration amplitudes at critical 
speeds corresponding to the one-node mode of vibration of the 
engine-flywheel part of the system must be investigated, how¬ 
ever. Since the node is situated close to the hydraulic coupling, 
these calculations are very similar to the two-node calculations 
for an installation not fitted with hydraulic transmission. 

The only circumstance under which large vibratory ampli¬ 
tudes may be transmitted from one part of a system to another 
part through a hydraulic coupling is when the natural fre¬ 
quencies of the two parts of the system are identical. This 
condition is quite exceptional, however, and in any case is 
easily avoided by an appropriate alteration of mass or elasticity. 

The general tendency towards higher crankshaft revolutions 
and improved engine mountings has undoubtedly emphasised 
the necessity for a thorough investigation of the torsional 
vibration characteristics of automobile transmission systems. 
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CHAPTER 6- 

DETERMINATION OF STRESSES DUE TO TORSIONAL 
VIBRATION AT NON-RESONANT SPEEDS. 

Some degree of torque variation is required to produce and 
sustain torsional vibrations. In the case of a shaft transmitting 
power, provided the applied and resisting torques are perfectly 
uniform, and the attached masses have a constant moment of 
inertia relative to the axis of rotation, the only effect of the 
elasticity of the shaft is to cause the end from which power is 
taken to lag behind the end at which power is applied. 

Under these conditions there is nothing to excite vibration, 
once the shaft has taken up the initial torsional deflection 
corresponding to the torque transmitted, and as soon as any 
initial transient vibrations caused by setting the system in 
motion have been damped out, the motion becomes uniform. 

It does not require a very high degree of torque variation, 
however, either at the driving or at the driven end of the 
shaft to set up and sustain torsional vibration, particularly at 
speeds where the frequency of the periodic torque variations 
coincides with the natural frequency of torsional vibration of 
the system. 

In the case of the internal combustion engine in particular, 
where the cyclic torque variation is considerable, it is possible 
for torsional vibrations of dangerous amplitude to occur at 
resonant or “ critical ” speeds. Hence a proper relationship 
between the elastic and the dynamic properties of the oscillat¬ 
ing system and the type and speed of the prime mover 
must be adopted to avoid these critical speeds, i.e. the shaft 
system must be ijuned to suit the peculiarities of the prime 
mover employed, and care must be taken to avoid running 
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the engine at “ critical ” speeds, where the amplitude of 
vibration is sufficient to cause serious additional stress in the 
shafting. 

Forced Vibrations. —Outside the critical zone damping 
has very little influence on the amplitude of vibration, and is 
neglected in the following calculations. This gives vibration 
stress values at speeds outside the critical zone slightly in 
excess of the probable actual values, which is preferable to an 
under-estimation. 

Consider a simple two-mass system consisting, for example, 
of a length of elastic shafting with the engine masses, including 
the flywheel at one end and the propeller mass at the other end. 

The inertia of the end masses instigates an angular dis¬ 
placement about a mean position quite independent of the 
uniform rotation of the shafting, whilst the torque due to the 
engine mean turning effort does not affect the period of vibration 
.but merely alters the centre of oscillation. 


Let M = instantaneous torque, 

J = moment of inertia of attached masses, 

|0| = instantaneous angular displacement of masses. 


Then 


M — 


j-yi 


• (215) 


The propeller, moment of inertia ] v , vibrates about the axis 
of the shaft under the action of a periodic torque proportional 
at any instant to the amplitude of the elastic twist {\6\—8 e ~ 6 v ), 
between the engine and the propeller, where d e is the amplitude 
at the engine, and is the amplitude at the propeller. 

The constant angular deflection due to the transmission of 
the mean driving torque is here neglected, since it does not 
influence torsional vibration. 

The general equation connecting applied torque, angular 
deflection, and shear stress in a shaft for deflections within the 
elastic limit of the material is 

M __ 2 fs_ G . \9\ 

■I. d L ‘ 
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where M = applied torque, I P = polar moment of 

inertia of shaft, 

f s — shear stress, d = diameter of shaft, 

\ 9 \ = angular deflection, L = length of shaft, 


i.e. 


. (216) 


The following expression for propeller torque is obtained by 
substituting Equation (216) in Equation (215), 


J ,.# 8 , __ Ig • G . |fl| 
dt* ~ L 


• (217) 


or 


d% I„ . G . \ 9 \ 
dt 2 “ Jj, • L * 


. (218) 


The same torque acts at the same instant on the engine 
masses, but in the opposite sense, and, in addition, there is the 
torque due to the driving forces acting on the engine crankpins. 

The driving forces may be assumed to consist of a constant 
tangential effort, acting at crank radius R, which represents the 
mean tangential effort of the driving forces, and a series of 
harmonically varying tangential efforts, |T X |, |T 2 |, |T 3 |, . . . |T n |, 
all acting at crankpin radius. The general expression for the 
instantaneous intensities of these periodic forces can be 
written 

|T| = |T W |. sin w . t, . . . (219) 

where |T„j = maximum intensity of the wth order component 
of the tangential effort curve in lbs. (not 
lbs. per sq. in.), 
w — phase velocity 
__ 2 . tt . N . n 
60 

N = revolutions per minute, 

n — number of complete oscillations in one revolu¬ 
tion, 
t — time. 
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For the engine masses, Equation (217) becomes, therefore, 

= _ l? - . G . i Fl + |T,|. R. sin w. t, . (220) 


jlK 


■p , 1 P . G . |0|- 

R . sin iso . t --— j- ~ 1 


Subtract Equation (218) from Equation (221) : 


j- (|T„! .R.sin w.t) = 




j. + lJ- (322) 


But | 0 | = ( 0 e — and for harmonically varying oscillations 
the instantaneous amplitude is given by 

|0| = i^maxi • sin w . t, . . . (223) 

or ,, 2 = — w*. |0 max |. sin w . t. . . (224) 


Substituting Equations (223) and (224) in Equation (222), and 
dividing both sides by the common factor (sin w . t), gives 

ilsLg = - . |ft„| + h. ■ G l ^KJ. + J») (225) 

Hence, = —ps— > -=;■ • • (“&) 

The amplitude of this vibration becomes theoretically 
infinite if the denominator of Equation (226) becomes zero, 

i.e. when w* = w 6 2 = 

QQ . W» 

If N c = critical speed = ■ — —■ revs, per mm., 

then • m 

and F = natural frequency =n. N c =( 22 9 ) 

I G 

where C = torsional rigidity of shaft = -£j- 
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The periodic torque in the shaft reaches a maximum at the 
same time as the angular deflection, 


Mmax — 


I a .G. 


=!_r 


Hence, the maximum vibration 


fs = 


Mm: 


C . | 0 ffias | 
Z ’ 


( 230 ) 


where Z = polar moment of resistance of shaft 
r.d 3 


= — for a solid shaft. 
16 


If the value of w c % in Equation (227) is substituted in Equation 
(226), the latter expression reduces to 


|0max[ 


|T«|.R 
J e (w e 2 — w*)* 


• (231) 


Also, if the periodic force causes very slow vibrations, i.e. 
if the engine is running very slowly, the limiting case, when 
w — 0, is approached. The corresponding limiting value of the 
torsional vibration amplitude \ 6 0 \, which will be referred to as 
the Equilibrium Amplitude, will be as follows :— 


l*.l 


ITnl.R 
L ■ ®e 2 ’ 


or, substituting for w* from equation (227), 

_ |T W (. R . L. J p _ 1TJ.R.J, 
t/ ° ~ Ij,. G(J e + Jj,) — C(J e -f Jj,) ' 


(232) 


The equilibrium stress is obtained as follows :— 

Equilibrium stress =f so = C -‘^ 9 - 0 ' = (233) 


The ratio | |/| 0 O [ will be referred to as the dynamic magni¬ 

fier and is obtained by dividing Equation (231) by Equation 
(232), 
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4*5 


i.e. Dynamic magnifier = 

\0o\ J e -lp(w c z -w 2 ) 

w n 

(w e 2 — w 2 ) 


I 



~ N 8 ’ ' ‘ ( 2 34) 

1 “ N? 

where N — applied frequency, 

N c = natural frequency. 

Fig. 75 gives the values of the dynamic magnifiers for 
different frequency ratios, without damping. It should be 
noticed that without damping the amplitude becomes theoreti¬ 
cally infinite when the applied frequency is equal to the natural 
frequency, and that the amplitude of the vibration is less than 
the equilibrium amplitude when the frequency ratio exceeds 
I-4X4. 

Table 51 contains the values of the dynamic magnifiers for 
different frequency ratios. 

Fig. 75 (p. 416) and Table 51 (p. 417) are based on the 
assumption that the excitation torque, and therefore the values 
of the corresponding harmonic components, are constant over 
the whole of the speed range. 

It will be shown later that this condition is not generally 
fulfilled in practice, although certain types of transmission 
systems have a constant excitation torque over a limited 
speed range. In such cases the values given in Table 51 can 
only be applied over this limited speed range. Outside this 
range it is necessary to determine the altered values of the 
harmonic components due to the changes in the value of the 
excitation torque, and then to recalculate the values of the 
equilibrium amplitudes or stresses before applying the dynamic 
magnifiers in Table 51. This task may be somewhat simplified 
if the magnitude of a harmonic component changes with speed 
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in accordance with a definite law. An important special case 
of this kind is when the magnitude of a harmonic component 
is directly proportional to the square of the speed. The har- 



0-2 04 0’6 0-8 VO V2 14 1>6 V8 2-0 2-2 M 2-6 
Frequency Ratio = — —*— 


Fig. 75-—Dynamic magnifiers with, constant excitation torque. 

monic components of the tangential effort curve due to the 
inertia of the reciprocating parts of an engine vary in magnitude 
according to this law (see Table 54). 

The values of the dynamic magnifiers when the magnitudes 
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TABLE 51. 


Dynamic Magnifiers (Without Damping). 

{Excitation Torque Constant.) 


N/N C . 

Magnr. 

N/N c 

Dyne. 

Magnr. 

N/N c . 

Magnr. 

N/N c . 

Dyne. 

Magnr. 

0*100 

1*01 

0-905 

5-53 

1*030 

16*39 

1*210 

2*16 

0-200 

1*04 

O-giO 

5-82 

1-035 

r4*o8 

1-220 

2*05 

0-300 

1*10 

0*915 

6*14 

1*040 

12*20 

1-230 

1-95 

0-400 

1*19 

0-920 

6*51 

1-045 

10*87 

I-240 

1-86 

0-500 

1-34 

0-925 

6*93 

1-050 

9*71 

I*250 

1*78 

0-550 

1-43 

0*930 

7*40 

1-055 

8*85 

1*300 

i -45 

0*600 

1*56 

0-935 

7-95 

1*060 

8*o6 

1-350 

1*22 

0-650 

i -73 

0*940 

8*59 

1*065 

7*46 

1*400 

1*04 

0-700 

1*96 

0-945 

9-35 

1*070 

6*90 

1*450 

0*91 

0*750 

2*28 

0*950 

10-26 

1-075 

6*41 

1*500 

o*8o 

0*760 

2'37 

o -955 

11*36 

1*080 

6*02 

i*6oo 

0*64 

0-770 

2*46 

0*960 

12*76 

1-085 

5-65 

1*700 

o -53 

0*780 

2*56 

0*965 

14-54 

1*090 

5-32 

i*8oo 

o *45 

0*790 

2-66 

0*970 

16-92 

1*095 

5-03 

1*900 

0*38 

o*8oo 

2*78 

0-975 

20-24 

1*100 

4*76 

2*000 

o *34 

o*8io 

2*91 

0*980 

25*25 

I*IIO 

4-31 

2*100 

0*29 

0*820 

3-°5 

0*985 

33-56 

1*120 

3-94 

2*200 

0*26 

0*830 

3'22 

0*990 

50*25 

1-130 

3 - 6 i 

2*300 

0*23 

0*840 

3-41 

o -995 

100 

1*140 

3'34 

2*400 

0-21 

0-850 | 

3-60 

1*000 

lofty. 

1*150 

3 -ro 

2*500 

0-19 

o-86o 

3-85 

1*005 

100 

1*160 

2*89 

2*600 

0-17 

0-870 

4 *n 

1*010 

50*00 

1*170 

2*71 

2*700 

0*16 

o-88o 

4'43 

1*015 

33-34 

1*180 

2-55 

2*800 

0*15 

0-890 

4-81 

1*020 

25*00 

1*190 

2*40 

2*900 

0-14 

0*900 

5-26 

1*025 

19*61 

1*200 

2*27 

3*000 

0*13 


of the harmonic components are directly proportional to the 
square of the speed may be determined as follows :— 

Let |T nc j = maximum value of nth order harmonic 
component of the tangential effort curve, 
when co = co e . This will be referred to 
as the equilibrium torque, 

|TJ = maximum value of nth order harmonic 
component at speed co, 


VOL. I.—27 
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then |TJ — iTJ(o>K) 2 - 

Also, if | 0 O | = equilibrium amplitude (due to application 

|0 max | — maximum amplitude at speed a». 

Then, by substituting |TJ = |T n0 |(w/a> c ) a in Equation (231), 


i.e. 


where 


i«.i 

| ftsoax | 


ITncl.R 

~ ] e .OO 0 2 ’ 

|T w ,l(a>/n> e ) 2 .R 


dynamic magnifier = \ 6 muc\j\ 6 9 \ = - 
(N/N 0 ) 2 

“ 1 - (N/N<,) 2 ’ 

N = applied frequency, 

N 0 = natural frequency. 


( 235 ) 


Fig. 76 shows the resonance curve for this type of excitation, 
and Table 52. gives a list of dynamic magnifiers for different 
frequency ratios when damping is neglected. 


TABLE 52 . 

Dynamic Magnifiers (Without Damping). 
Excitation Torque Directly Proportional to ( R.P.M .) 2 . 


N/N c . 

Dyne. 

Magnr. 

N/N c . 

Dyne. 

Magnr. 

N/N c . 

Dyne. 

Magnr. 

N/N f . 

Dyne. 

Magnr. 

o-ioo 

O-OIO 

0-850 

2-604 

o-995 

99-25 

I-IOO 

5-762 

0-200 

0-042 

0-875 

3-267 

I-000 

Inf. 

I-I25 

4-765 

0-300 

0-099 

0-900 

4-263 

1-005 

ioo-8 

1-150 

4-101 

0-400 

0-190 

0-910 

4-816 

I-OIO 

50-75 

I -175 

3-627 

0-500 

o-333 

0-920 

5-5io 

1-020 

25-74 

1-200 

3-278 

0-550 

o-434 

0-930 

6-402 

1-030 

17-42 

I-250 

2-778 

o-6oo 

0-562 

0-940 

7-591 

I-040 

13-26 

1-300 

2-449 

0-650 

0-732 

0-950 

. 9-256 

I-050 

10-76 

I-4OO 

2-042 

0-700 

0-961 

0-960 

11-76 

1-060 

9-091 

1-500 

i-8oo 

0-750 

1-286 

0-970 

15-92 

1-070 

7-901 

2-000 

1-333 

o-8oo 

1-778 

0-980 

24-25 

1-080 

7-010 

2-500 

1-190 

0-825 

2-131 

0-990 

49-25 

1-090 

6-316 

3-000 

1-125 
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Fig. 76 shows that when the frequency ratio is V2 the 
dynamic magnifier is 2, i.e. the vibration amplitude or stress is 
twice the equilibrium amplitude or stress when the operating 
speed is 1-414 times the critical speed. 



0-2 0-+ 0-6 0-8 1-0 n H 1-6 1-8 20 11 24 16 
Frequency Ratio = ->- 


Fig. 76 .—Dynamic magnifiers with excitation torque directly 
proportional to N 2 . 


Since, however, the ratio of applied torque to equilibrium 
torque is also 2 for a frequency ratio of 1-414, it follows that 
there is no actual magnification of the applied torque at this 
frequency ratio. Another important characteristic of Fig. 76 
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is that the forced vibration torque in the connecting shaft is 
greater than the applied torque for all values of frequency 
ratio less than 1-414, whilst it is less than the applied torque 
for frequency ratios greater than 1*414. This is the same as 
for the constant applied torque resonance curve of Fig. 75. 

It is also evident that the dynamic magnifier is zero when 
the speed is zero and that it approaches unity as the speed 
approaches infinity. The former condition is explained by the 
fact that the excitation torque becomes zero at zero speed, 
and the latter condition by the fact that the excitation torque 
and the speed both approach infinite values simultaneously. 

It is important to realise that with a constant excitation 
torque the forced vibration amplitudes or stresses can be made 
very small merely by increasing the operating speed and with¬ 
out any alteration of critical speed, as shown in Fig. 75. When, 
however, the excitation torque varies directly as the square 
of the speed the forced vibration amplitudes or stresses cannot 
be made smaller than the equilibrium amplitudes or stresses 
by an increase of operating speed. For this latter condition 
the equilibrium amplitude or stress is calculated from the same 
equations as are used when the excitation torque is constant, 
i.e. Equations (232), (233), (239), (240), (241), (245), (246), (247) 
and (248), but the values of the harmonic components used in 
these equations must be the values corresponding to the ex¬ 
citation torque when the transmission system is running at the 
critical speed. It is therefore evident that the forced vibration 
amplitudes and stresses can only be reduced below the existing 
equilibrium amplitudes and stresses by lowering the critical 
speed, i.e. by reducing the natural frequency of the system. 
When this is done the equilibrium amplitudes and stresses 
must be recalculated, using the values of the harmonic com¬ 
ponents corresponding to the excitation torque at the new 
critical speed, and these new values will be less than the values 
corresponding to the original critical speed. 

Fig. 77 illustrates the foregoing point. The full lines show 
the conditions with the critical speed at its original position 
in the speed range, namely 100 r.p.m., whilst the dotted lines 
show the condition when the critical speed is reduced to 66*7 
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r.p.m. In the following discussion it will be assumed that 
|T nc |, etc., represent torques instead of tangential efforts. 



/V= Revolutions per Minute 



N - Revolutions per Minute —>- 

Fig. 77.—Forced vibration amplitudes. 

The excitation torque curve is shown on Diagram I, the 
original equilibrium torque, |T ne |, having a value of 1000 
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lbs.-ins. in this example. Since the forced vibration amplitudes, 
stresses, and torques at any speed are all proportional to one 
another, it follows that 

Dynamic magnifier = | 0 m J/| 0 o | =/*//«* = |T|/|TJ, 

where |T| is the torque induced in the connecting shaft by 
the exciting torque |T w j. 

Hence, from Equation (235), 

i T l/l T J = i = the dynamic magnifier. 

Assuming an original critical speed N c = 100 r.p.m., the 
frequency ratio at 200 r.p.m. is N/N 0 = 2, and, from Table 52, 
the dynamic magnifier at 200 r.p.m. is 1*333, 

i.e. |T| = 1*333 X 1000 = 1333 lbs.-ins. 

The complete resonance curve for a critical speed of 100 
r.p.m. is shown by the full lines in Diagram I of Fig. 77. Dia¬ 
gram II shows how the magnitude of the forced vibration 
torque at 200 r.p.m. could have been obtained from a curve of 
the type shown in Fig. 75, using the dynamic magnifiers given 
in Table 51. It is first necessary§to determine the excitation 
torque at the operating speed, i.e. at 200 r.p.m. In this case 
the forcing torque is proportional to N 2 and has a value 1000 
at the critical speed, hence, 

( 200 a \ 
foo"/ 

= 4000 lbs.-ins. 

This is the value which must be taken for the equilibrium 
torque when constructing the resonance curve shown by the 
full lines in Diagram II of Fig. 77, i.e. it is assumed that this 
forcing torque remains constant, whilst the frequency is varied. 
Then, from Table 51, the dynamic magnifier for a frequency 
ratio 200/100 = 2 is 0*3333. 

Hence, |T[ = 4000 x 0*3333 = 1333 lbs.-ins., as before. 

Diagram I shows that no matter how much the operating 
speed is increased the forced vibration torque cannot be reduced 
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below the equilibrium torque, viz. 1000 lbs.-ins., so long as 
the critical speed remains at ioo r.p.m. 

If it is desired to reduce the forced vibration torque at 200 
r.p.m. to 500 lbs.-ins., the required change in frequency can be 
obtained as follows :— 

Referring to Diagram II of Fig. 77, the dynamic magnifier, 
when the forced vibration torque at 200 r.p.m. is 500 lbs.-ins., 
is 500/4000 = 1/8. Now for a resonance curve of the type 
shown in Diagram II, 

Dynamic magnifier = 

This gives a value 1/8 when the frequency ratio (N/N/) is 3. 

Note .—Strictly speaking the dynamic magnifiers for all 
speeds on the right-hand side of the resonant speed have 
negative values, i.e. this flank of the resonance curve should 
really be plotted below the base line of the diagram. It is, 
however, more convenient to plot it as shown in the diagrams. 

Hence, the required position of the critical speed is 

N/ = N/3 = 200/3 = 667 r.p.m. 

Referring now to Diagram I of Fig. 77. 

The equilibrium torque at the new critical speed is 

|T W /| = iooo(667/ioo) 2 = 444 lbs.-ins. 

Also, from Table 52, the dynamic magnifier for the nefa 
frequency ratio, N/N/ = 3, is 1*125. 

Hence the new value of the forced vibration torque at 200 
r.p.m. is 

[T'| — 444 X 1*125 = 5 00 lbs.-ins., which is the desired value. 

The new resonance curve is shown by the dotted lines, and 
it should be noted that with this new position of the critical 
speed it is not possible to reduce the forced vibration torque 
below 444 lbs.-ins., no matter how much the operating speed is 
increased. 

Fig. 78 shows an application where the magnitude of the 
forcing torque is proportional to the square of the speed. The 
apparatus illustrated is a fatigue testing machine used by the 
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D.V.L. for investigating the strength of full-size crankshaft 
elements. The illustrations are reproduced from a paper by 
Professor Karl Liirenbaum entitled " Belastung und Trag- 
fahigkeit von Flugmotoren Kurbelwellen,” Gesammdte V ortr age 



Diagrammatic Arrangement 



fatigue Testing Machine for Full Scale Fatigue Tests on Aero- 

Cr&nk Elements Engine -Crankshafts. 

Fig, 78 .—Fatigue testing machine (D.V.L.). 


de Eauptversammlung, 1937, der Lilienthal Gesellschafi fur 
Luftfahrtforschung, 

One end of the crank element under test is fixed to the 
bracket shown at the right-hand side of the illustration and a 
beam with movable weights is secured to the other end of the 
crank element. The arrangement therefore is equivalent to 
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the simple torsional pendulum shown in the diagrammatic 
arrangement in Fig. 78, the elasticity of the crank representing 
the spring member C, and the loaded beam representing the 
inertia element J. 

The weights can be moved along the beam for the purpose 
of altering the moment of inertia of the system and by this 
means the vibrating system can be adjusted to the desired 
test frequency. The system is excited by an unbalanced 
rotating mass, driven by a variable speed electric motor which 
applies a once per revolution torque variation to the specimen. 

The exciting torque is therefore given by the following 
expression 

|TJ =F.R = m.o 2 .e.R, 

where R = radius of application of the unbalanced force F, 
m = unbalanced mass of exciter, 

0 = angular velocity of exciter mass, 

& = distance of c.g. of unbalanced mass from its 
axis of rotation. 

Also, if ct) c = angular velocity of exciter corresponding to 
the resonant frequency of the system, 

|T WC | = the equilibrium torque, 
then |TJ = m . a> e 2 . e . R. 

And the torque applied to the shaft at any other speed a> 
outside the resonant zone is obtained by multiplying |TJ 
by the dynamic magnifiers in Table 52. The shape of the 
resonance curve is that shown in Fig. 76. 

The amplitude at any speed is obtained as follows:— 

Equilibrium amplitude = 0 O = |T fte |/C = m . w 6 2 . e . R/C, 
but = C/J, 

where C = torsional rigidity of shaft, 

J = polar moment of inertia of attached flywheel 


Hence, 

and 


9 0 = m.e. R/J, 

0 in (W 
- I __ (N/Nc) 2- 


at non-resonant speeds. 
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The torque and amplitude in the resonant zone cannot, 
of course, be determined by the above expression since they 
depend largely upon the amount of damping in the system. 

A typical service fracture is shown in Fig. 78 compared with 
a fracture produced on the testing machine. It is evident that 
in both cases characteristic torsional vibrational fractures have 
been obtained. 

Summary of Formulae for Two-Mass Systems. 

(a) Expression for Critical Speed :— 

N„ = ^ ' C ( from E< * n - 22 9 ) 

where N c = nth order critical speed, revs, per min., 
n = number of complete oscillations per rev., 

J e = moment of inertia of engine masses, 

] v — moment of inertia of propeller, 

C = torsional rigidity of shafting 
G.L 


G = modulus of rigidity = 12,000,000 lbs./sq. in., or 
772,000 tons/sq. ft. for carbon and alloy steel 
shafts, 

Ij> = polar moment of inertia of cross-section of shaft 
v . d i 
= !&’ 


d — diameter of shaft, 

L — length of shaft, 

„ 1175000.^ , , T . . . 

i-e. C =--, xf d and L are in inches ; C m 

lbs.-ins./radian 

— ^ 5 __- ( if d and L are in feet; C m 

tons-ft./radian. 
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N c 


.10350 . d 2 
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(236) 


2620 


when d and L are in inches, and J e 
and Jj, in lbs.-ins. sec. 2 units, 

d 2 




(237) 


when d and L are in feet, and J e 
and Jj, in tons-ft.-sec. 2 units. 


(b) Expression for Equilibrium Amplitude (i.e. amplitude 
when N = 0) — 

\q I _ F«1 ijuJg ( 2 o 2 ) 

'°‘“ CiJe + J,)’ * ’ ' ( 3 ) 

where |0 O | = equilibrium amplitude in radians,* 

|T W | = nth. order harmonic component of tangential 
effort curve for whole cylinder group in lbs., 

R = crank radius = stroke/2 for single-piston engines ; 
and (total combined stroke) j\ for opposed- 
piston engines. 

For steel shafts, 

[flol = ‘ radians, . (238) 

1 01 1175000 . 

when R, L, and d are in inches, |TJ in lbs., 
and J P and J e in lbs.-ins. sec. 2 units, 

= l^”l • _ - T ~) ra -dians, . (239) 

75500 + v 

when R, L, and d are in feet, ]T W | in tons, 
and Jj, and J e in tons-ft. sec. 2 units. 

Note. —} 0 O | is the total deflection of one end of the shaft 
relative to the other end , when N = o. 


* Note .—In Equation (232) ] 0 O | is the equilibrium amplitude of twist 
between J* and In multi-mass system the term equilibrium amplitude 
usually refers to the equilibrium amplitude at the free end of the shaft. 
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(c) Expression for Equilibrium Stress :— 


Z — polar moment of resistance of shaft 

TT.i 3 

16 

/„ = 5-1 ' ' R (j 7 +J,) lbs - /sq - • < Z4 °) 

when d and R are in inches, )T n | in lbs., and 
J e and Jj, in lbs.-ins. sec. 2 units, 

= 79,3 ’ gl * R (j~ {? x) lbs -^- in ’> ’ ( 2 4 I ) 
when d and R are in feet, |T„j in tons, and J„ 
and J P in tons-ft. sec. 2 units. 

(d) Expression for Maximum Stress at N Revolutions per Minute 
{Damping Neglected ):— 

f s = f so x (dynamic magnifier) 

= / 40 X I N lbs. per sq. in. (from Eqn. 234) 

L i_ n/j 

The magnitudes of the dynamic magnifiers for different 
values of the ratio N/N c are given in Table 5*- 

The foregoing expressions may be used in cases where the 
oscillating system can be reduced to a simple equivalent two- 
mass system, e.g. for the one-node mode of vibration of marine 
installations where the engine masses are separated from the 
propeller by a long length of intermediate shafting, the tor¬ 
sional rigidity of which is small compared with that of the 
engine crankshaft. 

In such cases the stress values obtained by assuming an 
equivalent two-mass system are not greatly different from the 
values obtained by more, elaborate methods. 

In cases where the torsional rigidity of the engine crank¬ 
shaft is not large compared with that of the intermediate 


where 


Hence, 
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shafting, or where there are a number of masses connected by 
sections of shafting of approximately equal torsional rigidity, 
the foregoing simple treatment cannot be employed. 

The two-node mode of vibration of marine installations, and 
the one-node mode of vibration of close-coupled electrical 
generating sets, are examples of installations where a more 
elaborate treatment is necessary to obtain a satisfactory 
solution. 

Equilibrium Amplitude—Multi-Mass Systems.—It has 

already been mentioned that in the case of a shaft transmitting 
power, provided the applied and resisting torques are perfectly 
uniform, the only effect of the elasticity of the shafting is to 
cause the end from which power is being taken to lag behind 
the end at which power is applied. 

If, however, the applied and resisting torques are suddenly 
removed, the shaft is put into a state of free vibration, and the 
curve of angular displacement can be analysed into a series of 
normal elastic curves, each corresponding to one of the normal 
modes of free vibration of which the system is capable. 

The amplitude of any one of these modes of vibration under 
the above conditions will be referred to as the Equilibrium 
Amplitude, since it is the amplitude which is attained without 
any magnification due to resonance with an external pulsating 
couple. 

The stress corresponding to the equilibrium amplitude will 
be referred to as the Equilibrium Stress. 

Note. —The equilibrium amplitude and stress in a multi¬ 
mass system varies throughout the system. Unless stated 
otherwise, however, the terms equilibrium amplitude and 
equilibrium stress will be used to denote the equilibrium ampli¬ 
tude at the free end of the shaft and the maximum value of 
the equilibrium stress respectively. 

The equilibrium amplitude of any normal mode can be 
obtained by equating the work done by the external couple 
when the shaft is deflected from its mean position to one extreme 
of its angular displacement (i.e. through the angle corresponding 
to the equilibrium amplitude), to the maximum potential energy 
of the vibration. 
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Consider a simple system having a mass of moment of 
inertia T at one end, fixed at the other end, and subjected to 
the action of an external couple M at some intermediate point. 

L e t 6 = amplitude at the point where the mass is attached, 
6 X = amplitude at the point where the couple is 
applied, 

w c — phase velocity 

/> in- F 

— — radians per sec., 

6 ° 

F — frequency of vibration in oscillations/min. 

Then work done by external couple in moving shaft through an 
amplitude 0 X is 

The maximum torque due to the inertia of the attached mass is 

Mj = J • Wc* • 0, 

i.e. ma xim um, potential energy, Ej, = \ . J • ^c 2 • ^ 2 - 
For equilibrium E c = E v , 

or |.M.^== J. J.av’.fl 2 , 

M . 9 1 


whence 


0 2 = 


J.* 


(242) 


Then 


i.e. 


or 


Let a — ordinate on normal elastic curve at point where 
the actual amplitude is 0, 

a x = ordinate on normal elastic curve at point where 
the actual amplitude is 0 X . 

h = i- or e = 
a x a »i 

— a , -L ?± —s (from Eqn. 242) 

J -^ 2 


( 243 ) 
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Now, let 6 0 — the amplitude at any selected datum point 
where the amplitude on the normal elastic 
curve is a 0 . 


(244) 


Then, since 0 o /a: o = Oja, 

n __ M . a, a Q 

0 jTi* ' 

where 0 O is the equilibrium amplitude at that point in 
the system where the amplitude on the normal elastic curve 
is a 0 . It is customary to assume unit amplitude at the free 
end of the shaft when setting down the normal elastic curve, 
and when this is done the expression for the equilibrium 
amplitude is obtained by putting a 0 = 1 in Equation (244), 


M . a ± 
w *. J . a r 


<245) 


Note that in the case of a simple torsional pendulum where 
the mass is at the free end of the shaft, if the exciting couple 
is also applied at the free end of the shaft, then a — = a 0 = 1, 
Equation (245) reduces to 


M 


M 

= ■£, since w c 2 = C/J, for a simple torsional pendulum, 


C = the torsional rigidity of the shaft. 


In an actual installation having;several attached masses, and 
subjected at various points to the action of several applied 
couples, Equation (245) becomes 


^0 


T« . A R . Z a 
w 2 . Itf.a 2 ) 


radians, 


(246) 


where 6 0 = equilibrium amplitude at free end of crankshaft, 
T„ = maximum value of nth order harmonic component 
of tangential effort curve for one cylinder, in 
lbs. per sq. in. of cylinder area , 

A = area of cylinder in sq. ins., 

R = crank radius 

= (total combined stroke)/4, for opposed-piston 
engines, 
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la = vector sum of ordinates at each cylinder from 
normal elastic curve, assuming unit amplitude 
at free end of crankshaft, 
w c = phase velocity, in radians per sec. 

_ 2 . Tt . F 
~ 60 ’ 

F = natural frequency of vibration, in oscillations per 
minute, 

2 (J . a 2 ) = effective moment of inertia of system referred to 
free end of crankshaft, i.e. the arithmetic sum 
of the products of the moments of inertia of 
the respective masses and the squares of the 
ordinates at each mass from the normal elastic 
curve, assuming unit amplitude at the free end 
of the crankshaft, 

D = diameter of cylinder in inches. 

If R is in feet and J is in tons-ft. sec. 2 . Equation (246) reduces to 
1*83 . D 2 . R . T„ . la , 

F» :f ( j T ?)— degms - (247) 


Note on Equation (246) :— 

If Equation. (246) is applied to a simple two-mass system consisting of 
a single cylinder engine mass J e at one end of a shaft of torsional rigidity C, 
and a propeller mass J s at the other end, the following result is obtained :— 
Let 6 e0 = equilibrium amplitude at engine, 

0 oa = equilibrium amplitude at propeller, 

T„ = «th order harmonic component of tangential effort curve of engine. 
Then \d 0 \ — (8 e0 — 6 p0 ) = equilibrium amplitude of twist between J e and J v , 

but 9.o(i + j 5 )’ 

also T„. A . R . Za = |T*| . R . 0 eO 

and SQ.a*) - J.[i + £]. 

Hence, Equation (246) becomes 


0 ■ l T nl R 

“ -@7?-St*' 

which agrees with Equation (232). 
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If R is in inches and J in lbs.-ins. sec. 2 , Equation (246) reduces to 




4100 . D 2 . R . T n . 2 a 
F 2 . 2 (J . a 2 ) 


degrees. 


(248) 


Equilibrium Stress .—The equilibrium stress is obtained from 
the equilibrium amplitude, in degrees, by multiplying the latter 
by the stress for one degree deflection at the free end of the 
crankshaft given in column K of the frequency table (see 
Tables 1, 2, 3, and 4). 

Application to Multi-Cylinder Engines .—In applying the 
foregoing analysis to an actual installation, the principle of 
linear superposition plays an important part. This principle 
may be stated as follows:— 

In any linear elastic system the motion produced by two or 
more sets of periodically varying forces, acting simultaneously, 
is equal to the sum of the motions which would be produced by 
the separate forces acting alone, due regard being given to the 
phase relations between the respective components. 

Thus the motion produced by the varying torque of a single 
cylinder is the sum of the motions which would be produced by 
the separate components of. the torque curve if these were 
assumed to be acting alone ; and the motion produced by a 
group of cylinders is the sum of the motions produced by the 
separate cylinders. 

In dealing with multi-cylinder installations it is necessary 
therefore to. separate the- tangential effort curve into its har¬ 
monic components and to give each of these separate considera¬ 
tion. In any given system certain components will predominate 
whilst others will be negligible. 

In the case of one-node vibrations, i.e. vibrations of the first 
degree, of marine installations, for example, the node is so 
disposed relative to the engine crankshaft that all cylinders 
vibrate with nearly equal amplitudes. The only critical speeds 
of serious importance are the major criticals, i.e. those critical 
speeds at which the number of oscillations per revolution is 
equal to or is an integral multiple of the number of cylinders 
in the case of 2 S.C., S.A. engines where the working cycle 
occupies one revolution of the engine. In the case of 4 S.C., 
vol. 1.—28 
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S.A. engines where the working cycle occupies two revolutions, 
the major criticals are those critical speeds at which the 
number of oscillations per revolution is equal to one-half the 
number of cylinders or is an integral multiple of one-half the 
number of cylinders. The minor criticals cancel. 

For two-node vibrations, i.e. vibrations of the second degree, 
one of the nodes usually falls within the crankshaft, and where 
a heavy flywheel is fitted it is generally located close to the 
flywheel. In that case, the cylinders remote from the flywheel 
are more effective in producing vibration than those situated close 
to that point, so that only partial cancellation of the minor 
criticals takes place. Hence, serious second degree vibrations 
can occur at both major and minor criticals, depending on the 
elasticity of the system, the positions of the principal masses, 
the type of prime mover, and the firing order. 

By constructing vector diagrams showing the phase relations 
between the impulses imparted by the several cylinders, the 
resultant impulse imparted by the entire group of cylinders 
for any particular critical is obtained. This matter is fully 
explained later. 

Harmonic Components of Tangential Effort Curve.-— 

The tangential effort curve of an internal combustion engine 
repeats after every complete working cycle. For a four-stroke 
cycle, single-acting engine the interval of repetition is two 
revolutions, and for a two-stroke cycle, single-acting engine it 
is one revolution. This curve may therefore be represented by 
a Fourier series consisting of a constant term and a series of 
harmonically varying terms having x, 2, 3, 4, etc., repetitions 
per cycle. 

The constant term is merely the mean tangential effort, and 
can be determined as follows :— 

Let = mean indicated pressure in lbs./sq. in., 

L = total stroke in feet, 

A = area of cylinder in sq. ins., 

N = revolutions per minute, 
n — number of working cycles per minute 
= N/2 for 4-S.C., S.A. engines 
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= N for 4-S.C., D.A. and 2-S.C., S.A. engines 
= 2 . N for 2-S.C., D.A. engines, 

T m — mean tangential effort in lbs./sq. in., 

R = crank radius in feet 

= L/4 for opposed-piston engines, 

I.H.P. = indicated horse power. 


Then 

i.e. 


I.H.P. = 


P„. L . A. n _ 2 . tt. R. N .T m . A 
33000 — 33000 


T m .L.n 
2 . 77 . R . N 


Hence, for four-stroke cycle, single-acting engines, where 
n = N/2, 

T m = P “. 

2.77 


For four-stroke cycle, double-acting, and two-stroke cycle, 
single-acting engines, where n — N and L — 2R, 

p 

T m —-~ for single-piston engines, where L = 2 . R, 

2 . P 

= for opposed-piston engines, where L = 4 . R. 


For two-stroke cycle, double-acting engines, where n — 2 . N, 


T 


m — 


2.P n 


The mean turning moment is given by the following ex¬ 
pression :— 

Mean turning moment = T m . A . R lbs.-ft. 

It is convenient to describe the several harmonics of the 
tangential effort curve in terms of the number of complete 
impulses per revolution of the prime mover, and to refer to 
these as the order numbers of the harmonics. 

Thus for a four-stroke cycle, single-acting engine, where the 
complete working cycle occupies two revolutions, there will be 
harmonic components of the 1, i\, 2, 2$, etc., orders ; whilst 
for a two-stroke cycle, single-acting engine, where the working 
cycle occupies one revolution, there are no half orders. 

For example, the third order component of the tangential 
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effort curve repeats itself three times in each revolution 
irrespective of the type of prime mover, when the above 
notation is used. 

Lhs./a” 

500-j- 
400- 
300 - 
200 • 

700” 



IE.Diagram for 
One Cylinder. 


j- Indicator Diagram. 

130 lbs./a" 
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Fig. 79.—Harmonic components of tangential effort diagram for one-cylinder 
4-S.C., S.A. petrol engine. 


These component curves do not represent work, since there 
is an equal number of positive and negative areas for each 
working cycle ; but when the ordinates are added to the 
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constant term, which represents the mean tangential effort, a 
true copy of the tangential effort curve is obtained. 

Fig. 79 shows the tangential effort curve and the first six 
harmonic components for a 4 -S.C., S.A. petrol engine. 

It is sufficient for the frequency of application of any one 
of the harmonic components of the tangential effort curve to 
coincide with one of the natural frequencies of torsional oscilla¬ 
tion of the system for resonance to occur. It has already been 
mentioned that the various modes of free vibration are referred 
to by degree numbers. Hence, a third order, second degree 
vibration can also be described as the third harmonic of the 
two-node natural frequency of the system. A vibration of this 
type would arise in the presence of a third order harmonic 
component of the tangential effort curve, and resonance would 
occur when the product of the order number and the number of 
revolutions per minute became equal to the two-node natural 
frequency of torsional vibration, i.e. when the engine revolu¬ 
tions were exactly one-third of the two-node natural frequency. 

Harmonic Analysis of Tangential Effort Curve.—The 
Fourier series for the tangential effort curve may be written 
thus :— 

T = T m +' 2(A W sin n . 0 -)- B n cos n . 0) 

= T m +ZT n sm(n.0+« n ), 

where T m = constant mean tangential effort, 

T„ = maximum value of the nth order resultant har¬ 
monic component, 

n = order number, i.e. the number of complete im¬ 
pulses per revolution of the prime mover, 

0 = crank angle, 

<x„ = phase angle. 

Also, it can be shown that- 

T„ = VX S + B„ 2 , 

Tan «. = |=. 

Fig. 8 o gives a graphical interpretation of the above ex¬ 
pressions where Diagram I shows the sine and cosine terms 
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and their resultant for the half-order harmonic component 
of the tangential effort curve of a four-stroke cycle single- 
acting engine. The data is taken from Table 53, namely:— 

Sine term . A n = 29-1 lbs. per sq. in. of piston area, 

Cosine term . B n = 36*1 „ „ „ „ 

Resultant . T n — V A n 2 + B n 2 = 46*4, 

Phase angle . = tan -1 B w /A n = , 

Order number n — 0*5. 

The resultant is the algebraic sum of the sine and cosine 
terms, and variations of the amplitudes of the sine and cosine 
terms and of the resultant with time (or crank angle) are shown 
by plotting the vertical projections of the three rotating 
vectors on a base of crank angles. The sum of the sine and 
cosine vectors is obtained in the usual way by completing the 
parallelogram and drawing the diagonal shown dotted in the 
vector diagrams in Fig. 80. Since it is customary to take 
top dead centre (i.e. the position of the crank when the com¬ 
bustion stroke commences) as the origin of time for each work¬ 
ing cycle, the vector representing the sine term must be set 
in phase or in counter-phase with the crank according to 
whether A n is positive or negative. It will be assumed that 
upward projections are positive and that the vectors rotate 
in a counter-clockwise direction. These conventions imply 
that if A n is positive the sine vector is set off to the right, 
whilst if A n is negative the sine vector is set off to the left. 
The vector representing the cosine term must be set off at 
90 degrees to the sine vector, and in accordance with the 
foregoing conventions the cosine vector is set off vertically 
upwards when B„ is positive and vertically downwards when 

is negative. In this way the correct phasing of the resultant 
vector is assured. 

Since by definition the order number n is the number of 
complete vibration cycles which are completed in one revolu¬ 
tion of the crankshaft, the rotating vectors must make n 
complete revolutions for each revolution of the crankshaft. 
Hence for each 360 degrees of crankshaft rotation the vectors 
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Fig. 8o.—H armonic components of tangential effort diagram for one cylinder. 
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must rotate 360. n degrees, i.e. 360 degrees on the vector 
diagram represent 360 [n crankshaft degrees. 

In Diagram I of Fig. 80, therefore, where n = 0*5, each 
complete revolution of the vectors represent *360/0-5 = 720 
crankshaft degrees, and there is half a vibration cycle in each 
revolution of the crankshaft. 

It should be noted that the resultant vector leads the crank 
by xjn degrees, where in Diagram I 

= (5i°-7')/°‘5 = (I02°-I4 / ). 

It is also of interest to note that 

A n — T n cos a w , and B„ — T B sin oc B . 

Diagram II of Fig. 80 shows the graphical construction 
for the 3rd order harmonic component of a four-stroke cycle, 
single-acting engine. In this case also the data is taken from 
Table 53. Since B w is negative the cosine vector is set off 
vertically downwards. The vectors rotate through 360 . n = 
360 X 3 = 1080° for each revolution of the crankshaft, i.e. 
there are three vibration cycles per crankshaft revolution and 
the resultant vector leads the crank by a n fn = (33i°-56')/3 
= no°- 39 '. 

Diagram III of Fig. 80 shows the graphical construction 
for the 4th order harmonic component of a two-stroke cycle 
engine. Since B w is negative the cosine vector is set off 
vertically downwards. The vectors rotate through 360 . n — 
360 x 4 = 1440 0 for each revolution of the crankshaft, i.e. 
there are four vibration cycles per crankshaft revolution and 
the resultant vector leads the crank by a n /» or (^oy°~z8')l4 = 
76 °- 52 '. 

The values of the coefficients A n and B w are determined by 
making an harmonic analysis of the tangential effort curve, 
either by means of a mechanical harmonic analyser, or by cal¬ 
culation. The values of T n and of the phase angle a„ may then 
be determined from the corresponding values of A n and B rt . 
(See Appendix, Vol. II, for method of carrying out an harmonic 
analysis.) 
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The effect of inertia on torque may be taken into account 
either by correcting the tangential effort curve for inertia 
effects before making the analysis, or by correcting the har¬ 
monic coefficients obtained from an analysis of the gas pressure 
curve alone. 

The following series of tables shows the latter method 
applied to the tangential effort curve of a four-stroke cycle, 
single-acting petrol engine operating with a mean indicated 
pressure of 130 lbs./sq. in. (see Fig. 79). 

TABLE 53- 

Harmonic Components of Tangential Effort Curve. 


(i) Gas Pressure. 


Harmonic 

Order. 

Sine Term. 

A*. 

Lbs./Sq. In. 

Cosine Term. 

Bn. 

Lbs./Sq. In. 

Resultant. 

T«. 

Lbs./Sq. In. 

Phase Angle. 

<*a. 

i 

29-J 

36-1 

46-4 

5 I °~7 / 

' I 

44-5 

15-6 

47'3 

I9 a -I9' 

I* 

41-8 

-2-36 

. 4i'9 

356 0 -47' 

2 

30-0 

-7-50 

30-9 

345°-58' 

• 2* 

20-65 

-9-30 

22-7 

335 -46' 

3 

15-1 

-8-05 

17-1- 

331-56' 

3t 

10-9 

—8-8o 

14-0 

321 6' 

4 

6-9 

—9-00 

«*3 

3oj°-z8' 

- 4* 

4-1 

-8-25 

9*22' 

296 0 —27' 

5 

2-55 

—7-60 

8-02 

288°-33' 

5* 

i*55 

-7-15 

7*29 

282®—14' 

6 

1-20 

-375 

3*95 

2 87°-43' 

Mean tang, effort 

T m — Jlul — 112 = 20-7 lbs./sq. in. 

2 . TT 2 .7T 


Note .—The magnitude of the phase angle is determined as 
follows :— 


(i) If A n is positive, and B„ is positive, a n is in the first 

quadrant, i.e. between o° and 90°. 

(ii) If A w is negative, and B n is positive, oc n is in the second 

quadrant, i.e. between go 0 and 180 0 . 
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(iii) If A n is negative, and B n is negative, a„ is in the third 

quadrant, i.e. between i8o° and 270°. 

(iv) If A„ is positive, and B n is negative, a* is in the fourth 

quadrant, i.e. between 270° and 360°. 

TABLE 54-* 

Harmonic Components of Tangential Effort Curve. 


(ii) Correction for Inertia of Reciprocating Parts. 


Harmonic Order. 


H„. 

T„. 

Lbs./Sq. Ins. 

I 

sin 0 

0-06351 

8-770 

2 

sin 2 8 

—0-50012 

-69-000 

3 

sin 30 

- 0 - 19 X 93 

-26-500 

4 

sin 48 

—0-01613 

-2-250 

5 

sin 5 0 

0-00258 

0'356 

6 

sin 60 

| 

0-00039 

o-org 


Note .—There are no cosine terms, and no half orders. 

T s = 0*0000284 x W x R X N 2 x H„ lbs./sq. in. of 
piston area, 

* Table 57 gives the values of H„ for different values of the ratio : 
n = (length of connecting rod/crank radius). 

The values of H„ in Tables 54 and 57 are obtained from the following 
expressions :— 


Har- 

raonic 

Order. 


Expression for H„ 


sin 0 


+ — 

+ ~ 






4 « 

16 w s 

5I2W® 


2 

sin 20 



I 


_L. 



2 


32w l 


32«« 

3 

1 sin 3 0 


3 

_ 9 _ 

81 





4 « 

32» 3 

5X2 M 5 


. 

sin 40 










4 n- 8 n* 


i6w« 

5 

sin 50 




+ —s 






32» a 

5I2W S 


6 

sin 60 



+ 


H — — 





32 n* 


32 « 6 
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where T n = nth order inertia tangential effort, 

W = weight of reciprocating parts in lbs. per sq. in. of 
piston area (assumed to be 0*2 in this example), 
R = crank radius in inches (assumed to be 1-875 ins. 
in this example), 

N = revolutions per minute (assumed to be 3600 in 
this example), 

H ra = multiplier (the tabulated values are for a Conn. 
Rod/Crank ratio of 4). 

TABLE 55* 

Harmonic Components of Tangential Effort Curve. 


(iii) Correction for Deadweight of Reciprocating and Revolving Parts. 


Harmonic 

Order. 


Reciprocating Parts. 

Revolving Parts, 

Total. 

T„. 

Lbs./Sq. In. 


Tn. 

H„. 

Tn. 

I 

sin 0 

I >00000 

0-2000 

1-00000 

0-57 

0-77 

2 

sin 2 9 

0-12710 

0-0254 

None 

None 

0-0254 

4 

sin 4 8 

-0-00103 

— 0-0002 



-0-0002 

6 

sin 69 

O-OOOIO 

0-0000 

" 


0-0000 


* Table 57 gives the values of H„ for different (connecting rod/crank) 
ratios. . 

The values of H n in Tables 55 and 57 are obtained from the following 
expressions:— 


Harmonic 

Order. 


Expression for H n . 

I 

sin 8 

1-000 

2 

sin 2 8 

+ l + + 

T an 8« 3 t 256 T ■ 

4 

sin 4 0 

_i__3_ _ 

16 n 3 64 n* 

6 

sin 60 

1 

+ 85-3 n s + 
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Note .—There are no cosine terms, and no odd orders except 
the first. 

T, = WxH„ lbs. per sq. in. of piston area, 
where W = wt. of reciprocating or unbalanced revolving 
parts in lbs. per sq. in. of piston area (assumed 
to be o-2 and 0*57 lbs./sq. in. in this example), 
H n = multiplier (the tabulated values are for a Conn. 
Rod/Crank ratio of 4). 

In Table 55 the values of T n are for a vertical engine. In 
cases such as an engine with inclined banks of cylinders, or 
with radially disposed cylinders, where the line of stroke is 
inclined to the vertical at an angle p, as shown in Table 5 7 , the 
expression for T n becomes 

For the Reciprocating Parts, 

T w = (W . H n ). cos p. 

Thus T n = W. H n for a vertical engine where p = 0 

= 0 for a horizontal engine where p = 90° or 270 0 
= — W . H„ for an inverted engine where p — 180 0 . 

For the Revolving Parts. 

In the case of the revolving parts the expression for the 
tangential effort due to the deadweight is 

T = W(cos p . sin 6 + sin p . cos 0 ). 

The correction for the deadweight of the revolving parts 
may therefore affect both the sine and cosine components of 
the gas pressure. The following table gives the corrections 
for some commonly used values of p :— 


+. 

Ax. 

B x . 

Sine Compt. 

Cos Compt. 

o° (vertical engine) .... 

1-0000 

0 

45 ° .... 

07071 

07071 

qo ° (horizontal engine) 

0 

1-0000 

1 So 0 (inverted engine) .... 

—1-0000 

0 

225° .... 

—07071 

—07071 

270° (horizontal engine) 

0 

— I'OOOO 
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Corrections for the deadweight of the running gear only 
affect the ist order components and as a general rule are small 
and can be neglected, especially in the case of high-speed engines. 


TABLE 56.* 

Harmonic Components of Tangential Effort Curve. 
(iv) Correction for Connecting Rod Couple. 


Harmonic 

Order. 


H n . 

Ttt. 

Lbs./Sq. In. 

2 

sin 20 

—0-03124 

-4-64 

4 

sin 40 

o-ooiox 

0-I5I5 

6 

sin 60 

-0-00002 

—0-0030 


Note .—There are no cosine terms, and no odd orders. 

^ _ 0-0000284 X W (a.b- K 2 )N 2 . H* 

R 

where W = total weight of connecting rod in lbs./sq. in. of 
piston area (assumed to be 0-36 in this example), 
a = distance of centre of gravity of rod from small 
end (assumed to be 1-8 ins. in this example), 
b — distance of centre of gravity of rod from big 
end (assumed to be 6-2 ins. in this example), 

* The values of H n in Tables 56 and 57 are obtained from the following 
expressions :— 



crank radius 


where 





446 TORSIONAL VIBRATION PROBLEMS 

K — radius of gyration of rod about centre of gravity 
(assumed to be 3*01 ins. in this example), 

R — crank radius (assumed to be 1-875 ins. in this 
example), 

H„ = multiplier (the tabulated values are for a Conn, 
Rod/Crank ratio of 4). 

The above expression for T n indicates that the correction 
couple for the rod would be zero if (a . b = K 2 ), in which case 
the rod would be dynamically equivalent to a mass m x con¬ 
centrated at the crosshead or gudgeon pin and a mass m 2 con¬ 
centrated at the crankpin, such that 

(m x + m & ) — the total mass of the rod, 
m x . a = m 2 . b. 

This condition would be very nearly realised if the actual 
rod consisted of two large ends connected by a very thin bar. 
If, on the other hand, the rod was equivalent to a uniform bar 
of length L the value of {a . b — K 2 ) would be L 2 /6. 

In practice the value of (a . b — K 2 ) is usually very small 
and in some cases might even be negative, for example, in 
cases where the big-end keep is very heavy. In small high¬ 
speed engines the value of (a .b ■— K 2 ) usually lies between 
L 2 /20 and L 2 /30, although it is difficult to give any truly re¬ 
presentative value due to the large variations in the design of 
these components. 

The exact value is easily determined experimentally in 
any given example. Thus the values of a and b can be obtained 
by weighing the rod as explained in Chapter 3. The value of 
K 2 , i.e. the radius of gyration squared, can be obtained by 
swinging the rod as a compound pendulum (see Fig. 36, and 
Equation 70), i.e. expressing Equation (70) in inch units, 

K 2 = [(9-77 . T 2 . R) - R 2 ] ins. 2 , 
where, in this case, 

T = periodic time in seconds = 60/N, 

N = number of complete oscillations per minute, 

R = distance from point of oscillation to centre of gravity 
of rod (see Fig. 36). 
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The value of K 2 can be checked by swinging the rod first 
from the small end and then from the big end. The two values 
should agree. 

In most practical cases the correction for the connecting 
rod couple is very small and is neglected. It would always 
be possible to reduce it to zero by designing the rod so that 


TABLE 57. 

Harmonic Components of Tangential Effort Curve. 


{Multipliers for Inertia, Deadweight, and Connecting Rod Couple Corrections.) 



Harmonic 

Order. 


„ _ /Length of Connecting Rod\ 
l Crank Radius ) • 

gf 



3 

31 

4 

4 * 

5 

5 i 

6 

§i 










g g 

I 

sin 8 

+0-0857 

+0-0729 

+0-0635 

+0-0562 

+0-0506 

+0-0458 

+0-0420 

6 3 

2 

sin 20 

-0-5004 

-0-5002 

— O'SOOI 

—0*5001 

-0-5001 

—0-5000 

-0*5000 

i § 

3 

sin 39 

—0-2611 

—0*2211 

-0-1920 

—0-1698 

-0-1523 

—0-1371 

-0-1263' 


4 

sin 49 

—0-0304 

-0-0213 

-0-0161 

-0-0126 

-0-0102 

-0-0084 

-0*0070 

g § 

5 

sin 56 

+0-0064 

+0-0039 

+0-0026 

+o-oox8 

+0-0013 

+ 0-0010 

+0-0007 


6 

sin 66 

+0-0013 

+0-000? 

+0-0004 

+0-0002 

+0-0002 

+ 0-0001 

+ 0-0001 

l*f 


sin 6 

+1-0000 

+ 1-0000 

+ 1-0000 

+ 1-0000 

+ 1-0000 

+ 1-0000 

+ 1-0000 

I! 5 

2 

sin 26 

+0-1674 

+ 0-1459 

+0-1271 

+ 0 -II 25 

+0*10X0 

+0-0917 

+0-0839 

9 | a 

4 

sin 49 

-0-0024 

-0-0016 1 

— 0*0010 1 

—0-0007 

—0-0005 

-0*0004 

! -0*0003 

3 g 3 

Q<J <I 

6 

sin 68 


+0-0000 

+ 0-0000 

+ 0*0000 

+0*0000 

+ 0-0000 

+ 0-0000 

a z 










& 3 g 

2 

sin 29 

-0-0555 

-0-0408 

—0*0312 

—0*0247 

—0*0200 

-0-0x65 

—0*0139 

p N 

4 

sin 49 

+0-0033 

+0-0017 

+ 0-0010 

+0*0006 

+0-0004 

+0-0003 

+0-0002 

2 .<? 5 

6 

sin 69 

-o-ooox 

—o-ooor 

—0*0000 

—0*0000 

—0*0000 

-0-0000 


3 °^ 











Notes. —(1) There are no cosine components. 

(2) For engines with line of stroke inclined at an 
angle <j> the values of the corrections for dead¬ 
weight of the reciprocating parts must be 
multiplied by (cos p). The other corrections 
are unaltered. 
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{a . b — K 2 ) =0, but in most cases this would require the 
addition of material beyond the crankpin or the crosshead, 
which might introduce other difficulties, especially in aero¬ 
engine design where weight is important. 


TABLE 58. 

Harmonic Components of Tangential Effort Curve Corrected 
for Inertia. 


Har¬ 

monic 

Order. 

Sine Terms. 

Cosine 

Terms. 

Bn. 

Result- 

T»,' 

Phase 

Angles. 

<Xn. 

Gas 

Pres- 

Inertia. 

Dead¬ 

weight. 

Conn. Rod 
Couple. 

Nett Sine 
Term. 

A«. 

i 

29T 

_ 

_ 

_ 

29-1 

36-1 

46-4 

5 i°- 7 ' 

I 

44-5 

8*77 

0.77 

— 

54-04 

15-6 

56-2 



41*8 

— 

— 

— 

41-8 

-2-36 

41-9 

356 °- 47 ' 

2 

30-0 

—69-00 

0-025 

-4-64 

- 43-615 

_ 7 . 3 0 

44-0 

i 89 °~ 49 ' 


20-65 

— 

— 

— 

20-65 

-9.30 

22-7 

335 °- 46 ' 

3 

15-10 

-26-50 

— 

— 

-11-40 

—8-05 

13-95 

2 I 5 °-i 6 ' 

3 & 

10-9 

— 

— 

— 

10-9 

—8-8o 

14-00 

32i°-6' 

4 

6-9 

- 2-25 

— 

0-15 

4-80 

—9-00 

10-20 

298“-o' 

4 i 

4-1 

. — 

' —- 

— 

4-10 

—8-25 

9-22 

296 °- 27 ' 

5 

2-55 

0-356 

—, 

— 

2-906 

-7-60 

8-i6 

290°-58 / 

5 i 

i '55 

— 

— 

— 

1-55 

- 7-15 

' 7-29 

282°-I4' 

6 

1-20 j 

0-091 


—0-003 

1-216 

- 3-75 

3-94 

2 87 °~ 56 / 


Table 59 gives a summary of the maximum values of the 
resultant harmonic components of the tangential effort curve 
with and without correction for inertia. It should be noted 
that inertia has comparatively small influence on all orders 
above the 4th, its main effect being confined to the 1st, 2nd,, 
and 3rd orders. 

Table 59 is based on a mean indicated pressure of 130 lbs. 
per sq. in. 

The values of the harmonic components for other types of 
engine may be determined approximately from the values for 
a 4-stroke cycle, single-acting engine, as follows :— 

(i) Four-Stroke Cycle, Double-Acting Engine. 

Orders 1, 3, 5,7, etc. = o, very nearly. 

Orders f, i\, 2,\, 3%, etc. — Vz x values for 4-S.C., S.A. engine. 
Orders 2 , 4, 6, 8, etc. = 2 X values for 4-S.C., S.A. engine. 
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TABLE 59 * 

Resultant Harmonic Components of Tangential Effort Curve for 
One-Cylinder, 4-S.C., S.A. Petrol Engine. 


M.I.P. = 130 Lbs.jSq. Ins. 


Harmonic Order. 

Values of T« 

(Lbs./Sq. In.). 

Without Inertia. 

With Inertia. 

i 

±46-4 

±46-4 

I 

47-3 

56'2 


41-9 

41-9 

2 

3°*9 

44-0 

2* 

22*7 

22'7 

3 

17-1 

I 3'95 

3 i 

14-00 

14-00 

4 

11-30 

10-20 

4 i 

9-22 

9-22 

5 

8-02 

8 -l 6 

5i 

7-29 

7*29 

6 

3-94 

3-94 


(ii) Two-Stroke Cycle, Single-Acting Engine. —There are no 

half-order components, and the values of the remain¬ 
ing orders are twice the corresponding values for a 
4-S.C., S.A. engine for single-piston engines; and 
four times the corresponding values for a 4-S.C., S.A. 
engine for opposed-piston engines. 

(iii) Two-Stroke Cycle, Double-Acting Engine. —There are no 

half-order components, and the values of the odd 
order components are very nearly zero. The values 
of the even order components are four times the 
corresponding values for a 4-S.C., S.A. engine. 

The foregoing rules must be regarded as approximations 
only. In the case of double-acting engines, for example, the 
presence of the piston rod and the difference in the character¬ 
istics of the indicator diagrams from the top and bottom ends 
introduces orders which should not be present theoretically. 

If a turning effort diagram is available, the values of the 
harmonic components may be determined by harmonic analysis 
vol. 1.—29 
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TABLE 60. 

Resultant Harmonic Components of Tangential Effort Curve for 
One Cylinder (at Full Load). 


In Lbs.jSq. In. of Piston Area. 



Internal Combustion Engines. 

Triple Expansion Steam 
Engines. 

4-Stroke. 

2-Stroke Cycle. 

Order. 

Single- 

Acting. 

Double- 

Acting. 

Single-Acting. 


H.P. 

Cylinder. 

M.P. 

Cylinder. 

L.P. 

Cylinder. 

Single- 

Piston. 

Opposed- 

Acting. 

i 

± 4 ° 

±55 

_ 

_ 

_ 

_ 

_ 

_ 

i 

40 

6 

±80 

±160 

±12 

±15 

± 5 

± 1*5 


40 

55 

— 

— 

— 

— 

— 

— 

2 

35 

70 

70 

I40 

I40 

75 

25 

7*5 


30 

40 

— 

— 

— 

— 

— 

— 

3 

25 

10 

50 

IOO 

20 

12 

4 

i *3 

3 § 

20 

25 

__ 

_ 

__ 

— 

— 

_ 

4 

15 

30 

30 

60 

60 

9 

3 

1*0 

4 * 

ro 

15 

— 

— 

— 

— 

— 

*- 

5 

a JL 

* 

7 

16 

32 

14 

4 

1*3 

o *4 

5 s 

6 

4*5 

9 

9 

18 

18 

3 

r*o 

o *3 


3‘5 

5‘2 

— 

_ 

_ 

— 

_ 

— 

7 

3-0 

2*0 

6 

12 

4 

i *5 

0*5 

0*15 

7 i 

2-5 

3*7 

— 

— 

— 

— 

— 

*— 

8 

2-0 

4 *o 

4 

8 

8 

1*0 

o *3 

0*10 

H 

1-5 

2*2 

— 

_ 

— 

— 

— 

— 

9 

1*0 

1*0 

2 

4 

2 

— 

~ 

_ 

9 i 

0*8 

1*2 

_ 

_ 

_ 

— 

__ 

— 

10 

o *7 

i ‘4 

1-4 

2*8 

2*8 

— 

— 

— 

10 % 

0*6 

o *9 

— 

— 

— 

— 

— 

— 

ii 

o -5 

0*5 

1*0 

2*0 

1*0 

— 

— 

— 


o *4 

o*6 

— 

— 

— 

— 

— 

— 

12 

°' 3 I 

o*6 

o-6 

1*2 

1*2 

— 

— 

— 


as already described. Table 60 has been compiled from pub¬ 
lished data relating to the various types of engines, and the 
values contained in it may be used in cases where a special har¬ 
monic analysis has not been made. 
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The harmonic components for the steam engines are based 
on the following mean indicated pressures :— 

H.P. = ioo lbs. per sq. in., 

M.P. = 33 lbs. per sq. in., 

L.P. = ii lbs. per sq. in. 

The values for other mean pressures are approximately pro¬ 
portional to the mean indicated pressure, and are based on the 
average area of the top and the bottom sides of the piston. 

An important difference between a multi-cylinder steam 
engine of the multiple expansion type and an internal com¬ 
bustion engine is that the phase angles, a n , are not the same for 
all cylinders in the case of the steam engine. 

This implies that whereas the phase angle may be neg¬ 
lected in the case of an internal combustion engine, it must be 
considered in the case of a steam engine. 

This point is discussed later. 

Table 61 gives the values of the sine and cosine com¬ 
ponents of the tangential effort curve for one cylinder of a 
4-S.C., S.A. engine for gas pressure alone and for orders I, 2, 
3, and 4. These values are required in cases where it is 
necessary to correct the sine component for inertia. 

TABLE 61. 

Sine and Cosine Components of Tangential Effort Curve for One- 
Cylinder, Four-Stroke Cycle, Single-Acting Oil Engines. 

(Slow and Medium Speed Types.) 


I 

Mean Indicated Pressure in Lbs. per Sq. In. | 

1 

0 

30 

60 

roo 

130 

X 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

Sine. 

Cosine. 

I 

n-5 

O 

18-5 

4’5 

2 5’5 

9-0 

35*o 

14-0 

42*0 

17*5 

2 

18*0 

O 

23-0 

-i-5 

28-0 

-35 

33*5 

- 6-5 

37*o 

-9*5 

3 

17-5 

O 

20-0 

-i-5 

22-0 

-3'5 

2 3'5 

-6-5 

23*5 

-9*5 

4 

13-0 

° 

14-0 

-i-5 

14-5 

-3*o 

14*5 

-5'5 

I 3*5 

- 7 -o 


The approximate values for other types of engine may he determined 
shown on page 448. 
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Fig. 81 gives the values of the harmonic components of the 
tangential effort curve of a 4-S.C., S.A. petrol engine for orders 
\ to 6, and covers a range of mean indicated pressures up to 
260 lbs. per sq. in., so that it includes modem high-duty engines. 



Fig. 82.—Harmonic coefficients, 4-stroke cycle, single-acting compression 
ignition engine. (Plotted from R.A.E. Report E.D.O. 136.) 

The sine and cosine components are given separately, 
because in high-speed engines inertia effects have considerable 
influence on the 1st, 2nd, and 3rd order terms. Fig. 82 is a 
similar diagram for high-speed compression ignition oil engines. 
Fig. 83 contains diagrams giving the values of the resultant 
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harmonic components for a 4-S.C., S.A. petrol engine and a 
high-speed compression ignition engine for orders to 11J. 
The sine and cosine components are not given separately for 
these higher orders because inertia corrections are not required. 



These diagrams are based on data contained in Air Minis try 
Report E.D.O. 136, by permission of the Controller of H.M. 
Stationery Office. 

In the case of spark ignition (petrol) engines an extensive 
investigation carried out in the M.I.T. Automotive Engine 
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Laboratory under different operating conditions of throttle 
variation, compression ratio, spark advance, and mixture ratio 
showed that the ratio (component harmonic torque/mean 
torque) changed very little with engine conditions, and for the 



Fig. 83.—Resultant harmonic coefficients, 4-stroke, single-acting petrol 
engine (orders 6£ to ii£). (Plotted from R.A.E. Report E.D. 0 .136.) 


3rd and higher harmonic orders was well represented by the 
expression 


6-3. C 
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where T M = maximum value of the resultant nth order har¬ 
monic component of tangential effort curve 
in lbs. per sq. in. (The inertia correction is 
negligible for orders higher than the 3rd), 

T rn = mean indicated tangential effort in lbs. per sq. in., 
C = compression ratio, 
n — harmonic order number. 



Fig. 83A.— Resultant harmonk components of tangential effort diagram for 
one-cylinder, 4-S.C., S.A. oil engine—slow and medium speed types. 

(See “Harmonic Analysis of Engine Torque Due to Gas 
Pressure,” by E. S. Taylor and E. W. Morris, Journal of the 
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Aeronautical Sciences, Vol. 3, February, 1936; also S.A.E. 
Journal, March, 1936, p. 82.) 

Since in a 4-S.C., S.A. engine, T m = P 1tt /(2 . v), the above 
expression can be written 

T„ = P*.C/(5 : «>),.(249) 

where P m = mean indicated pressure in lbs. per sq. in. 

Note that Equation (249) applies to the 3rd and higher 
harmonic orders only, i.e. n — 3, 3-5, 4, 4-5, etc. 

The maximum values of the resultant harmonic components, 
neglecting inertia, for large slow-speed 4-S.C., _S.A. heavy oil 
engines are given in Fig. 83 A (Fig. 109 in Vol. II, and reproduced 
here for convenience of reference). The values for other types 
of engine may be determined approximately from the values for 
a 4-S.C., S.A. engine by applying the rules given earlier in this 
chapter. 

Harmonic Components of Tangential Effort Curve 
with Articulated Connecting Rods.—In engines having 
more than one piston operating on each crankpin, for example, 
radial engines, or in-line engines with two or more banks of 
cylinders, such as V and fan-type engines, one piston is 
connected to the crankpin by a normal connecting rod system, 
and this is usually called the master connecting rod, whilst 
the other piston (or pistons) is connected to the same crankpin 
by one of the arrangements shown in Fig. 84. 

(a) When there is only one auxiliary cylinder operating on 
the same crankpin as the master cylinder the common 
crankpin is made of sufficient length to accommodate 
the big-end bearings of the two connecting rods side 
by side. In this case the crank/connecting rod 
mechanism is the same for both cylinders, and the 
methods just described can be applied to each of 
the two cylinders. The total torque summation for 
the two cylinders must be made according to the 
rules described later, to take into account the phase 
displacement caused by the inclination of the line of 
stroke of one piston relative to the other—arrange¬ 
ment (a) in Fig. 84. 
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(6) When there is only one auxiliary cylinder operating 
on the same crankpin as the master cylinder the big- 
end of one connecting rod operates directly on the 
common crankpin, whilst the big-end of the second 
connecting rod operates on bearing surfaces formed 
on the outside of the big-end of the first connecting 
rod. The master connecting rod is forked to per¬ 
mit relative angular motion of the two connecting 
rods. In this case also the crank/connecting rod 
mechanism is the same for both cylinders, and the 
methods just described can be applied to each of 



to) (b) (c) 


■ Side bu J/de forked Articulated 

Fig. 84.—Connecting rod systems. 

the two cylinders. The total torque summation 
for the two cylinders must be made according to 
the rules described later, to take into account the 
phase displacement caused by the inclination of the 
line of stroke of one piston relative to the other, and 
in computing inertia effects care must be taken to 
allow for any differences of form and weight between 
the forked master connecting rod and the plain 
auxiliary connecting rod—arrangement (b) in Fig. 84. 
(c) When there is one or more auxiliary cylinders operating 
on the same crankpin the auxiliary connecting rods 
are articulated on the big-end of the master connecting 
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rod. The motions of the auxiliary pistons are gener¬ 
ally regarded as being controlled by the motion of 
the master connecting rod, and the methods just 
described can only be applied to the master con¬ 
necting rod system—arrangement (c) in Fig. 84. 

The modern tendency is to dispense with articulated 
connecting rods when there are only two pistons operating 
on a common crankpin and to use the arrangements described 
in (a) or (&). The arrangement described in (b) is usually 
favoured in aero-engine practice owing to the difficulty of 
providing adequate big-end bearings with the side-by-side 
arrangement. In automobile practice, where the duty required 
of the power plant is not so onerous, the side-by-side arrange¬ 
ment tends to be favoured because the connecting rods are 
then all of the same design and the expense of manufacturing 
forked rods is avoided. 

Articulated systems are used in fan, X, and radial type 
aero engines where there are several auxiliary cylinders oper¬ 
ating on the same crankpin. 

Accurate analysis of the torque characteristics of an articu¬ 
lated system is exceedingly complex, and no simple treatment 
is possible. 

An analysis in which the effect of articulation is neglected 
is undoubtedly useful as a preliminary approach to the problem, 
but it tends to hide certain peculiarities of an articulated 
system which, unfortunately, present-day experience of tor¬ 
sional vibration phenomena in engines of this type has shown 
to be by no means negligible. This matter will be referred 
to later, and in the meantime the following method of deter¬ 
mining the harmonic components of the tangential effort 
curve of an engine with articulated connecting rods will be 
found as simple as the complexities of the problem permit. 

In the following method the magnitudes of the harmonic 
components for the combined tangential effort curve for the 
master cylinder and all articulated cylinders operating on 
the same crankpin are obtained. Thus each harmonic com¬ 
ponent is the total component for all cylinders operating on 
the common crankpin, and this eliminates all difficulties due 
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to phase relationships between the master and auxiliary 
cylinders. In the case of in-line engines this implies that 
once the total value of any given harmonic component is 
known for one crankpin the resultant value for the whole 
engine can be obtained by the methods employed for un¬ 
articulated engines. 

The essential step in this method of analysis is to determine 
the piston displacements as a function of crank angle. 



Fig. 85.—Articulated connecting rod system. 


Fig. 85 shows an articulated connecting rod system. The 
expressions for the displacement of the articulated piston are 
S — R . cos (S — d) + R x . cos (S — xf; -f- a) -f- L x . cos /?, (250) 
y — {Smax S), . . . . . , . (251) 

where 

sin a = (R. sin d)JL, .(252) 

sin j 3 = [R . sin (8 — 6 ) + R x . sin (8 — 0 + a)]/L x , (253) 
S — distance between crankshaft axis and centre of 
articulated piston gudgeon pin, 

S max — maximum value of S, 

y = displacement of articulated piston from .top dead 
centre, 

R — crank radius, 
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R x — length of artic arm, 

L = length of master connecting rod, 

L x = length of articulated connecting rod, 

6 = crank angle, measured from top dead centre of 
master cylinder (firing centre), 

8 = angular spacing of cylinders, measured from 
master cylinder in direction of rotation of 
crankpin, 

a == angularity of master connecting rod, 
jS == angularity of articulated connecting rod, 
ip — angular spacing of artic pin, measured from 
master connecting rod. 

No definite rules can be given for the proportions of an 
articulated mechanism. In the case of engines having several 
articulated cylinders, such as radial aero engines, the articulated 
pistons differ among themselves. For example, if R x , L x , 8, 
and if/ are identical for all cylinders it will be found that there 
is an appreciable difference between the strokes, and therefore 
between the compression ratios of the various cylinders. 

Several methods are employed for correcting this difference 
to a greater or lesser extent. In some cases the angle if/ be¬ 
tween the artic pin and the master connecting rod is varied; 
in other cases the length R x of the artic arm or the length L x 
of the articulated connecting rod is varied ; or again, the varia¬ 
tion of stroke is neglected and the compression ratio is corrected 
by suitable variations of clearance space. Combinations of the 
above methods are also found in practice. As a general rule, 
however, the angular spacing of the cylinders is equal. 

One important special case does occur, however, and that 
is when the angle between the artic pin and the master con¬ 
necting rod is made equal to the angular spacing of the cylinders. 
This case is shown applied to a five-cylinder radial engine at 
the left-hand side of Fig. 85, although it is more frequently 
found in V and fan-type engines. 

When this condition is fulfilled, i.e. when ift = 8, Equations 
(250) and (253) become 

S = R . cos (8 — Q) + R x . cos a + L x . cos ft, (254) 
sin ft — [R . sin (8 — 6 ) + R x . sin a]/L x . . (255) 
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The articulated piston displacements can be calculated with 
any desired degree of accuracy by means of Equations (250) to 
(255} and the values obtained all refer to top dead centre of the 
master piston as datum. 

If the engine has already been built an alternative method 
is to measure the displacements directly, bearing in mind that 
if the 4th order harmonic components are required from the 
subsequent harmonic analysis the piston displacements must 
be accurate to at least four figures. If the 6th order harmonic 
components are required the displacements must be accurate 
to at least five figures. It is doubtful, however, whether much 
reliance can be placed on calculated values of orders higher 
than the 4th, because the working clearances and elastic de¬ 
formations of the engine under load may be as much as 
o-oi ins. 

Tangential Effort Diagram jor Gas Pressure .—The indicator 
diagram which is used for the master cylinder can also be used 
for the articulated cylinders. The gas pressure corresponding 
to a given angular displacement of the crankpin is obtained from 
the indicator diagram in the usual way by marking off a length 
along the base line of the diagram equal to the displacement of 
the articulated piston along its stroke for a given crankpin 
displacement. Care must be taken to see that the correct 
firing sequence of the articulated cylinders in relation to the 
master cylinder is used when transferring piston displacements 
to the indicator diagram. Since the master cylinder is used 
as datum, the master cylinder fires when 8 = 0, and the complete 
cycle occupies 720° for four-stroke engines and 360° for two- 
stroke engines. 

From the geometry of an articulated mechanism the fol¬ 
lowing relationship exists between the gas pressure and the 
corresponding tangential effort at the crankpin (see " Handbook 
of Aeronautics,” Volume II):— 


T/P = sec 


"R x . sin (§ — $ -f ft + oc) . cos 9 




L. cos a 


~ sin 03 + 8 - 8 ) j (256) 
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where P = gas pressure on articulated piston in lbs. per sq. in. 
at crank angle 6 , 

T = corresponding tangential effort on crankpin in 
lbs. per sq. in. at crank angle 9 . 

In the special case, when p = S, Equation (256) becomes 
T/P = sec ^|, % .^ 5g l L+a . : Cosa_ sin _ e) j (257) 

The foregoing equations enable the displacement and tan¬ 
gential effort of the articulated piston to be calculated for 
different angular positions of the crankpin starting from the 
common datum, 9 — 0, when the master piston is on firing 
centre. 

These values should be calculated for at least every 15- 0 of 
crankpin rotation, so that at least twenty-four ordinates per 
revolution are available for the subsequent harmonic analysis. 

If there are several articulated pistons operating on the same 
crankpin a separate set of calculations is required for each, 
since the motions of the articulated pistons differ among 
themselves. 

The work is best carried out by tabulation, the values of 
the piston displacements, gas pressures, and tangential efforts 
being entered in adjacent columns opposite the corresponding 
crankpin positions. Values for all the articulated pistons 
should appear in the table. 

Harmonic Components of Tangential Effort Diagram for Gas 
Pressure .—The values of T for all the articulated pistons should 
be summed algebraically for each crankpin position and the 
resultant values representing the total tangential effort exerted 
by all the articulated pistons on the common crankpin should 
be plotted on a base of crank angles. In the case of four- 
stroke cycle engines where the complete working cycle occupies 
two crankpin revolutions the base will occupy 720°, whilst for 
two-stroke cycle engines where the working cycle occupies 
only one revolution of the crankpin the base will occupy 360°. 
According to the notation adopted in this book the harmonic 
order numbers represent the number of complete impulses in 
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each revolution of the crankpin. Hence in the case of four- 
stroke cycle engines the 1st, 2nd, 3rd, 4th, etc., harmonic com¬ 
ponents obtained by analysis of the tangential effort on a 720° 
base are the 1, 1-5, 2, etc., orders. In the case of two-stroke 
cycle engines the harmonic components obtained by analysis 
of the 360° base diagram are also the order numbers and there 
are no half-orders. 

The resultant tangential effort diagram for the articulated 
pistons should be harmonically analysed to obtain the values 
of the sine and cosine components as follows :— 

T' = T w ' -f 2 (An sin n. 6 + B n ' cos n . 6 ), . (258) 

where T' is the resultant tangential effort exerted on the 
common crankpin by all the articulated pistons when the crank 
angle is 6 .. 

The values of the sine and cosine components for the master 
cylinder can be obtained from diagrams of the type shown in 
Figs. 81 and 82, so that if these are added, algebraically, to the 
values given by Equation (258) the resultant harmonic com¬ 
ponents due to gas pressure on both master and articulated 
pistons are obtained, 

i.e. Q n = [(A n +A w ') sin nd-\- cos n . $], (259) 

where Q„ — the nth order harmonic component of the com¬ 
bined tangential effort of master and all 
articulated pistons, in lbs. per sq. in. of the 
piston area of one cylinder, 

A„ and B m = the nth order sine and cosine components for the 
master cylinder (from diagrams such as Figs. 
81 and 82), 

A n ' andB„' = the nth order sine and cosine components for the 
combined tangential effort of all the articulated 
pistons, obtained as just described, 
n — the order number, i.e. the number of complete 
impulses per revolution of the crankpin. In 
the case of four-stroke cycle engines there are 
half as well as whole orders. 

Tangential Effort Due to Inertia of Reciprocating Parts of the 
Articulated Cylinders. —Since engines with articulated pistons 
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are invariably of the high-speed type the corrections for dead¬ 
weight can be neglected. The correction for connecting rod 
couple is also small and is usually neglected for both master 
and articulated connecting rods. It is difficult to obtain for 
an articulated rod, although an analytical expression is given 
by Dr. Root in his book “ Dynamics of Engine and Shaft/' 
The remaining correction is that due to the inertia of the re¬ 
ciprocating parts, and this cannot be neglected. 

When the crank angle is d, let 

F = inertia force due to the reciprocating parts of the 
articulated cylinder, in lbs. per sq. in. of piston area, 
T = the tangential effort due to this inertia force, in lbs. 
per sq. in. of piston area, 

y — the displacement of the articulated piston, in inches, 
v = the velocity of the articulated piston, in ins./sec., 
u — the acceleration of the articulated piston, in 
ins./sec./sec., 

W = the weight of the reciprocating parts of the articulated 
cylinder, in lbs. per sq. in. of piston area, 

R = crank radius in inches, 

N = revolutions per minute, 

oi = angular velocity of the crankpin in radians per second, 
assumed constant 
= IT . N/30. 

Then, since at any instant the rate of doing work on the piston 
must be the same as the rate pf doing work on the crankpin. 



F. v 

= T. 

R. to (Note: T. 

, R — instantaneous • 



_ F 

. V 


or 

T 


R’ 


but 

F 

= W 

. ujg, where g = 

= 386 ins./sec./sec., 


T 

_ YL 

.v.u 


i.e. 


CO . 



Now 

V 

= Oi . 

dyjdO ; and u = 

= aF. d*yldd\ 

Hence, 


w 

R 

. co 2 (dy\ /d*y\ 
. g \dd) ' \ddV 

1 


0-0000284 . W . N a fdy\ (d*y\ 
: r • \dd) • \ddV 


VOL. I.— 30 
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„ 0-0000284 . W . N a . 

or T n = -g-. (Z n ), 

where T„ = the wth order harmonic component of the 
inertia tangential effort for one articulated 
cylinder, in lbs. per sq. in. of piston area, 

Z n = the value of (^j . (^5) for the wth order. 

The values of Z„ are obtained as follows:— 

The piston displacement curve is drawn on a crank angle 
base for each articulated cylinder, using Equations (250) to 
(255), and assuming that 0 = o when the master piston is at 
firing centre, i.e. all values for the articulated cylinders are 
referred to firing centre of the master cylinder as datum, since 
this simplifies the summation of the values for individual 
cylinders when obtaining the resultant harmonic component 
for all the pistons operating on the one crankpin. 

Since the piston motion completes its cycle in one revolu¬ 
tion of the crankpin, the piston displacement diagram is plotted 
on a base of 360°. The harmonic components obtained by 
analysis of this piston displacement curve are thus the order 
numbers also, i.e. there are no half order components of the 
tangential effort curve of a four-stroke cycle engine. 

Each piston displacement curve is separately analysed to 
obtain the sine and cosine components of the first six orders. 
Orders higher than the 6th are negligible, and as already 
mentioned the practical reliability of the values for orders 
higher than the 4th is extremely doubtful, due to the dis¬ 
tortions which occur in the mechanism under load. 

Let the Fourier series for the displacement of an articulated 
piston be 

y = («o+«i sin 0-f« 2 sin 20-j-a 3 sin 30 -f.. . -f a 6 sin 80 
+& 1 cos0+& 2 cos20+5 3 cos30-|-.. .+ 6 B cos 80 ). 

Then ^ = {a l cos 0 + 2 . a 2 cos 20 -f 3 . a s cos 30 + 

. + 8 . a 8 cos 80 

— b x sin 0 — 2 . b 2 sin 20 — 3 . b s sin 30 — 

. . . — 8 . b 8 sin 80 ), 



DETERMINATION OF STRESSES 


467 


(— «i sin 0 — 4. a 2 sin 20 — 9 . a s sin 30 — 

. . . — 64 . a s sin 80 

— cos 6 — 4 . & 2 cos 20 — 9 . cos 30 — 

. . . - 64 . b 8 sin 80 ), 

0-0000284 • W.. N s 7 ( 2 y\ (d*y 

R " \Td) ‘ \dd 2 

0-0000284 . W. N 2 , . . . „ , . a 
=-g-(Cj sm 0 + C 2 sm 20 

4 C 3 ' sin 3^ 4 * * -4 Cs 7 sin 80 
4 IV cos 0 4 D 2 ' cos 20 
4 D a ' cos304... 4D 8 ' cos 80 ), 

where the values of C n ' and D n ' are obtained by multiply¬ 
ing out and simplifying the two series for piston velocity 
and acceleration. The values of these coefficients are given 
in Table 62. 

When there are several auxiliary pistons articulated to 
the same crankpin the above analysis must be carried out for 
each articulated cylinder separately. 

The resultant sine and cosine components of any given 
order for all the articulated pistons operating on a common 
cr,ankpin are obtained by summing algebraically the sine and 
cosine components for the separate cylinders. 

In the case of the master cylinder there are no cosine com¬ 
ponents and the value of the sine component for any given 
order can be obtained from the data given in Table 57. Since 
the same datum has been used for both master and articulated 
cylinders the sine and cosine components of the inertia 
tangential effort for all cylinders operating on the same crank- 
pin can be obtained by adding algebraically the sine com¬ 
ponents for the master cylinder to the corresponding sine com¬ 
ponents for the resultant effect of all the articulated cylinders. 

Finally, the values of the harmonic components of the total 
tangential effort exerted on the crankpin by the master and 
all articulated cylinders are obtained by adding, algebraically, 
the inertia corrections to the gas pressure harmonics previously 
calculated. 


and 


&y 

dd* z 


whence T ~ 
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TABLE 63. 


Harmonic Components of Tangential Effort Curve of an 
Articulated Cylinder. 

(Correction for Inertia of Reciprocating Parts.) 


Sine Coefficients. 


ist order -■ (a x _ 4- 3 . . a % + 6 . a z . + xo . a 4 . a s 4 * . . . 

4 - + 3 - & 2 • b s + 6 • 6 a • b t + 10 • *4 • + • • • )• 

uni order C/ = (a t */2 — 6^/2 + 3 • «i • a s H* 8 • • a t + *5 • a a • a s 

4- 24. a 4 . a 8 4* • • ■ + 3 • &i • ^3 4 " 8 . &jj . b t + 15 • ^3 • &s 
+ 2 4 .b t .b a 4- • - • )• 

yd order C 3 ' — (3 . a t . a s — 3 . i> x . & 8 4-6 . a x . a t +15 . a z . a 5 4-27 .a z .a a 

4 - 42 . a*. a 7 4 - . . . 4 - 6. b x . 6 t 4 - 15 • b 2 . b s 4 - 27 . b s . 5 6 

4- 42. b t .b 7 4- • ■ • )• 

4*A C/ = (6 . a x . a z 4 - 4 • <* 8 2 — 6 - &i - b 9 — 4.6 a 4 4 - 10 . a t . a 5 

4- 24 . a t . a e 4 * 4 2 • a s • a 7 4 * 64 • a t • a s 4 - • • . 4 10 . fc x . & 8 
4 - 24.6 S . b s 4 - 42 . b 9 .b 7 4 - 64. d 4 .6 S 4 * • * ■)• 

5th order C/ = (10. a x . a 4 4 - 15 . a.. a a — 10.6 X . 6 4 — 15 . b a . b a 

4 - 15. «!. a e 4 - 35 • «2 • 4 - 60 . a 9 . a 8 4 - 90 . . o 9 4 - . . . 

4- 15.6 X . b t 4 - 35 • b s .b ? 4- 60. b z . b a 4 - go . b t . b B 4 - • • •)• 
6th order Cf = {15 . a x . a s + 24. a 3 . a a 4 - 13-5 . a 3 2 — 15.6 X . b t 
— 24.b t .bt — 13 * 5 -Z> s a + zi .a 1 .a 7 + 4 8.a t .a s 
+ 81. a a . a 9 4- 120 . a t . a 10 4- . . ■. 4- 21. b x . b, 

4- 48.6 t . b & 4- 81.6,. 6 9 4 -120.64.6 10 4 - • • •)• 


Cosine Coefficients. 


1st order D/ = (a x . Z> 8 4 - 3 . « 8 . b z 4 - 6. « 3 .64 4 - 10. « 4 . 4 - . . . 

— b t . a s - 3 . & 8 .a 3 - 6.& 3 . a« — 10. b a .a s 4- . . .). 

2nd order D s ' — {a t . b l 4- 3 . . b 3 4 - 8 . a 8 .64 4 - 15 • - K + 24 . a 4 . b a 

+ . . . — 3.6 X . a 3 — 8 . & 2 . a A — 15 . & 3 . a 6 — 24.6 4 . a t 

yd order Df = (3 . a x . & 2 4- 3 - <*z • b x 4- 6 . a t . b t 4-15 • ■ b 6 

4- 27 . ® 3 .6 9 4 - 42. a 4 . & 7 4 - • ■ . — 6. & x . a 4 ~ 15 . b t . a 5 

— 27. b 3 . a z — 42.64. a 7 — . . .). 

4 th order Df =» (6. a x . b s 4- 8 . a 2 • ^2 + 6. a 3 . b 1 4- 10 . % • b s 4- 24 . a 8 . b e 

4- 42 . a 3 . 4- 64. a 4 . & s 4- . . . — 10 . b t . a s — 24 . b 2 . a 6 

— 42 . b 3 . a, — 64.64. a 8 — . . .). 

5 th order Df = (10. a t . b t 4 - 10.. a 4 4 - 15 • <*2 • & 3 4 - 15 • «a • *2 

+ *5 • a i • + 35 • a t • b? 4 ~ 60 . « 3 . b s 4 * 90 ■ *4 • ^9 + • ■ • 

— 15.6 X . o 6 — 35 . & a . ~ 60 . & 3 . a 3 — 90. . a B . . .). 

EV — (15 . «i. 6 S 4 - 15 • a 5 . b 1 4- 24. a t . 64 4 - 24 . a t . b z 
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Thus, if Q n — the value of the total nth order harmonic 
component of the tangential effort exerted 
by the master cylinder and all articulated 
cylinders, including the corrections for inertia 
of the reciprocating parts, in lbs. per sq. in. 
of the piston area of one cylinder, 

A n and B„ = the nth order sine and cosine gas pressure 
components for the master cylinder (ob¬ 
tained from diagrams such as Figs. 81 and 82), 
A*' and B„' = the wth order sine and cosine gas pressure 
components for all the articulated cylinders 
(obtained in the manner just described), 

C n = the nth order sine inertia component for the 
master cylinder (obtained from the co¬ 
efficients in Table 57. There are no cosine 
components for the master cylinder), 

C' n and D/ = the nth. order sine and cosine inertia components 
for all articulated cylinders (obtained in 
the manner just described) : 
then Q„ — [(A„ + A/ + C w + C„'). sin n . 9 

-j- (B a -j- B w ' -f- D a r ) . cos n . $)] 
= T* . sin (n . 9 -f- a n ), 

where T n = V{A n + A n ' + C n + C w ') 2 + (B n + B n ' + D w ') 2 , 


and tan a ft = 


JB« + B/ + D .Q 
(A. + A.' + C. + C. 1 )* 


T„ is the maximum value of the resultant nth order har¬ 
monic component of the tangential effort of all cylinders, 
master and articulated, operating on the common crankpin, 
including all inertia corrections. In a multi-crank engine it 
is the value for each crank. 

a n is the resultant phase angle for all the cylinders operating 
on the common crankpin, i.e. cc n jn is the angle by which the 
resultant vector, of amplitude T n , leads the crankpin (see 
Fig. 80). 

Table 62A gives the magnitudes of the harmonic components 
of the resultant torque curves for the master and all articulated 
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cylinders of representative 7- and g-cylinder radial aero engines, 
including the inertia corrections. . 

These values are expressed as a percentage of the mean 
torque of the engine at rated power and speed, and are useful 
as a guide in cases where specific information is not available. 

TABLE 62 A. 

Resultant Harmonic Components of Torque Curves of Seven- and 
Nine-Cylinder Single-Row Radial Aero Engines. 


Order Number. 

Resultant Component as a Percentage of the Mean Engine 
Torque. 


Seven Cylinders. 

Nine Cylinders. 

0-5 

% 

0-0 

% 

0*0 

1-0 

33 -o 

19*0 

i -5 

2-0 

0*0 

2-0 

11*0 

9*0 

2-5 

2-9 

1*2 

3-0 

1*2 

o -4 

3-5 

84*0 

1*8 

4-0 

0*0 

O'O 

4'5 

6-6 

44 *o 

5.0 

o -9 

0*0 

5-5 

2*0 

3-4 . 

6-o 

i -3 

0*0 

6-5 

0-0 

1*2 

7 ° 

14*0 

o *4 

7'5 

— 


8-o 

— 

o*6 

8-5 

— 

00 

9-0 


13-0 


Resultant Harmonic Torque Energy for the Entire 
Group of Cylinders of a Multi-Cylinder Engine—Phase 
and Vector Diagrams.— It has just been shown that the tan¬ 
gential effort diagram for a single-cylinder engine may be split 
up into a constant mean force which does not produce vibration, 
and a series of harmonically vaiying forces, the maximum values 
of which for different types of engine are given in Table 60. 
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The work done by the harmonic torque of the nth order by 
the wth cylinder is proportional to 

W TO = 77. . T n . A . R, . . . (260) 

where a m is the ordinate on the normal elastic curve corre¬ 
sponding to the mth. cylinder (see " Torsional Vibration/' by 
W. A. Tuplin, Chapman & Hall, London). 

The work done by the entire group of cylinders is therefore 
proportional to 

IW m = 77. T n . A . R . Ia m . . . (261) 

Since there is a definite phase relationship between the 
torques of the various cylinders, Za m is the vector or geometric 
sum of the deflections on the normal elastic curve. 

Its value is determined by means of the phase and vector 
diagrams shown in Figs. 86 and 87. 

Phase Diagrams. —The phase diagrams in Fig. 86 are for 
a 6-cylinder, 4-stroke cycle, single-acting engine, with crank 
arrangement 1-6, 3-4, 2-5, and firing order 1-3-5-6-4-2. 

It is assumed that 360° in the phase diagrams repre¬ 
sents one vibration, so that for a 4-stroke cycle, single-acting 
engine, where the working cycle occupies two revolutions, 
360° in the phase diagrams represents two revolutions of 
the crankshaft, i.e. 360° in the shaft diagram is represented 
by 180 0 in the phase diagrams. Now, harmonic order \ cor¬ 
responds to one complete vibration per working cycle, or per 
two revolutions, so that for this order the cylinders come 
into action in the phase diagrams at intervals equal to half 
the firing interval apart and in the same order as the firing 
order, i.e. with cranks at 120°, and firing intervals of 120°, 
the cylinders come into action in the phase diagram for order 
| at intervals of 6o°, and in the same order as the firing order, 
viz. 1-3-5-6-4-2, in Fig. 86. 

For order 1 each cylinder must pass over double the phase 
angle to be at top dead centre that it did for order so that 
the phase diagram for order 1 is obtained by doubling all the 
angles in the phase diagram for order 

Similarly, the phase diagrams for orders i\, 2, 2\, etc., are 
obtained by multiplying the angles for order \ by 3, 4, 5, etc. 
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Fig. 87.—Phase and vector diagrams—4-S.C., S.A. 6-cylinder marine oil 
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For the example shown in Fig. 86 it will be found that the 
phase diagrams repeat after the 3rd order, i.e. the phase 
diagram for order § also represents orders 3$, 6|, 9|, etc., and 
orders 2f, 5^, 8|, n|, etc., and so on. 

It should be noticed that in a 6-cylinder, 4-S.C., S.A. 
engine, the phase relationship for orders 3, 6, 9, 12, etc., is 
zero, i.e. for these orders all cylinders act simultaneously. 

These orders are known as major orders, and all others as 
minor orders. As stated above, the phase diagrams repeat 
after the major orders are reached, i.e. after the 3rd order for 
a 6-cylinder, 4-S.C., S.A. engine, and after the 4th order for an 
8-cylinder, 4-S.C., S.A. engine, since in the case of 4-stroke 
cycle, single-acting engines the major orders are integral 
multiples of half the number of cylinders for all normal crank¬ 
shaft arrangements. 

For 2-stroke cycle, single-acting engines, where the work¬ 
ing cycle occupies one revolution, 360° in the phase diagrams 
represents one revolution of the crankshaft, i.e. there are 
no half orders. With equally-spaced cranks, the first order 
phase diagram is therefore an exact reproduction of the crank 
sequence diagram, and as in the case of 4-S.C., S.A. engines, 
the phase diagrams for the 2nd, 3rd, 4th, etc., orders are obtained 
from the phase diagram for order 1 by multiplying all angles 
by 2, 3, 4, etc. 

In this case the major orders are integral multiples of the 
number of cylinders, i.e. 4, 8,12, etc., for a 4-cylinder engine ; 
6, 12, 18, etc., for a 6-cylinder engine, etc., and the phase 
diagrams repeat after the major orders are reached. 

In general, the phase diagrams for any crankshaft arrange¬ 
ment and firing order, and for any engine, may be obtained by 
applying the following rule : Assume that No. 1 crank is of 
zero angle and that the angles of all other cranks are measured 
from No. 1 crank. 

Then the phase diagram for any particular order is obtained 
by multiplying the angles through which the shaft must turn 
from the firing of No. 1 cylinder to the firing of each of the other 
cylinders, by the order number of the particular component 
under consideration. 
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In the arrangement shown in Fig. 86, for example, the phase 
angles for the various orders are as follows :— 

TABLE 63. 

Phase Angles— 4-S.C., S.A. 6 -Cylinder Engine. 

{Firing Order: I-3-5-6-4-2.) 


Cylinder 

No. 

Fixing 

Angle. 

Phase Angles. 

J-Order. 

1-Order. 

xJ-Order. 

2-Order. 

2}-0rder. 

3-Order. 

I 

o° 

0° 

o° 

o° 

o° 

o° 

0° 

a 

600 

300 

600 

900 

1200 

1500 

1800 

3 

120 

60 

120 

180 

240 

300 

360 

4 

480 

240 

480 

720 

960 

1200 

I44O 

5 

24O 

120 

240 

360 

480 

600 

720 

6 

360 

l80 

360 

540 

720 

900 

1080 


This rule can also he deduced from Fig. 80 where it is shown 
that the resultant vector rotates at n times the speed of the 
crankshaft. Thus i° of crankshaft rotation is equivalent to 
n degrees of vector rotation, where n is the number of complete 
vibration cycles in each crankshaft revolution. 

If there are m cylinders firing at equal intervals the firing 
interval is 720 fm degrees of crankshaft rotation for 4-stroke 
engines and 360/m degrees of crankshaft rotation for 2-stroke 
engines. 

The corresponding angles between consecutive vectors in 
the phase diagrams are 720 . njm for 4-stroke engines and 
360 . njm for 2-stroke engines, where n has the values 0-5, i-o, 
1*5, etc., for 4-strokes and 1, 2, 3, etc., for 2-strokes. The 
vectors are all in phase and can be added algebraically when 
njm = 0-5 for 4-stroke engines and when njm — i-o for 2-stroke 
engines. For all other values of njm the vectors must be added 
geometrically. 

Since the resultant harmonic components in Table 60 are 
for the combined effect of the top and bottom ends in the case 
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of double-acting engines, the rules already given for single- 
acting engines may be applied. 

The same remark applies to opposed-piston engines, since 
the resultant harmonic components for this type of engine 
given in Table 60 are for the combined effect of the upper and 
lower pistons referred to a crank radius equal to total combined 
stroke divided by 4. 

Vector Diagrams. —The vector diagrams for a 6-cylinder, 
4-S.C., S.A. engine are shown in Fig. 86. They are constructed 
from the phase diagrams as follows :— 

The vectors for the various cylinders are drawn parallel to 
the corresponding cranks in the phase diagram for the particular 
order being investigated. The lengths of the vectors are the 
lengths of the corresponding ordinates on the normal elastic 
curve. The values of the vector sums "La for the different 
orders are stated on the vector diagrams in Fig. 86, and these 
are the values which are used in the expression already given 
for the equilibrium amplitude. 

In setting down the vector diagrams, care must be taken to 
use the normal elastic curve corresponding to the mode of 
vibration being investigated. For example, the diagrams in 
Fig. 87 are for a 6-cylinder, 4-S.C., S.A. marine engine, where 
both one- and two-node vibrations have to be considered. The 
vector diagrams for the one-node mode of vibration are there¬ 
fore obtained from the phase diagrams, using the deflections 
given by the normal elastic curve corresponding to the one- 
node mode of vibration. For the two-node vector diagrams, 
the normal elastic curve corresponding to the two-node mode 
of vibration must be used. 

Where the node falls within the cylinder group, the vectors 
corresponding to cylinders on one side of the node must be 
set down in the opposite sense to the vectors for the cylinders 
on the other side of the node. 

It is evident from the method of obtaining the vector 
diagrams that an alteration in the firing order, or an alteration 
in the shape of the normal elastic curve will modify the relative 
magnitudes of the vector sums. In the case of 2-stroke 
cycle engines an alteration of firing order implies an alteration 
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of crank sequence, but in the case of 4-stroke cycle engines 
there are usually a number of different firing orders for each 
crank sequence. 

Since for multi-cylinder, internal combustion engines the 
nth order harmonic component of the tangential effort curve 
has the same value for all cylinders, and since the torque energy 
for any one cylinder is proportional to the maximum angular 
displacement at that cylinder, it follows that the relative 
magnitudes of the torque energy available at the several 
cylinders are proportional to the relative amplitudes of the 
ordinates on the normal elastic curve at the points correspond¬ 
ing to the positions of the respective cylinders. 

For example, if the cranks of all cylinders were in phase, 
i.e. if they all reached firing centre together, and if they all 
fired simultaneously, the resultant harmonic torque energy for 
the whole group of cylinders would simply be proportional to 
the summation of the ordinates on the normal elastic curve 
corresponding to the positions occupied by the various cylinders. 
Further, if the ordinates on the normal elastic curve were all of 
equal amplitude, the resultant harmonic torque energy for the 
entire group of cylinders would be equal to the torque energy 
for one cylinder multiplied by the number of cylinders. 

In an actual example, however, the cranks are not in phase, 
but are usually arranged to give equal firing intervals over the 
complete working cycle, i.e. for a 2-S.C-, S.A. engine the cranks 
are spaced 360 jm degrees apart, and for a 4-S.C., S.A. engine 
720 jm degrees apart, where m is the number of cylinders. In 
this case, if the ordinates on the normal elastic curve were all 
of equal amplitude, the rule for higher order inertia forces 
would apply, viz. the unbalanced torque energy orders would 
be integral multiples of the number of cylinders for 2-S.C., S.A. 
engines, and of half the number of cylinders for 4-S.C., S.A. 
engines ; whilst the magnitude of any particular unbalanced 
order would be the magnitude for one cylinder multiplied by 
the number of cylinders. All other orders would cancel. 

In practice, however, the ordinates on the normal elastic 
curve are not equal for all cylinders, although this condition is 
very nearly approached in the case of one-node vibrations of 
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marine installations with a long length of intermediate shafting 
between the cylinder group and the propeller (see one-node 
normal elastic curve in Fig. 87}, i.e. in cases where the node is 
a considerable distance from the cylinder group. This explains 
why only major orders are usually of any practical importance 
in the case of one-node vibrations of marine installations. In 
the majority of cases, however, the ordinates on the normal 
elastic curve are appreciably different for the various cylinders, 
and due allowance must be made for this in obtaining the 
resultant torque energy for any particular order. 

Since the greatest vibration stress in the case of two-node 
vibrations occurs at the crankshaft node, it is very important 
to determine the magnitudes of vibration stresses due to minor, 
as well as major, harmonics. The possibility of obtaining a 
favourable readjustment of the relative magnitudes of the 
various harmonics by altering the firing order, or the disposi¬ 
tion of the masses, should have full consideration. In certain 
cases, the so-called minor harmonics can be sufficiently powerful 
to cause severe damage to the crankshaft. 

The position of the crankshaft node is of considerable im¬ 
portance in determining the relative magnitudes of the vector 
sums. For example, if the system is so arranged that the node 
lies at the centre of the cylinder group, the ordinates of the 
normal elastic curve will be equally disposed on either side of 
the node. This will result in practically complete cancellation 
of the major harmonics, as shown in Fig. 87. 

The foregoing rules are based on the following assump¬ 
tions :—• 

(i) That the operating conditions are identical in all the 
cylinders of a multi-cylinder engine, i.e. that the 
maximum values of the «th order harmonic com¬ 
ponents of the tangential effort curve are the same 
for all cylinders. This demands that erratic com¬ 
bustion due, for example, to uneven fuel injection 
in the case of compression ignition engines, or uneven 
ignition timing or mixture distribution in the case of 
petrol engines, does not arise. These faults do occur 
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in practice, but, as a general rule, they are disclosed 
by a characteristic roughness of engine operation. 

(ii) That the resultant nth order vector for any given 
cylinder of a multi-cylinder engine is in phase with 
the crank of that cylinder, i.e. that the nth order 
harmonic component attains its maximum value T„, 
when the crankpin has moved one-quarter of a vibra¬ 
tion cycle from the top dead centre, or firing, position. 
This assumption means that the phase angle «„ in 
Fig. 80 is neglected and is permissible in cases where 
the characteristics of the tangential effort diagrams are 
identical for all cylinders, so that the same harmonic 
analysis can be used throughout. 

These assumptions are very nearly true for multi-cylinder 
internal combustion engines where the dimensions of all the 
cylinders are the same and where an attempt is made to ensure 
the same operating conditions in all cylinders. 

Fig. 88 indicates a method of constructing a curve showing 
the variation of the total amplitude of .the half-order harmonic 
component for the entire group of cylinders over one crank¬ 
shaft revolution, for a 6-cylinder in-line, 4-stroke cycle petrol 
engine. In this diagram the phase angle is taken into account 
and the data is from Diagram I of Fig. 80. 

From Diagram I of Fig. 80 the maximum amplitude of 
the resultant nth order component for each cylinder is T n = 46-4 
lbs. per sq. in., and the phase angle is a„ = 5i°-7'. The 
firing order and normal elastic curve are assumed to be the 
same as in Fig. 86, so that the half-order phase diagram is the 
same as that in Fig. 86 and the cylinders come into action in 
the phase diagram at equal intervals of 6o° and in the same 
order as the firing order, namely, 1-3-5-6-4-2. In accord¬ 
ance with usual practice the top dead centre position of No. 1 
crankpin will be taken as the reference point, and the half¬ 
order phase diagram in Fig. 88 is represented by the outer 
circle with the cylinder numbers enclosed in circles and in the 
correct firing sequence with the vectors rotating counter¬ 
clockwise. Since the phase angle a n is the angle by which 
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the resultant vector for each cylinder leads the crank, the 
resultant vectors for each cylinder must be set down 51 °- J j’ in 
advance of the respective crankpins in the phase and vector 
diagram in Fig. 88. The lengths of the vectors are made pro¬ 
portional to the lengths of the ordinates on the normal elastic 
curve at each cylinder, assuming unit amplitude at No. 1 
cylinder. The variation of amplitude of the half-order com¬ 
ponent for each cylinder, for one revolution of the crankshaft, 
can then be plotted on a base representing two revolutions of 


Vtr/Qw rol&te ar 0-5x 



Fig. 88.—Total amplitude of the half-order harmonic component for a 
6-cylinder, 4-stroke cycle engine. 


No. i crankpin (one working cycle) by assuming that each 
vector rotates at n times crankshaft speed, i.e. at one-half 
the speed of the crankshaft, and then transferring the vertical 
projections of each vector to the ordinates at the appropriate 
crank angles. This process is clearly shown in Fig. 88, where 
the dotted curves indicate the variation of the half-order har¬ 
monic amplitude for each of the six cylinders. The total ampli¬ 
tude of the half-order component for the six cylinders can be 
obtained by adding the curves for the individual cylinders 
algebraically. 
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An alternative method of determining the total amplitude 
for the six cylinders is to draw the vector summation diagram 
shown at the left-hand bottom corner of Fig. 88. This sum¬ 
mation diagram is drawn in the manner already described, and 
the length of the closing vector, shown dotted, is scaled to give 
the value of the maximum amplitude of the total half-order 
harmonic component for the six cylinders. The inclination 
of this closing vector to the horizontal is the phase angle 
of the total vector. j 3 n is the angle by which the total vector 
leads No. i crankpin, so that if the closing vector in the vector 
summation diagram in Fig. 88 is transferred to the phase and 
vector diagram, the variation of amplitude of the total nth 
order harmonic over two revolutions of No. i crankpin can be 
plotted by assuming that this vector rotates at one-half the 
speed of the crankshaft and then transferring its vertical pro¬ 
jections to the ordinates at the appropriate crank angles. The 
total nth order amplitudes obtained in this way will be found 
to agree with those obtained by summing the individual curves. 

The vector summation diagram in Fig. 88 is seen to be iden¬ 
tical in form with the vector diagram shown in. Fig. 86, and in 
each case the value of 2 a is 1-09. The only difference is that 
in Fig. 86 the phase angle has been neglected, whilst in Fig. 88 
the total vector is shown in correct phase relationship to 
No. 1 crankpin. Since this phase relationship is not required 
for evaluating vibration amplitudes and stresses, and since the 
same value of 2 a is obtained irrespective of the orientation of 
the vector diagram relative to the crankpin the phase angle will 
be neglected in all calculations relating to this type of engine. 

In multiple-expansion, multi-cylinder steam engines, how¬ 
ever, the dimensions of the cylinders and the operating condi¬ 
tions differ among the cylinders. It is therefore necessary in 
this case to take the phase angle into account. The method 
just described for a 6-cylinder, 4-stroke petrol engine (Fig. 88) 
can be used, bearing in mind the following modifications in the 
procedure :— 

(i) The resultant vector for each crank should be obtained 
by harmonically analysing the tangential effort 
diagram for the combined effect of the top and bottom 
vol. 1.—31 
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sides of the cylinder. This applies in all cases where 
the engine is double-acting, i.e. to all normal types 
of steam engine. 

(ii) The length of the resultant vector for the mth crankpin 

should be proportional to the length of the ordinate 
on the normal elastic curve a m , multiplied by the 
maximum value of the nth order harmonic com¬ 
ponent T tob of the tangential effort curve for the 
mth cylinder expressed in lbs. and not in lbs. per 
sq. in. of piston area. 

This is necessary because cylinder dimensions and 
operating pressures vary among the cylinders. In 
all normal steam engines the strokes of the different 
cylinders are equal, but in the very unlikely event 
of a difference in stroke among the cylinders this 
would have to be taken into account when plotting 
the tangential effort diagrams. 

(iii) The resultant vector for each cylinder must lead the 

crank by the appropriate phase angle, determined by 
a harmonic analysis of the separate tangential effort 
diagrams for each cylinder. 

(iv) Since the working cycle is completed in one revolution 

of the crankshaft the curve showing the variation 
of the amplitude of the harmonic components need 
only extend over 360° of crankpin rotation, as in 
the case of 2-stroke cycle internal combustion engines. 

The maximum amplitude of the total harmonic com¬ 
ponent for the entire cylinder group is obtained by drawing 
a vector summation diagram as shown in Fig. 88, the length 
of the closing vector being the value of T mn . a m> where, in 
this case, T mn . a m is the maximum value of the total nth 
order harmonic component of the combined tangential effort 
for all cylinders in lbs. 

The work done by the entire group of cylinders is then 
m — tt . R 2 T wn . a m lbs.-ins. per cycle. 

Note .—If a m = .x for No. 1 crank, then £W m is the work 
done per cycle per unit deflection at No. 1 crank. 
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As a rule the torsional vibration problem in steam engine 
installations is not so severe as in internal combustion engine 
installations. Examples of failures of steam engine trans¬ 
mission systems are comparatively rare, because the engines 
are of the double-acting type and have relatively short and 
rigid crankshafts, whilst the magnitudes of the disturbing 
harmonic components are relatively small. 

Two examples will suffice, however, to show that even in 
the case of steam engine installations it is very desirable to 
investigate the torsional vibration problem. In the first 
example a medium speed compound steam engine was employed 
to drive a large fan for mine ventilation. The fan was close- 
coupled to the engine and shortly after installation the bolts 
in the coupling between the engine and the fan were broken. 
These breakages continued in spite of oversize replacements, 
and eventually the trouble was overcome by increasing the 
size of the driving shaft. 

In the second example the failure of the tail-end shaft of 
a triple expansion marine steam engine was traced to reson¬ 
ance between the 3rd order harmonic component of the 
tangential effort of the engine and the one-node mode of vibra¬ 
tion of the transmission system at the normal operating speed. 
The amplitude of vibration at the resonant speed was such 
that a movement of ± 2 ins. occurred at each crankpin three 
times per revolution, and the crankshaft appeared to rotate 
with three distinct jerks in each revolution. The trouble was 
entirely removed by replacing the original propeller shafting 
by shafting of larger diameter. 

Where the characteristics of the transmission system are 
such that only the one-node mode of vibration requires in¬ 
vestigation, and where there is a long flexible transmission 
shaft, so that the node is remote from the engine crankshaft, 
e.g. in marine propelling installations where the engine is 
amidships, the whole cylinder group vibrates with very nearly 
the same amplitude, i.e. the ordinates on the normal elastic 
curve are very nearly the same for all cylinders, as shown in 
Fig. 15. 

In such cases an appreciably simpler method of evaluating 
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the work done by the entire cylinder group, when the prime 
mover is a multiple-expansion steam engine, is to plot a dia¬ 
gram showing the combined tangential effort for the entire 
cylinder group. If this diagram is harmonically analysed the 

obSne“l y COmP ° nentS f ° r ^ entire 

The work done by the entire cylinder group is then ' 

W = 71 ' T lbs.-ins. per cycle per unit amplitude 
\ at engine, 

where T = the maximum value of the nth. order harmonic 
component of the combined tangential 
effort curve for the entire group of cylinders 
in lbs., ’ 

R = common crank radius, in inches. 


Internal Combustion Engines with Two or More 
Pistons Operating on Each Crankpin. 

Radial Engines.—-Fig. 89 shows a 5-cylinder radial engine, 
or any given position of the common crankpin the torque 
due to any given cylinder will not be altered if the whole 
piston/connecting rod/crank assembly of that cylinder is 
rotated about the crankshaft axis until the Z ofrtoke of 
he piston is vertical. The complete engine, in other words 

sh^le 6 re ? arded as com P ose d of a number of superimposed 
gle-crank engines so that from the point of view of shaft 

eacb Ue T , eqmval ® nt m - line engine is obtained by rotating 
each cylinder mechanism until its line of stroke fa verted 

rfth^V C °“ Vement method o£ studying shaft torque in engines 

for the ?' T'T ^ type ’ and 1116 univalent in-line engine 
for the 5-cylmder radial is shown at the right-hand sidfin 

„ “ ^ ual yMer spacing is assumed in the radial arrange¬ 
ment then the equivalent m-line engine is a normal s-crank 
arrangement with equally spaced cranks. The phase diagrams 
can therefore be constructed by the methods aWy dtS 
for m-line engines In the case of 4-stroke cycle LgS®the 
g or er must be 1-3-5-2-4 to provide equal firing intervals. 
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Since the cylinders are all in the same transverse vertical 
plane the vibration amplitude is identical for all cylinders, so 
that the only unbalanced harmonic components of the shaft 
torque are the 2-5, 5, 7*5, 10, etc., orders, i.e. the major orders. 
In general, therefore, the unbalanced torque energy orders 
for 4-stroke cycle radial engines with unarticulated connecting 
rods are all integral multiples of one-half the number of 
cylinders, and the magnitude of any particular unbalanced 



0rder 'A-5'A.-m- 1-6-11- 1&-6&-11&- 2-7-12- 2%-7%->2%- 

- 3-8-13- 3&-8&-13&- 4-9- 14- 4 %-9%-14&- S-lQ-lS- 

Phase Didsr&mj-f Firi ng Order - 1-3-S-2-4 ) 

Fig. 89.—Phase diagrams—radial engine. 

order is the magnitude for one cylinder multiplied by the 
number of cylinders. It should be noted that this rule applies 
only if there is an odd number of cylinders, so that the firing 
intervals are equal. 

In 2-stroke cycle radial engines there may be either an 
odd or an even number of cylinders, and in both cases the only 
unbalanced torque energy orders are integral multiples of the 
number of cylinders, whilst the magnitude of any particular 
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unbalanced order is the magnitude for one cylinder multiplied 
by the number of cylinders. 

Thus in a 5-cylinder radial the lowest critical speed is the 
2*5th order for a 4-stroke engine and the 5th order for a 2-stroke 
engine and there is a clear range between these criticals and the 
5th and 10th orders respectively. As a rule the fundamental 
critical speed of radial engines is well below the operating speed 
range, so that the torsional vibration problem is not usually 
so difficult as in in-line engines, bearing in mind that only 
major criticals have to be dealt with and that if the fundamental 
major critical is well down the speed range all higher orders 
are even further removed from the operating range. This is 
especially the case in large geared radial engines where the 
natural frequency is low. In smaE direct-driving radials, 
where the natural frequency is higher, difficulty is sometimes 
experienced in placing the fundamental critical speed sufficiently 
far below the operating range, and in some cases it is necessary 
to work with this critical above the running range. 

The above discussion neglects the effect of articulation. 
This subject has already been dealt with at some length, and 
a method of evaluating the resultant harmonic components 
for an engine with articulated connecting rods has been de¬ 
scribed. In evaluating the harmonic components of the 
tangential effort due to the inertia cf£ the reciprocating parts 
of a radial engine with equally spaced cylinders it will be 
found that the cosine terms of the articulated cylinders on one 
side of the master connecting rod cancel the cosine terms of 
the articulated cylinders on the other side of the master rod, 
i.e. in the 5-cylinder radial shown in Fig. 89, if the master 
cylinder is No. 1 then the cosine terms of cylinders 2 and 3 
cancel the cosine terms of cylinders 4 and 5. The sine terms 
of the articulated cylinders are additive, but it is only necessary 
to evaluate these terms for the cylinders on one side of 
the master rod. Thus, in Fig. 89, if the sums of the sine 
terms for cylinders 2 and 3 are obtained, then the magnitudes 
of the inertia tangential effort components for the whole engine 
are double these values. 

The principal effect of articulation is to introduce at once 
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a revolution surge into the torque diagram. This articulation 
surge is clearly shown in Fig. 90, which is the torque curve for 
a 9-cylinder, single-row radial engine. 


Torque Curve 
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Fig. 90.—Phase diagrams—radial engines, 
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It is necessary, therefore, to take into account the possi- 
Dility of a 1st order critical speed as well as the major criticals 
already mentioned, although up to the present little trouble 
has been experienced with 1st order criticals, because the fre¬ 
quency of the system has been sufficiently high to place it 
well above the maximum operating speed. The modern trend, 
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however, towards larger engines and lower gear ratios tends to 
lower the natural frequency of the system and so bring this 
ist order critical into the operating speed range, especially in 
the case of 2-row radial engines with the rows staggered and 
with the two crankpins set at i8o°. With such an arrangement 
the two master cylinders fire at 360° intervals, so that the ist 
order harmonic due to articulation of one row adds to the 
corresponding harmonic of the second row. 

Once the harmonic components of the tangential effort curve 
for all the cylinders of one row of a multi-row radial engine have 
been determined the harmonic components for the engine as a 
whole can be obtained by the methods already given for in-line 
engines, i.e. each crankpin of the multi-row radial can be 
regarded as one crankpin of an in-line engine and phase and 
vector diagrams can be drawn as for an in-line engine. 

A 10-cylinder, 2-row radial engine is shown in Fig. 90. 
In this arrangement there are two rows of five cylinders 
operating on two crankpins spaced at 180 0 . For even-firing 
the cylinders in the two rows are staggered and the firing 
sequence is the same in each row, i.e. alternative cylinders 
in one row fire consecutively. The firing sequence is there¬ 
fore F 1 -R 2 -F 3 -R 4 -F 5 -R 1 -F 2 -R3-F 4 -R5, where F designates 
cylinders in the front row and R those in the rear row. From 
considerations of secondary balance of the reciprocating masses 
the master cylinder in the rear row is placed at 180 0 to the 
master cylinder in the front row, i.e. the master cylinders are 
F x and R x in Fig. 90. As already explained, since the cylinders 
of each row are all in the same transverse vertical plane the 
vibration amplitude is identical for all cylinders, so that a 
2-row radial can be regarded as a 2-crank engine in which the 
values of the harmonic components, acting on each crankpin, 
are the total values obtained by summing the individual com¬ 
ponents for all the cylinders of one row, i.e. UT V and ZT B . 

Furthermore, since the method which has been described 
for obtaining the total value's of the harmonic components for 
a whole row of cylinders takes the line of stroke of the master 
cylinder as datum, the cranks of the equivalent in-line engine 
must also be in phase with the lines of stroke of the master 
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cylinders in each row. Thus, if F x and R x are the master 
cylinders in the arrangement shown in Fig. 90, the equivalent 
in-line arrangement is obtained by swinging crank R through 
180 0 so that the line of stroke of master cylinder R x is brought 
into coincidence with the line of stroke of master cylinder F x . 
This crank arrangement is shown at the right-hand side of 
Fig. 90. For even-firing intervals the master cylinder in row 
R fires 360° after the master cylinder in row F, and the corre¬ 
sponding angle in the half-order phase diagram is therefore 
180 0 . The remaining phase diagrams are obtained from the 
half-order diagram in the usual way, and these show that all 
half-orders are balanced but that orders 1-3-5, etc., and 2-4-6 
are completely unbalanced. It has already been shown, 
however, that if articulation is neglected the only unbalanced 
orders for each row of five cylinders are the 2-5, 5, 7-5,10, etc., 
orders, whilst the principal effect of articulation is to introduce 
a first order surge in the tangential effort diagram. Hence for 
the complete two-row engine the only unbalanced orders are 
the 5,10, 15, etc., orders and the 1st order, due to articulation, 
which is twice as large as the 1st order for one row of five 
cylinders. 

The evenness of firing will not be appreciably disturbed if 
some other cylinder in the rear row is chosen as the master 
cylinder. 

For example, if cylinder R 3 (or R 4 ) is chosen as the master 
cylinder in the rear row, then the firing interval between the 
master cylinder Fj in the front row and the master cylinder 
R 3 in the rear row is 504° or 144 0 , and the corresponding 
angle in the half-order phase diagram is 252 0 or 72 0 . The 
remaining phase diagrams are obtained frpm the half-order 
diagram in the usual way and these show that with this arrange¬ 
ment of master cylinders all orders are unbalanced, except 
orders z\, f ]\, 12$, etc., when R 3 fires 504° after F x . 

Since, however, the only unbalanced orders for each row 
of cylinders when articulation is neglected are the 2*5, 5, 
7-5, ro, etc., orders, whilst the principal effect of articulation 
is to introduce a 1st order surge, the only unbalanced orders 
are the 5, 10, 15, etc., orders and the 1st order surge as in the 
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previous arrangement. The magnitudes of the 5, io, 15, etc., 
orders are the same as in the previous arrangement of master 
cylinders. The magnitude of the first order is, however, 
reduced to less than one-third of its former value, i.e. to about 
60 per cent, of the value for a single row of cylinders. In cases 
where the 1st order is within or near the running range of the 
engine, therefore, this alternative arrangement of the master 
cylinders might be a means of avoiding excessive vibration. 
It must be noted, however, that with this alternative arrange¬ 
ment of the master cylinders the secondary inertia force will 
not be completely balanced. 

The alternative arrangement with R 3 firing 144 0 after F x 
can be investigated in the same way. It will be found, how¬ 
ever, that although the magnitude of the 1st order is again 
reduced to 60 per cent, of its value for a single row of cylinders 
the 2$, 7f, 12J, etc., orders, as well as the 5, 10,15, etc., orders 
are completely unbalanced. This alternative is therefore 
inferior. 

Double-row radial engines may also be arranged with the 
cylinders in axial alignment instead of being staggered. For 
even-firing impulses the two cranks must then be in phase 
instead of being spaced at 180 0 , and this arrangement of cranks 
gives unbalanced secondary inertia forces. An investigation 
of the unbalanced torque orders shows that the same general 
conclusions apply here as in the case just discussed. Thus, if 
the master rods operate in the two coaxial cylinders, say 
cylinders F x and R x , the total 1st order harmonic torque is 
twice the value for one row of cylinders. Furthermore, the 
unbalanced secondary inertia force is twice the value for one 
row of cylinders. If, on the other hand, cylinder F x is chosen 
as the master cylinder in the front row, whilst cylinder R s 
(or R 4 ) is chosen as the master cylinder in the rear row, then 
the 1st order harmonic component is reduced to one-third, 
i.e, to 60 per cent, of the value for a single row of cylinders, 
whilst the secondary inertia force is partially balanced. 

Assuming that the vibratory amplitude is the same at all 
the rows of a multi-row radial aero-engine, then the following 
expression gives the angles of rotation of the crankshaft from 
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firing centre of the master cylinder in one row to firing centre 
of the master cylinder in another row which will cause can¬ 
cellation of any chosen harmonic of the engine torque :— 


(i) For 2-stroke cycle engines where the working cycle occupies 
2 . it radians (360°). 


•-S- ¥S+4 VGH. 

+ ( ” _I) ] ■ ■ ■ 


(261#) 


(ii) For 4-stroke cycle engines where the working cycle occupies 

4.7 r radians (720°). 

. 2.7 t 2:77T1 . “I 2. Trr 1 , 3 

~~ n. N' » Ln I J’ n LN + 2 J' ' * ’’ 

■nfH + (*•*-!)} • • •(**») 

where, 3 = angle of rotation of crankshaft from firing 
centre of the master cylinder of one row 
to firing centre of the master cylinder of 
another row for cancellation of the ■nth order 
harmonic, 

n — harmonic order number to be cancelled, 

N = number of rows of cylinders. 


The above expressions merely state the phase relationships 
which must exist between the firing points of the several 
master cylinders so that the resultant nth order torque sum¬ 
mation for the engine as a whole is zero. They are readily 
deduced from wave diagrams. 

There are, in general, several values of S, the number of 
alternatives depending on the particular value of n, any one 
of which will bring about cancellation of the chosen harmonic. 

Having determined the values of S', the arrangement of the 
engine cranks and cylinders must be examined to see if the 
master cylinders can be selected so that one of the required 
values of S is obtained. 
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For example, in the io-cylinder, two-row, 4-stroke cycle 
radial engine shown in Fig. 90, equation (261#) reduces to 

g _ 7 T 3 . 77 5 . 77 7.77 

~~ n’ n ’ n ' n ’ ’ ’ *’ 

~ T (2 . n — |), (since N = 2). 

Thus, for cancellation of the 1st order harmonic (n — 1), 
8 = it or 3 . 77. 

Now in a conventional engine of this type the angle between 
the cranks is 77 radians (180°) from considerations of engine 
balance. Hence with this type of crankshaft the master 
cylinders must be in axial alignment for a firing interval of 
77 or 3.77, i.e. for cancellation of the 1st order harmonic. 

In conventional engines, however, the cylinder rows are 
staggered from considerations of engine cooling, so that the 
above condition cannot be fulfilled. 

A considerable reduction of the amplitude of the resultant 
1st order component is nevertheless obtained by choosing 
cylinders which are nearly in axial alignment as the master 
cylinders, i.e. cylinders F x and either R 8 or R 4 in Fig. 90. 
Wien this is done the magnitude of the 1st order component is 
about one-third of its value when F x and R x in Fig. 90 are the 
master cylinders, as previously explained. 

An alternative arrangement is to move the crankpins into 
axial alignment, i.e. angle between cranks zero. The master 
cylinders must be spaced 77 radians (180 °) apart to give a firing 
interval of 77 or 3.77, and thus cause cancellation of the 1st 
order harmonic, i.e. F x and R x in Fig. 90 become the master 
cylinders. This is the conventional arrangement of cylinders 
but the crank arrangement is unconventional. 

For cancellation of the 2nd order harmonic (n = 2), 

S = 77/2, 3.77/2, 5.77/2, or 7.77/2. 

Hence in a conventional two-row radial engine with cranks 
at 180 0 the master cylinders must be 90 0 or 270° apart for can¬ 
cellation of the 2nd order harmonic. 
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This condition cannot be obtained by an engine of the type 
shown in Fig. 90, i.e. a two-row radial with 5-cylinders in each 
row, but an appreciable reduction of the resultant 2nd order 
harmonic is obtained by choosing cylinders which are nearly 
90°, or 270° apart as master cylinders. For example, if F x 
and either Rj, or R 5 are chosen as master cylinders in Fig. 90, 
the magnitude of the 2nd order harmonic is reduced to about 
one-third of its value with the conventional arrangement where 
F-l and R x are the master cylinders. 

Cancellation of the 2nd order component is also obtained 
if the crankpins are moved into axial alignment, i.e. angle 
between cranks zero, and the master cylinders are spaced 90° 
apart, but in this case both cylinder spacing and crank arrange¬ 
ment are unconventional. 

A third alternative is to place the cranks at 90°, in which 
case the master cylinders must be in axial alignment which is 
another unconventional arrangement. 

Equation (261 b) reveals a point of special interest in con¬ 
nection with the half-order components of 4-stroke cycle 
engines of conventional design. If the values of S for the half- 
order components are calculated, i.e. putting n = \, i\, 2\, 
etc., in Equation (261&), it will be found that one of the 
values of S is 2.7T in all cases. This indicates that if the firing 
interval between the master cylinders is 2 . 77, then all half- 
order components are cancelled, a condition which is fulfilled 
with conventional arrangements of two-row radials where the 
crankpins are spaced 180 0 apart, the cylinder rows are staggered 
and the master cylinders are 180° apart with a firing interval 
of 360°. 

The above discussion of 2-row radials assumes that the 
shape of the normal elastic curve is such that the amplitudes of 
vibration are substantially the same at each row of cylinders. 
If the ordinates of this curve at the cylinders differ appreciably 
this should be taken into account in drawing the vector dia¬ 
grams, just as in the case of an in-line engine. 

Multi-Cylinder In-Line Internal Combustion Engines. 
—It has already been mentioned that alterations of firing 
order or changes in the shape of the normal elastic curve modify 
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the relative amplitudes of the disturbances at different resonant 
speeds. A speed range free from serious resonant zones is, 
of course, essential for safe operation, whilst disturbances which 
cannot be regarded as really dangerous are best avoided if their 
elimination does not handicap the design in other directions. 

There are several important factors to be considered in 
addition to torsional vibration when a power transmission 
system is designed. 

The engine should be free from serious unbalance due to 
the inertia forces originated by the motions of the reciprocating 
and rotating parts. 

The sequence of firing should be such that no undue load 
is imposed on any bearing, and the arrangement of crankshaft 
should not cause a concentration of inertia loading on any 
one journal. The latter condition cannot always be fulfilled. 
For example, in a 4-stroke cycle, 6-cylinder in-line engine 
with the crankshaft arranged as shown in Fig. 86, so that even 
firing intervals are obtained and so that there is collective 
primary and secondary balance of inertia forces, the journal 
between Nos. 3 and 4 cylinders carries the major part of the 
combined inertia load of these two cylinders. 

In such cases the bearing load can be relieved by attaching 
balance weights to the crankwebs and this has the further 
advantage of relieving the crankcase inertia loading. It must 
be borne in mind, however, that the addition of these balance 
weights increases the polar moment of inertia of the mass 
system and so causes an appreciable reduction of natural fre¬ 
quency unless this can be offset by an appropriate increase in 
the stiffness of the crank elements, e.g. by increasing the size 
of the journals or of the crankwebs. 

In the case of aero engines, where any addition to the total 
weight of the engine must be amply justified, the amount of 
counterweighting added to the crankwebs should be the 
minimum necessary to give reasonable bearing loads, although 
it should be noted that a properly counterweighted aero-engine 
crankshaft might actually save on total engine weight by un¬ 
loading the crankcase to the extent of permitting a lighter 
crankcase to be used. 
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An alternative method of reducing the inertia loading on 
the bearings and crankcase which can be used in medium- 
speed and high-speed engines fitted with steel or cast-iron 
connecting rod big-end housings is to replace the steel or iron 
big-end keeps by keeps made from forged aluminium alloy. 

Where total weight is important this has the advantage of 
giving a reduction in overall weight and a reduction in the 
inertia loading on the big-end bearings, main bearings, and 
crankcase. 

As a general rule the addition of counterweights to an in-line 
engine crankshaft, even if the engine is inherently balanced, 
has important advantages from the point of view of bearing 
loads and the reduction of stresses and distortions in the crank¬ 
case, and is to be recommended in all cases where it does not 
render the torsional vibration problem more difficult. 

Another important factor to be kept in mind is that of 
crankshaft manufacture, because if the configuration of the 
crankshaft is such that good grainflow cannot be obtained in 
the neighbourhood of the junctions of the journals, pins, and 
webs, trouble may be encountered due to fatigue cracking at 
those points. Finally, the importance of an efficient induction 
system giving good mixture distribution must be kept in mind 
when choosing the arrangement of the. crankshaft and the 
firing order for multi-cylinder, 4-stroke cycle petrol engines. 

The theoretical number of different crank arrangements 
increases rapidly with the number of cylinders. In the 
following discussion the change of firing order which occurs 
automatically when the direction of rotation of the engine is 
reversed is not counted as a separate arrangement, because 
so far as torsional vibration and engine balance are concerned 
the two conditions of operation are identical. Thus from the 
torsional vibration point of view the 4-cylinder firing order 
1-3-4-2 is the same as the reverse order 1-2-4-3, and the 
8-cylinder firing order 1-8-2-5-6-3-4-7 is the same as the corre¬ 
sponding reverse order 1-7-4-3-6-5-2-8. 

(Note .—It should not be inferred from this that the torsional 
vibration characteristics of a marine engine are the same when 
going astern as they are for ahead running. This is true only 
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if the cylinder pressures are the same for both conditions of 
operation. In practice the power available for astern operation 
is sometimes considerably smaller than full power for ahead 
operation, and this naturally gives a reduced speed range when 
running astern.) 

It can be shown that the theoretical number of different 
crank arrangements for a 2-stroke cycle, in-line engine with m 
cylinders and m equally spaced cranks is 

M = — = (w - 1)! 
m v ' 

where ml — m[m — 1 )(m — 2)(. . 1 ). 

Since, however, from the standpoint of torsional vibration 
and engine balance clockwise and counter-clockwise rotations 
are interchangeable, the effective number of different crank 
arrangements is 

M = = 0 *5(w i){m-2){. .) (1), 

i.e. for a 5-cylinder engine of this type, 

M = 4 x 3 X 2/2 = 12, effective number of different crank 
arrangements. 

These twelve arrangements are as follows, and in each case 
the corresponding reverse order is shown at the right-hand 
side:— 


Clockwise . 

Counter-clockwise. 

1-2-3-4-5 

I-5-4-3-2 

x-2-3-5-4 

I-4-5-3-2 

1-3-2-4-5 

1-5-4-2-3 

1-3-2-5-4 

1-4--5-2-3 

1-2-4-3-5 

I-5-3-4-2 

1-2-4-5-3 

I-3-5-4-2 

1-4-2-3-5 

I-5-3-2-4 

I-4-2-5-3 

I-3-5-2-4 

I-2-5-3-4 

I-4-3-5-2 

1-2-5-4-3 

I-3-4-5-2 

I-5-2-3-4 

I-4-3-2-5 

1-5--2-4-3 

1 - 3 - 4 - 2-5 


The total effective numbers of different crank arrangements 
for 2-stroke cycle engines with equally spaced cranks and 
various numbers of cylinders are as follows :— 
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Number of Effective Number of 

Cylinders. Crank Arrangements. 


3 


5 

6 

7 

8 
9 


3 

12 

6 o 

360 

2,520 

20,160 

181,440 


In 2-stroke cycle engines the firing order is the same as the 
crank sequence and a change of firing order can only be made 
by changing the crankshaft. Since the working cycle occupies 
one crankshaft revolution there are no half-order harmonics, 
and the 1st order phase diagram is a replica of the crank sequence 
diagram. The remaining phase diagrams are easily obtained 
from the 1st order diagram, as already explained. 

In 4-stroke cycle engines having an odd number of cylinders 
the crankpins are equally spaced round the crank circle and 
even firing impulses are obtained by firing every other cylinder 
as its crankpin passes firing centres. Since the working cycle 
of a 4-stroke cycle engine occupies 720° this gives an even 
number of firing impulses when the crankpins are evenly 
spaced round the crank circle. Thus, in a 5-cylinder engine 
with crank sequence 1-5-2-3-4 there would be five impulses in 
720°, i.e. 2-5 impulses per crankshaft revolution and the firing 
order would be 1-2-4-5-3. The only alternative firing order 
with this crank sequence is 1-5-2-3-4, but in this case the 
cylinders would fire consecutively, so that there would be a 
whole revolution of the crankshaft without any firing at all. 
This alternative firing order is therefore of no practical value. 

The effective number of different firing orders in the case 
of 4-stroke cycle engines having an odd number of cylinders is 
therefore the same as the effective number of different crank 
arrangements as already discussed in connection with 2-stroke 
cycle engines. 

In 4-stroke cycle in-line engines having an even number 
of cylinders the crankpins are arranged in pairs at equal angular 
intervals round the crank circle, and one half of the crankshaft 
vol. 1.—32 
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is the mirror image of the other half. This arrangement pro¬ 
vides complete primary and secondary balance of inertia forces 
and couples as well as even firing intervals. 

It can be shown that the theoretical number of these balanced 
crankshaft arrangements is as follows :— 

M = = o-5(o*5w - i)(o-5*» - 2)(. ..)•...( 1 )> 

where m — total number of cylinders. 

In an 8-cylinder in-line, 4-stroke cycle engine, for example, 
the number of balanced crankshaft arrangements is 

M = 0*5(3 X 2 X 1) = 3. 

These are (1, 8) — (2, 7) — (3, 6) - (4, 5), 

(1, 8) - (2, 7) - {4, 5) - (3, 6), 

(1, 8) - (3, 6) - (2, 7) - (4, 5), 

the crankpins being spaced in pairs at equal intervals of 90° 
round the crankpin circle. 

It can also be shown that the theoretical number of different 
firing orders for each balanced crankshaft arrangement is 



Thus for an 8-cylinder, 4-stroke cycle, in-line engine with 
a balanced crankshaft the theoretical number of firing orders for 
each arrangement of balanced cranks is 
M' = 2 3 = 8, 

and since there are three different balanced crankshaft arrange¬ 
ments the total theoretical number of different firing orders 
for an 8-cylinder engine of this type is (8x3) = 24. 

The eight different firing orders corresponding to the third 
balanced crankshaft arrangement listed above are 

I-3-2-4-8-6-7-5 

i~3~-2~5-8~6-7-4 

1-3-7-4-&-6-2-5 
I-3-7-5-8-6-2-4 
1 — 6 — 2 — 4 — 8 — 3 — 7-5 

j-6-2-5-8-3-7-4 

1 - 6 - 7 - 4 - 8 - 3 - 2-5 
1 - 6 - 7 - 5 - 8 - 3 - 2-4 
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i.e. one cylinder of each pair fires as the pair of crankpins pass 
firing centres. Hence there are eight evenly spaced firing 
impulses in 720° or four impulses at 90° in each revolution of 
the crankshaft. 

{Note .—As already explained there is a reverse firing order, 
i.e. 1-5-7-6-8-4-2-3, etc., corresponding to each of the orders 
listed above. These reverse orders are not considered as 
separate orders, however, because the balancing and torsional 
vibration characteristics are the same for either direction of 
rotation.) 

The theoretical numbers of balanced crankshaft arrange¬ 
ments and of firing orders for engines having various numbers of 
cylinders are as follows :— 


No. of Cyls. 

No. of Balanced 
Crankshaft 
Arrangements. 

No. of Firing 
Orders per 
Crankshaft 
Arrangement. 

Total Number of 
Firing Orders. 

6 

I 

4 

4 

8 

3 

8 

24 

10 

12 

16 

192 

12 

60 

32 

1920 


The foregoing analysis shows that the number of different 
firing orders multiplies enormously as the number of cylinders 
increases. In practice, however, many of these crankshaft 
arrangements are unusable for one or other of the reasons 
already mentioned. Nevertheless, there remains plenty of 
scope for exploring alternative arrangements with the object 
of finding the best all-round compromise between torsional 
vibration characteristics, engine balance, and other important 
design considerations. 

It is impossible to go very deeply into the question of crank¬ 
shaft arrangements here, so attention will be confined to a 
description of arrangements which are usually found in practice. 
These arrangements are given in Table 64 and may be found 
useful as a guide in starting a new design. 

It has already been mentioned that a change of firing order 
of a 2-stroke cycle engine necessitates changing the crankshaft. 
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Crankshaft Arrangements for In-Line Engines. 
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TABLE 64 (continued). 


TWO STROKE CYCLE, J/NGLE-ACTING, IN-LINE ENGINES. 


Tteferen. 

Numba 

Numba 

of 

Crank 

Diigrarr 

1st. Order 
phase 
Hiarram 

Order of Firing 

Firing impulses perk 

\muu Urmnred hmieOrder 

L Engine Balancing F&dars 

Node nearer} 

Ntxfedt centre 


■ces I Cm 


IS 

4 

2 

1 

(-3-2-4 

4if 90* 

4 8, 12. Etc 

2.6.10. EH. 

Ko 

~w~ 

ITT 


Nil 

Nil 

1-41 

±CQ. 

\4.8, i2.Ek.-6_ 


16 

4 

302 

3 © 2 

;-3-4-2 

4 dt 90* 

4 s. n.ett 

None 

^yenOtdm-i 

Nil 

Nil 

3-16 

Nil 


17 

S 

w 

% 

1-3—2-3-4 

5 at 72' 

5. 10. 15 Etc 

None 

[j 10.15.Et.-0 

Nil 

NH 

0-45 

498 

9/ 


18 

6 

t®: 


ai 

1-5-3-4-2-6 

6 4(-60* 

6. 12.l8.Et 

3 9. 15 Eli. • 

Nil 

Nil 

' Nil 

3-45 

<b 

[ft 12.18.EH-C 


is 

6 

'Wl 


P 

1-4-S-2-3-6 

6 of 60’ 

6. 12. 18. Ek 

None 

612.18.BE-0 

Nil 

Nil 

Nii 

6-93 

9 


20 

6 

'$£ 


PI 

1-4-2-6-3-S 

6 at 60’ 

6.12.18. Etc 

3. 9.15 Eli. 

Nil 

Nil 

3-46 

Nil 




21 

7 


3^2 

1-5-3-45-2-7 
7<s/ 3/^' 

7, 14. 21. Etc 

Stone 

[7 t4.21.Ekr6 

Nil 

Nil 

0-25 

0-90 

_£_ 


22 

7 

% 


1-6-S-3-2-7-4 
7 4/- 3/^' 

7. 14 21. EH 

None 

| 

Nil 

Nil 

Nil 

SJL 

9 


25 

8 


% 

£ 

1-8-2-5-6-34-7 

8 it 45' 

& 16. 24. Ek 

[ None 

|/5.24£te-0 

Nil 

Nil 

0-13 

ml 

J_ 


24 

8 

% 


1-8-2-6-4-S-3-7 

8 it 45’ 

8. l6.24.Ek 

4 12.20EK. 

Nil 

Nil 

0-45 

Nil 

|fi, 16.24Bi-q 

r' ' 

25 

8 

% 

^>2 

1-8-3-4-7-2S-6 

8 it 45’ 

8. 16. 24. Etc. 

None 

[a, 16.2iBc-0j 

Nil 

Nil 

0-89 

Nil 


26 

9 

4- s 

w 

1-9-2-7-45-6-3-8 

9 it 40’ 

St /fit 27. Etc 

None 

[9, IS.Zl.Ekr6 

Nil 

Nil 

0-19 

0S5 

It 


27 

9 


/» 1 . 
S&\7 

W 3 

1-8-5-2-9-43-7-6 

9 it 40’ 

S. 18. 27. Etc. 

None 

[9.73.27 £fc-o] 

Nil 

Nil 

0-92 

JL 


28 

)0 

'# 


M0-2-8-46-5-7-39 

10 it 36° 

K). 2Q 30. Etc 

S. 15.25 fife 

Nil 

Nil 

Nil 

0-90 

9/ 

^.2O.30Ehq\ 



In 4-stroke cycle engines with balanced type crankshafts 
and an even number of cylinders there are several alterna¬ 
tive firing orders for each crankshaft arrangement. Hence in 
this type of engine it is useful to remember that the effect 
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TABLE 64 (continued ). 


TWO-mOKS CYCLE , DOUBLE-ACTING, IN-UNB ENGINES 


2? 

■i.risrie 

'&Si± 

4 

'b'^giar 

1 .V Crt? 
' dv:x 

M 

Cr^er of fit-no 

! 

JjJlKf ;kt ? 

!T-3B~41-Zr- 
1B-3T-48-2B 
8 it A-y 

j "\ast nair 

8, 16, 24, Be 

k E 1.20.EIC.-0 
kl6.24.BC.-a 

1-08 

- 

Nil 

28.*f 

7-X>. 

i-6‘J 
« 
4 Bngim 

"jS.C 

Jais. 

H> 

30 

4 



1T-4T-36-2T- 
1B-4B-3T-2& 
8 it 4£‘ 

8, 16. 24M 

None. 

~8, t6,Z4.&.~0 

108 

Nil 

fejerfigi 
to certh 
$Engn 

2J1 

9 

31 

S 

% 

% 

IT-38-ST-48-21 

IB-3TSB-4T-21 

to it 38’ 

4 10. IS,£t 

None 

r s, 10, m-'O 

Nil 

Nil 

0-45 

4-98 

9 

3Z 

6 

% 

& 

,«r 

’IB 

OB 

3-sS® 

3. 6. 3. Etc. 

All Orders-C 

Nil 

Nil 

Nil 

Nil 

33 

6 


4«i 3d 

%k 

lT-6T-Se~2B-3T-4 
IB-66‘ST-2T-384 
n&t 30- 

a. 24. 36 Eli 

gjS Uo 

Nil 

Nil 

179 

3-46 

9 

34 

6 

%• 

% 

rr-sr-2B-6i-3M 

IB-S8-2T-6T-3B-4 

12 it 30‘ 

12. H 36, EH 

t 

[n,24.36,EktO 

Nil 

Nil 

0-90 

3-00 

9 

3S 

6 

/|^ 

% 

1T-ST-2&-6MT-J1 

IB-SB~2T-6T-4e-3t 

tiitJO" 

12,24 36. Be. 

None 

fc,24;36A-0 

Nil 

Nil 

0-38 

400 

9 

36 

7 

3^2 


1T-SS-ST-2B-3T-7B4 

1B-ST-88-2T-JB-TF4I 

I4«2&- 

7. 14,21. Bt 

None 

Q 421,1k.-6 

Nil 

Nil 

0-2S 

ox 

9 

37 

7 

% 


IT-2B-6T-7B-THB3 

•S-2X-68-7T-S&-4T-3 

7. HUM 

None 

Nil 

Nil 

Nil 

±± 

9 

33 

8 

% 


fl 


mis] 

3. 16, 24, Eli 

None 

\s 16. HOt-O 

Nil 

Nil 

0-13 

1-41 

9 

39 

8 

i§i 

2-7 

1 

S 

4-i 

fr 4 t 

7T .ST 
IB 3B 

Us U«l 

490- _ 

4 8. 12. EH. 

All Orders-O 

Nil 

Nil 

Nil 

Nil 

40 

9 

4 1 a 

t# 

IT-SB-3T-6B-2T-JB 
n-8B-4T-IB-JT-9i 
ST-2B-JT-7B-8T-4B 
18 it 20’ 

9. 18. 27, ffc 1 

None 

Nil 

Nil 

01 9 

O-SS 

9 

4/ 

9 

4 T . 

ifp 


T-4B-8T-3B-J7-7B' 

ZT-6B-ST-IB-4T-SB 

3T-SB-7T-2B-er-9B 

18 it 20- 

9. IS. 27 Ek\ 

% H2j, fft-o] 

Nil 

Nil 

0-92 

±11 

9 

42 

10 

f#, 

It 


jsj; 

JSU 


S. 10. ISM, 

ill Orders-0 

Nil 

Nil 

Nil 

Nil 


of a new firing order can be tried out after the engine is built 
merely by changing the camshaft, the crankshaft remaining 
unaltered. 

Column 6 of Table 64 gives the totally unbalanced harmonic 
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orders for each case, assuming that the node is either at the 
end of the crankshaft or else that it is remote from the crank¬ 
shaft, i.e. assuming that the shape of the normal elastic curve 
is as shown for the one-node mode of vibration at (b) and (d) 
in Fig. 18, respectively. By totally unbalanced orders is 
meant those orders for which the vectors are added arith¬ 
metically. 

When the node is either at the end of the crankshaft or is 
remote from the crankshaft the totally imbalanced orders are 
the so-called major orders, i.e. orders mj2, 2mj2, 3^/2, etc., 
for 4-stroke cycle engines and orders m, 2m, yn, etc., for 
2-stroke cycle engines, where m is the number of cylinders, 
although it should be noted that this rule only applies if the 
firing intervals are equally spaced throughout the working cycle. 

It should also be noted that if the node is so remote from 
the crankshaft that the amplitude of vibration is substantially 
the same at all cylinders, then these major orders are the only 
unbalanced orders since all minor orders cancel. 

Column 7 of Table 64 gives the totally unbalanced harmonic 
orders for each case, assuming that the node is at the centre 
of the crankshaft, i.e. the shape of the normal elastic curve 
is as shown for the two-node mode of vibration at (d) in Fig. 18. 
In this case the so-called major orders cancel, due to the sym¬ 
metrical shape of the normal elastic curve, and in a great 
many cases there are no totally unbalanced harmonic orders. 

The expedient of so arranging the transmission system that 
the node is situated at the centre of the crankshaft is therefore 
a very useful method of minimising torsional vibration in 
cases where it can be applied. 

This expedient has been used with complete success for 
eliminating all major criticals corresponding to the two-node 
mode of vibration of marine oil engine installations, the node 
being brought to the centre of the crankshaft either by reducing 
the size of the flywheel at the driving end of the crankshaft 
(or eliminating it altogether) and fitting a suitable flywheel 
at the free end of the crankshaft, or by eliminating the flywheel 
altogether and obtaining the required flywheel effect by fitting 
counterweights to the crankwebs. 
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The last four columns of Table 64 contain factors which 
enable the unbalanced forces and couples to be calculated 
for each case, as follows :— 

Let W = weight of unbalanced rotating parts of one cylinder, 
- in lbs., 

W' == weight of unbalanced reciprocating parts of one 
cylinder, in lbs., 

R = crank radius, in inches, 

N = revolutions, per minute, 

L = pitch centres of cylinders, in inches (assumed 
constant), 

q — ratio : length of connecting rod/crank radius, 

Fj, = maximum unbalanced primary force for whole 
engine, in lbs., 

F a = maximum unbalanced secondary force for whole 
engine, in lbs., 

C* = maximum imbalanced primary couple for whole 
engine, in lbs.-ins., 

C s = maximum unbalanced secondary couple for whole 
engine, in lbs.-ins. 

Then, assuming equal cylinder pitches, 

F, = 0-0000284 .(W + W').R.N 2 . K„ . (262) 

F s = 0-0000284. W'. R. N 2 . K„ . , (263) 

C„ = 0-0000284 . (W + W'). R . N a . L . K/, (264) 

C g = 0-0000284 . W'. R . N 2 . L . K/. . (265) 

The maximum values of the primary forces and couples 
can be reduced by attaching balance weights to the crankwebs, 
and this has the further advantage of relieving the loading 
on the bearings and on the crankcase. In cases where counter¬ 
weights are added to all crankwebs the balance weight moment 
about the centre of the crankshaft should not exceed 

(Wj. R) = [W + W'(i + 1 /q)] . R, . (266) 

where W 6 = weight of balance weight per cylinder assumed 
concentrated at crankpin radius directly op¬ 
posite the crankpin. 



DETERMINATION OF STRESSES 


505 


With balance weights of this magnitude the primary un¬ 
balance along the line of stroke is the same as the primary 
unbalance along a line at right angles to the line of stroke, 
and the maximum unbalanced primary force and couple for 
the whole engine become 

F* — 0-0000142 . R . N 2 . K v . W'(i — ifq). . (267) 

C c = 0-0000142 . R . N 2 . L . Kj/ . W'(i -i]q). (268) 

If the balance weights are made larger than given by 
Equation (266) there will be overbalance along a line at right 
angles to the line of stroke. 

It should be borne in mind, however, that the addition of 
balance weights to an oscillating system lowers the natural 
frequency of torsional vibration, and this might be undesir¬ 
able if it causes an important critical speed to be brought into 
the running speed range. Also, the introduction of large 
additional weight for balancing purposes would not be per¬ 
missible in aero engines unless offset by gains in other direc¬ 
tions, such as, for example, the ability to operate the engine 
at higher speeds, or to reduce the weight of other parts of the 
engine. In any given example the size of the balance weights 
can be minimised by using only two balancing masses, one 
attached to each of the endmost crankwebs in correct phase 
relationship to the crankpins. 

Secondary forces and couples cannot be balanced by 
balance weights attached to the crankwebs. 

The following points should be kept in mind when com¬ 
paring the balancing characteristics of engines. 

A good criterion of engine balance is to determine the 
amplitude which the unbalanced force or couple would produce 
if the engine were free in space, i.e. not restrained by more or 
less elastic supports. 

Let F = maximum amplitude of the unbalanced force, in lbs., 
' M = total weight of engine, in lbs., 

a) = n . Q , where n is the number of force cycles per revolu¬ 
tion of the crankshaft, and o is the angular 
velocity of the crankshaft, 

8 = the maximum amplitude of vibration of the engine, 
assuming that it is free in space. 
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Then, since force = mass X acceleration, 

F = M.*> 2 .S/g, or S — F . g/(M. o> 2 ), 
where g — 386 ins./sec. 2 . 


The corresponding expression for an unbalanced couple of 
maximum amplitude C is 




J-< 


d 


c.g 

J." 2 ’ 


where J — moment of inertia of engine about an axis through 
the centre of gravity perpendicular to the plane 
in which the couple acts, in lbs.-ins. 2 , 

0 — maximum amplitude of angular vibration. 

For a primary force n — 1, since there is only one force 
cycle per revolution of the crankshaft. 

Hence, <o — Q, and 8 = F. g/(M . o 2 ). 


For a secondary force n = 2, since there are two force 
cycles per revolution of the crankshaft. 


Hence, co — z.Q, and S = F . g/(4 . M .& a ). 


Thus the amplitude of the vibratory disturbance due to 
a secondary force or couple is one-quarter that due to a primary 
force or couple of the same magnitude. 

It should also be noted that since the force due to unbalance 
is itself directly proportional to the square of the speed, the 
vibration amphtudes calculated by the foregoing method are 
independent of the r.p.m. of the engine. 

This method therefore affords a convenient means for 
comparing the balancing characteristics of engines without 
reference to speed. 

For example, primary force ~ F = W . Ct 2 . R /g, 

where W — weight of imbalanced parts, assuming them to be 
concentrated at crank radius R, 
then S = W. R/M. 



DETERMINATION OF STRESSES 


507 


For a secondary force, F = W'. Q 2 . R f(g . q), 
where W' = weight of the reciprocating parts, 

q — ratio (connecting rod length/crank radius), 
then 8 = W' . R/(4 .q . M). 

Example. —Compare the balance of the following engines :— 

(i) A 4-cylinder 4-stroke cycle petrol engine— 

Weight of engine, M = 300 lbs.. 

Weight of recip. parts, W — 12 lbs..(4 sets), 

Crank radius, R == 3 ins., 

Conn, rod/crank, q = 3-5. • 

(ii) A medium speed 4-cylinder, 4-stroke cycle oil engine— 
Weight of engine, M = 40,000 lbs., 

Weight of recip. parts, W' = 1,800 lbs. (4 sets), 

Crank radius, R = 8 ins., 

Conn, rod/crank, q — 5. 

In both cases the engines have conventional 4-stroke 
cycle crankshafts so that secondary forces are completely 
unbalanced. 

Then, for (i) 8 = 12 x 3/(4 X 3-5 X 300) = 0-0085 in., 
for (ii) 8 = 1800 X 8/(4 X 5 X 40,000) = 0-018 in. 

Thus the second engine would vibrate through more than 
twice the amplitude of the first if permitted to move freely 
in space, and these movements would occur irrespective of the 
r.p.m. of the engines. 

The amplitude of any vibratory disturbance caused by the 
action of unbalanced forces or couples depends on whether or 
not their frequency of application is near the natural frequency 
of any part of the surroundings. The modern tendency is to 
mount the engine on flexible supports, for example, on steel 
or rubber springs, which are adjusted so that the lowest fre¬ 
quency of application of any unbalanced force or couple is at 
least V2 times the natural frequency of vibration of the engine 
on its mounting. 
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The force transmitted to the surroundings when the engine 
is mounted on spring supports may be determined as follows :— 

Let F ftC — the maximum value of the nth order harmonic 
component of the applied force when the fre¬ 
quency ratio is unity. This will be called the 
equilibrium force, 

F = the transmitted force, 

F n — the maximum value of the nth order harmonic 
component of the applied force at the operating 
speed. 


Then, since the magnitude of the applied force is directly 
proportional to the square of the speed, 


where 

and 


F« c = F»(N e /N) 2 , 

N c = the nth order critical speed, 
N = the operating speed, 

F = F /-MM 

* “lx - (N/N, 2 )/- 


The values of the bracketed expression for different frequency 
ratios are given in Table 52. 

F is the force induced in the springs by the applied force 
when the operating speed is N and the natural frequency of 
the engine on its spring mountings is N 0 . Since the springs 
are the only connection between the engine and its surround¬ 
ings the above expression also gives the value of the transmitted 
force. Damping in the spring mountings is neglected. 

It is of interest to calculate the relative values of the 
transmitted force for primary and secondary applied forces 
of the same magnitude, assuming that the frequency of applica¬ 
tion of the primary force is 1-414 times the natural frequency 
of the engine on its mountings. For this condition, as already 
explained, there is no dynamical magnification of the primary 
force when it is transmitted to the surroundings. 

Let N = the operating speed, for both primary and secondary 
forces, 

N c = the critical speed for primary forces = N/i'414. 
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Hence, frequency ratio for primary forces = 1-414, and 
the corresponding dynamic magnifier from Table 52 is 2, i.e. 
the transmitted force is twice the primary equilibrium force. 
Since, however, the ratio of applied force to equilibrium force 
is also 2 for a frequency ratio of 1-414, it follows that the trans¬ 
mitted force is equal to the applied force, i.e. there is no 
dynamical magnification. 

In the case of the secondary force, since there are two force 
cycles per revolution of the crankshaft the critical speed is 

N/ = N 0 /2 = N/2-828. 

Hence the frequency ratio for secondary forces is 2-828 
and the corresponding dynamic magnifier, by interpolation 
from Table 52, is 1-143. I n this case, however, the ratio of 
applied force to equilibrium force is 

F„//F„ = (N//N)* = (I/2-828) 2 = 1/8. 

Hence the effective value of the dynamic magnifier is 
(1-143/8) or 0-143, i- e - the magnitude of the transmitted force 
due to secondary unbalance is one-seventh that due to primary 
unbalance when the primary frequency ratio is 1-414. 

The ratio (secondary transmitted force/primary transmitted 
force) diminishes as the primary frequency ratio increases and 
approaches a limit of one-quarter when the frequency ratio 
becomes very large. 

The above calculations can be considerably simplified 
when the operating speed is constant, by substituting the 
expression for equilibrium force in the expression for trans¬ 
mitted force. When this is done the value of the transmitted 
force is 

F = F "{i - (N/N.) 2 }’ 

The values of the bracketed expression for different fre¬ 
quency ratios are given in Table 51. 

Thus, for a primary force, when N e == N/1-414, the above 
expression reduces to F = F w , i.e. the transmitted force is 
equal to the applied force, as already shown. 

For a secondary force applied at the same operating speed, 
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N 0 = N/2-828, and the above expression reduces to F = F n fy, 
Thus, as before, when the magnitude of an applied secondary 
force is the same as the magnitude of an applied primary 
force, the transmitted secondary force is only one-seventh of 
the transmitted primary force for a primary frequency ratio 
of 1*414. 

Experience with engines mounted on rubber-in-shear has 
shown the following results :— 


Frequency Ratio. 

Per Cent. Insulation. 

Remarks. 

N/N, = 4-0 

3-o 

2-5 

2-0 

i*5 

1*4 

93 per cent. 

88 

81 

67 

20 

none 

excellent 
very good 
good 
fair 
poor 


The satisfactory operation of high-speed, 4-stroke cycle 
petrol engines in motor-cars is an illustration of the effective¬ 
ness of a low-frequency engine mounting system in preventing 
the transmission of high-frequency forces. This type of 
engine has a large unbalanced secondary force, but is mounted 
on a flexible support. 

It should be noted, however, that when the engine is so 
rigidly attached to its foundation that the natural frequency 
of the engine on its mounting is greater than the frequency of 
application of the primary force, the transmitted primary 
will always be greater than the applied primary, assuming 
that there is no damping. If there is a secondary force of 
the same magnitude as the applied primary force, the magni¬ 
tude of the transmitted secondary may be either greater or 
smaller than that of the transmitted primary, depending on 
the particular relationship between the operating speed and 
the secondary critical speed. If the engine/mount frequency 
is greater than the frequency of application of the secondary 
forces both primary and secondary transmitted forces will be 
dynamically magnified. For this reason the type of crankshaft 
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used in 4-cylinder motor-car engines, No. 1 in Table 64, is 
not popular for engines which have more or less rigid founda¬ 
tions, and is generally replaced by a crankshaft with crankpins 
spaced at equal angles of 90° round the crankpin circle, No. 2 
in Table 64, notwithstanding the fact that the firing impulses 
are then uneven. 

It is of interest to compare the relative magnitudes of a 
force and a couple each having the same frequency of applica¬ 
tion and each producing the same degree of vibration in the 
structure. This can be done by equating the work done on 
the structure by the force and couple respectively. 

For a given amplitude of vibration the work done by a 
force is proportional to the amplitude and is greatest when 
the force is applied at an anti-node. The work done, and 
therefore the vibratory disturbance, is theoretically zero when 
the force is applied at a node. For a couple the w )rk done is 
a maximum when the couple is applied at a node and is pro¬ 
portional to the slope of the deflection curve at the node. 
The work done, and therefore the vibratory disturbance, is 
theoretically zero when the couple is applied at an anti-node. 

There is not much error in assuming that the deflection 
curve is truly sinusoidal, in which case the greatest slope, i.e. 
the slope at the node, is 2 . tt . ajL. 

Hence, for equal vibratory effects, 

C{2 . tt . afL) = F . a, 

or < Hr L J- F - 

where C = couple in lbs.-ins., 

F = force in lbs., 

L = wave-length of vibratory motion imparted to 
structure, in inches, 

a — amplitude of vibratory motion imparted to struc¬ 
ture, in inches. 

In the case of the fundamental mode of vibration of a ship’s 
hull the wave-length of the vibratory motion of the hull is 
usually greater than the total length of the ship. For example, 
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in the case of a 400-ft. ship the wave-length for the funda¬ 
mental mode of hull vibration will be about 5000 ins. 


Hence, 


r — 5 oo° 
“ 6-283 


800. F, 


i.e. a very large unbalanced couple would be required to pro¬ 
duce the-same vibratory disturbance as a small unbalanced 
force at the same frequency of application. 

An engine with an unbalanced force is best placed at a 
position in the structure which corresponds to a node when 
the structure vibrates. Thus in the case of ships where the 
nodes for the fundamental mode of vibration are usually located, 
about Jth to £rd the length of the vessel from each end, an engine 
with unbalanced forces would be best placed near the stem of 
the ship, as in oil tank steamers with machinery aft. In the 
case of engines with unbalanced couples, on the other hand, 
the best location for the engine is at an anti-node, i.e. amidships. 
Hence, if the engines of a ship are placed amidships, unbalanced 
forces should be small; if placed aft, unbalanced couples 
should be small. These principles can also be applied to the 
mounting of an aero engine. 

To sum up, therefore, the following points should be kept 
in mind when comparing engines from the point of view of 
balance:— 


(a) Provided the minimum r.p.m. for continuous operation 
is greater than the natural frequency of the engine 
on its mounting structure the vibratory effects of 
an unbalanced secondary force or couple will certainly 
be less than one-quarter the effect produced by an 
unbalanced primary force or couple of the same 
magnitude. Thus, in general, secondary unbalance 
is much less objectionable than primary unbalance. 

( 5 ) A very large unbalanced couple is usually required to 
produce the same vibratory disturbance as a small 
unbalanced force of the same frequency. Thus, in 
general, unbalanced couples are much less objection¬ 
able than unbalanced forces. 
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In other words, an engine with an un balanced couple is 
better than an engine with an unbalanced force, even if the 
magnitude of the unbalanced couple is comparatively large 
whilst that of the unbalanced force is comparatively small; 
and an engine with an unbalanced secondary force or couple 
is better than an engine with an imbalanced primary force or 
couple of the same respective magnitudes, provided care is 
taken in the design of the engine mount. 

In this connection it is worth noting that the straight-eight, 
4-stroke cycle engine of reference 9 in Table 64 has been used 
in practice without causing any perceptible vibratory dis¬ 
turbances, notwithstanding the comparatively large magnitude 
of the unbalanced secondary couple. 

In all multi-cylinder engines there are unbalanced forces 
and couples of higher order than the second, but their magnitude 
is so small and their frequency so high that they do not normally 
cause any perceptible disturbances. 

The following notes should be read in conjunction with 
Table 64. All the arrangements listed have been used suc¬ 
cessfully in practice. Throughout this table it is assumed 
that the cylinder pitches are equal. In some cases an im¬ 
provement in engine balance can be obtained by having un¬ 
equal cylinder pitches. Some notes on this subject are given 
by P. Cormac in an article in Engineering, nth October, 1929, 
p. 458. 

Four-Stroke Cycle, Single-Acting, In-Line Engines. 

Four-Cylinder. —-No. 1 is used for high- and medium-speed 
engines where the natural frequency of the engine on its mount¬ 
ing is sufficiently below the frequency of the secondary un¬ 
balanced force to avoid perceptible structural vibration from 
this cause. It is used in all 4-cylinder, 4-stroke cycle motor¬ 
car engines. It is unsuitable for main engines on board ship 
because of starting and reversing difficulties, whilst if it is 
used for marine auxiliary engines care must be taken to make 
sure that the secondary unbalanced force will not be trans¬ 
mitted to the hull, because the frequency of this force is too 
vol. i.—33 
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near the natural frequency of the engine mounting or other 
parts of the hull structure. The latter remark also applies 
where the starting and reversing difficulty is overcome by 
fitting a clutch and reversing gear, or a reversible propeller. 

No. 2 is used for direct reversing engines and also where 
the secondary force of No. i is likely to cause perceptible 
vibratory disturbances. There are many instances in practice 
where engines built with crank arrangement No. i caused 
such severe vibratory disturbances that secondary balancing 
equipment or special engine mountings had to be incorporated 
before the engines could be put into regular service. 

No. 3 is of interest because the principal unbalance is a 
primary couple. It is not used for simple 4-cylinder aggregates 
because of this comparatively large unbalanced primary couple, 
but it is used in engine aggregates where the primary forces 
can be balanced for each crank separately. In such cases the 
engine as a whole possesses complete primary and secondary 
balance. For example, in the case of an 8-cylinder, 90° Vee- 
engine the primary forces due to each pair of pistons operating 
on each crankpin can be balanced by a rotating balance weight 
attached to the crankwebs opposite each crankpin. 

The principal torsional vibration characteristics of the 
three arrangements are as follows:— 

If the node is remote from the crankshaft, as in the case of 
the one-node mode of vibration of a marine propeller drive 
or of any transmission system in which there is great flexi¬ 
bility between the engine and the driven machine, the only 
totally unbalanced orders are the 2,4,6, etc., orders for arrange¬ 
ment No. 1, and the 4, 8,12, etc., orders for arrangement Nos. 

2 and 3. All other harmonic orders are completely balanced 
for arrangement No. 1, but for arrangement Nos. 2 and 3 ah 
the half orders are more or less unbalanced, the 1-5, 5-5, 9-5, 
etc., and 2-5, 6-5, 10-5, etc., order vectors being large, and the 
°' 5 > 4 ‘ 5 > 8-5, etc., and 3-5, 7-5, 11-5, etc., order vectors being 
of medium magnitude. 

If the node is situated near the end of the crankshaft, as 
in the case of the one-node mode of vibration of an engine 
close-coupled to an electrical generator, the totally unbalanced 
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orders are the major orders, i.e. orders 2, 4, 6 , etc., for No. 1 
arrangement; and orders 4, 8,12, etc., for Nos. 2 and 3 arrange¬ 
ments. In addition, the remaining orders in each case are more 
or less unbalanced. With arrangement No. 1 the half-order 
vectors are large and the odd order vectors are small; with 
arrangement No. 2 the remaining even order vectors and the 
half-order vectors are large, whilst the odd order vectors are 
small; with arrangement No. 3 the remaining even order 
vectors are small and the half-order and odd order vectors are 
large. 

If the node is situated at the centre of the crankshaft, as 
in the case of the one-node mode of vibration of an engine with 
the driven unit situated at the centre of the cylinder aggregate; 
or with two identical driven units, one at each end of the 
crankshaft; or the two-node mode of vibration of a trans¬ 
mission system, where the driven unit is separated from the 
engine by a shaft or coupling of great flexibility, and where 
the flywheel effect is distributed along the engine in the form 
of crankweb balance weights or else is provided by a single 
flywheel at the centre of the engine, or by two flywheels, one 
at each end of the crankshaft, there are no totally unbalanced 
harmonic orders for arrangement Nos. 1 and 3, whilst orders 
2, 6,10, etc., are totally unbalanced for arrangement No. 2. 

In the case of No. 1 arrangement orders 2, 4, 6, etc., and 
1, 3, 5 are completely balanced, so that the only orders re¬ 
maining are the half orders and even these are partially 
balanced. With arrangement No. 2 orders 4, 8, 12, etc., are 
totally balanced; the remaining even order and the half¬ 
order vectors are large, and the odd order vectors are small. 
With arrangement No. 3 all even orders are completely bal¬ 
anced, leaving only the odd and half-order vectors partially 
unbalanced. 

It is evident, therefore, that by so arranging the system 
that the node is brought to the centre of the crankshaft a con¬ 
siderable improvement in the torsional vibration character¬ 
istics of the system can be achieved. This improvement is 
most pronounced for No. 1, where all except the half orders 
are completely cancelled. In No. 3 all except the half and odd 
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orders are completely cancelled, whilst in No. 2 only orders 
4, 8, 12, etc., are completely cancelled; orders 2, 6, 10, etc., 
being totally unbalanced. 

Five-Cylinder. —No. 4 is the crank arrangement usually 
adopted for 5-cylinder engines, because it gives the best degree 
of engine balance. There is only one practical firing order for 
4-cycle engines of this type, namely, 1-2-4-5-3, and firing im¬ 
pulses occur at even intervals of 144 0 throughout the 720° 
working cycle. As already mentioned there are altogether 
twelve different methods of arranging the five crankpins 
round the crank circle, and these have already been given. 
Many of them are ruled out by considerations other than 
torsional vibration, but if for some reason or other the tor¬ 
sional vibration characteristics corresponding to the above 
generally accepted 5-cylinder crank arrangement are un¬ 
satisfactory it might be worth while exploring the remaining 
crank arrangements for a more favourable compromise 
between the various design considerations. 

If the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the 2*5, 5, 7-5, etc., orders, 
irrespective of the particular firing order employed. 

If the node is near the end of the crankshaft minor orders 
as well as major orders axe unbalanced. With crank sequence 
1-5-2-3-4 and firing order 1-2-4-5-3 (No. 4 in the table) the 
°' 5 > 3 > 5 ’ 5 > e tc., and the 2, 4*5, 7 > e tc., order vectors are large, 
and the 1, 3*5, 6, etc., and 1-5, 4, 6-5, etc., order vectors are 
small. If the crank sequence is altered to 1-2-4-5-3 with 
firing order 1-4-3-2-5, the 0*5, 3, 5-5, etc., and 2, 4-5, 7, etc., 
order vectors are small, and the remaining minor order vectors 
are large. In both cases the 2-5, 5, 7*5, etc., order vectors 
are completely unbalanced. 

With crank sequence 1-2-4-5-3 the primary couple factor 
becomes K„' = 4-98, and the secondary couple factor becomes 
K/ = 0*4 $Jq, i.e. the unbalanced primary couple is increased 
ten times compared with crank sequence 1-5-2-3-4. 

With crank sequence 1-5-2-3-4 and firing order 1-2-4-5-3 
there are no large vectors in the gaps between consecutive major 
orders. 
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If the node is at the centre of the crankshaft there are no 
totally unbalanced harmonic orders. With firing order 1-2-4-5-3 
the vector sums are very nearly zero for orders 1, 3-5, 6, etc., 
and 1*5, 4, 6-5, etc. With firing order 1-4-3-2-5 the vector 
sums are very nearly zero for orders 0*5, 3, 5-5, etc., and 2, 
4*5, 7, etc. In both cases orders 2-5, 5, and 7-5 are com¬ 
pletely balanced. Thus for firing order 1-2-4-5-3 the only 
unbalanced orders are the 0*5, 3/5*5, etc., and 2, 4-5, 7, etc., 
orders, whilst for firing order 1-4-3-2-5 the only unbalanced 
orders are the 1, 3-5, 6, etc., and 1-5, 4, 6*5, etc., orders. 

Six-Cylinder. —No. 5 is the universally accepted crank 
arrangement for 6-cylinder, in-line, 4-stroke cycle engines, 
because it provides even firing intervals and complete primary 
and secondary engine balance. 

As already explained there are four different firing orders 
corresponding to this crank arrangement, which, incidentally, 
is the only balanced crank arrangement for a 6-cylinder, 4-cycle 
engine. These four firing orders are as follows :— 

X-2-3-6-5-4 (or 1-4-5-6-3-2) 

I - 2 - 4 - 6 - 5-3 (or 1-3-5-6-4-2) 

i- 5_3_6_ 2 -4 (or 1-4-2-6-3-5) 

x - 5 - 4 - 6 - 2-3 (or 1-3-2-6-4-5) 

Firing order 1-5-3-6-2-4 is the one usually adopted, especially 
for petrol engines, where it has the advantage of providing 
a neat and efficient induction system. Thus when two car¬ 
burettors are employed this firing order fulfils the conditions 
that there should be no overlapping of the induction periods 
of the cylinders drawing from one carburettor, and the in¬ 
duction piping should be as short as possible. 

This point is shown in Fig. 91 where the induction mani¬ 
folding for two different firing orders is shown. 

This firing order is also popular in engines where there is no 
induction problem, because it ensures that no two adjacent 
cylinders fire consecutively. 

Where the node is remote from the engine the only un¬ 
balanced harmonic orders, irrespective of the firing order, are 
the 3, 6, 9, etc., orders, and these orders are totally unbalanced. 

If the node is situated near the end of the crankshaft, 
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however, minor orders as well as the 3, 6, 9, etc., major orders 
are unbalanced. 

Alterations of firing order only affect the half-order har¬ 
monics, all other harmonics remain unaltered. With firing 
order 1-5-3-6-2-4 the 1*5, 4*5, 7-5, etc., order vectors are com¬ 
paratively large, and the other half-order vectors are compara¬ 
tively small. With firing order 1-2-4-6-5-3 the 1-5, 4-5, 7-5, 
etc., order vectors are comparatively small, and the other 
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• I- 2 - 4 - 6 S -3 



half-order vectors are comparatively large. With this firing 
order, therefore, there are no large vectors in the gaps between 
consecutive major orders. 

With fixing order 1-5-4-6-2-3 the vector sums for the two 
groups of half orders have approximately the same magnitude. 

The expedient of altering the firing order can therefore be 
used in cases where unsatisfactory operation is due to the 
presence of a large half order critical speed in the operating 
range. For example, if a 4*5 order was found to be trouble- 
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some with firing order 1-5-3-6-2-4, a cure might be provided by 
changing to firing order 1-2-4-6-5-3, and so on. 

If the node is situated at the centre of the crankshaft the 
only unbalanced orders are the half orders, all others are com¬ 
pletely cancelled. With firing order. 1-5-3-6-2-4 the 1*5, 4-5, 
7-5, etc., order vectors are large, and the remaining half-order 
vectors small. 

With firing order 1-2-4-6-5-3 the 1*5, 4*5, 7-5, etc., order 
vectors are small, and the remaining half-order vectors large. 
With firing order 1-5-4-6-2-3 the vector sums for the two groups 
of half orders have approximately the same magnitude. The 
foregoing remarks show that the expedient of bringing the 
node to the centre of the crankshaft is a very effective means 
for clearing the speed range of critical zones. 

If two cylinders are permitted to fire simultaneously, i.e. 
firing order (1, 6)-(3, 4)-(2, 5), and the node is at the centre 
of the crankshaft, there are no unbalanced orders. This 
arrangement provides three impulses every two revolutions 
spaced at 240° intervals, so that the torque variation would 
be similar to that of a 3-cylinder engine. 

Seven-Cylinder. —No. 6 is the usually accepted crank 
sequence and firing order for a 7-cylinder engine, because it 
provides the best degree of engine balance. There are, however, 
360 different 7-cylinder crank arrangements, one alternative 
being shown at No. 7 in the table. 

This second arrangement, No. 7, is interesting because 
only the secondary couple is unbalanced. Although the mag¬ 
nitude of this couple is about ten times that of the secondary 
couple of No. 6, the el im ination of the primary couple in No. 7 
might make this a smoother arrangement, bearing in mind 
that secondary effects are less important than primary effects 
from the point of view of structural vibration, provided there 
is no possibility of resonance between the frequency of this 
unbalanced couple and the natural frequency of any part of 
the surrounding structure. 

If the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the 3-5, 7, 10-5, etc., orders, 
irrespective of the particular firing order employed. 
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If the node is near the end of the crankshaft minor orders 
as well as major orders are unbalanced. With crank sequence 

1 . _6_3_4_5_2-7 and firing order 1-3-5-7-6-4-2, No. 6 in the table, 
the i*5, 5, 8-5, etc., and 2, 5*5, 9, etc., order vectors are very 
nearly zero ; the 0-5, 4, 7-5, etc., and the 3, 6-5, 10, etc., order 
vectors are large, and the 1, 4-5, 8, etc., and 2-5, 6, 9-5, etc., 
order vectors are small. With this crank sequence and firing 
order, therefore, there are no large vectors in the gaps between 
consecutive major orders. If the crank sequence is altered 
to 1-5-6-2-3-7-4 with firing order 1-6-3-4-5-2-7, the 1, 4-5, 8, 
etc., and 2*5, 6, 9-5, etc., order vectors are very nearly zero; 
the 0-5, 4-0, 7*5, etc., and 3, 6-5, 10, etc., order vectors are 
small, and the 1-5, 5, 8-5, etc., and 2, 5-5, 9, etc., order vectors 
are large. In both cases the 3*5, 7, 10-5, etc., orders are com¬ 
pletely unbalanced. It should also be noted that with crank 
sequence 1-5-6-2-3-7-4 the primary unbalanced couple factor 
becomes K p = 0-9, and the secondary unbalanced couple 
factor becomes K/ = 10 jq, i.e. both primary and secondary 
balance is worse than for arrangement No. 6 in the table. 

In arrangement No. 7 in the table the 3*5, 7, 10-5, etc., 
orders are also completely unbalanced; the 1, 4-5, 8, etc., and 
2-5, 6, 9*5, etc., order vectors are small, the 0*5, 4, 7-5, etc., 
and 3,6-5,10, etc., order vectors are of medium magnitude, and 
the 1*5, 5, 8-5, etc., and 2, 5-5, 9, etc., order vectors are large. 

If the node is at the centre of the crankshaft there are no 
totally unbalanced orders. For crank sequence 1-6-3-4-5-2-7 
and firing order 1-3-5-7-6-4-2 the only important unbalanced 
orders are the 0-5, 4, 7-5, etc., and 3, 6*5, and 10, etc., orders, 
the vector sums being small or zero for all other orders. For 
crank sequence 1-5-6-2-3-7-4 and firing order 1-6-3-4-5-2-7 the 
only important unbalanced orders are the 1-5, 5, 8-5, etc., and 

2, 5'5> 9 > etc., orders, the vector sums being small or zero for 
all other orders. For crank sequence 1-6-5-3-2-7-4 and firing 
order 1-5-2-4-6-3-7 the only important unbalanced orders are 
the 1*5, 5, 8-5, etc., and 2, 5-5, 9, etc., orders, the vector sums 
for all other orders being small or zero. 

Eight-Cylinder. —There are three balanced crankshaft 
arrangements for 8-cylinders, in-line, 4-stroke cycle engines, 



DETERMINATION OF STRESSES 


521 


one of which is No. 8 in the table. This is the arrangement 
usually adopted in practice, and consists of two 4-cylinder 
shafts of the type shown at No. 2 in the table, but with the 
crankpins arranged so that the four pins in one-half of the 
8-cylinder shaft are the mirror images of the four pins in the 
other half. This arrangement therefore provides the good 
balance of No. 2 arrangement in each half of the crankshaft 
whereby frame loading is minimised. 

There are eight different firing orders corresponding to this 
crank arrangement, the firing order quoted in the table being 
one of the orders used in motor-car practice and having the 
advantage that no two adjacent cylinders fire consecutively. 

A list of the eight different orders has already been given 
as well as a list of the three different balanced crank arrange¬ 
ments. 

From the construction of these lists it should not be difficult 
to write out corresponding lists of firing orders for the other 
two balanced crankshaft arrangements, if required. 

If the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the 4, 8, 12, etc., orders, afi 
others are completely balanced. 

If the node is situated near the end of the crankshaft minor 
as well as major harmonic orders are unbalanced. Like the 
6-cylinder balanced crankshaft arrangement ^Iterations of 
firing order only affect the half-order harmonics, all other 
orders are unaltered. With firing orders 1-3-2-4-8-6-7-5 and 
1-3-2-5-8-6-7-4 the o*5, 4*5, 8-5, etc., and 3*5, 7*5, 11-5, etc., 
order vectors are comparatively large, and the remaining 
half-order vectors are comparatively small. 

With firing orders 1-6-2-4-8-3-7-5 and 1-6-2-5-8-3-7-4 the 
o*5, 4*5, 8-5, etc., and 3*5, 7-5, 11*5, etc., order vectors are 
comparatively small, and the remaining half-order vectors 
are comparatively large. 

The vector sums have approximately the same magnitudes 
for the four groups of half orders in the case of the remaining 
four firing orders. 

If the node is at the centre of the crankshaft the only un¬ 
balanced orders are the half orders, all others are completely 
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cancelled. The relationship between the half-order vectors 
with different firing orders is the same as already described 
for the case when the node is situated near the end of the 
crankshaft. 

The expedient of bringing the node to the centre of the crank¬ 
shaft is therefore a very effective method of clearing the speed 
range of critical speeds. 

■ The balanced crankshaft arrangement (i, 8)-(2, 7)—(4, 5)- 
(3, 6) is also used in practice. The eight different firing orders 
corresponding to this crank arrangement are as follows :— 

i-2-4-3~8-7~5~6 

x—2-4— 6 — 8 —7—5—3 

i-2~5~3“8-7~4-6 

i _2_5_6_8_7_ 4 _3 

1-7-4-3-8-2-5-6 

1-7-4-6-8-2-5-3 

1-7-5-3-8-3-4-6 

x—7—5—6—8—2—4—3 

As before, if the node is near the end of the crankshaft 
minor as well as major orders are unbalanced. Changes of 
firing order only affect the magnitudes of the half-order vectors, 
all others remain unaltered. 

Orders 4, 8, 12, etc., are completely unbalanced, as in the 
case of No. 8 in the table ; the 1, 5, 9, etc., and 3, 7, n, etc., 
order vectors are small for this arrangement, whilst for No. 8 in 
the table they are nearly zero ; the 2, 6,10, etc., order vectors 
are nearly zero for this arrangement, whereas they are small 
for No. 8 in the table. The magnitudes of the half-order 
vectors depend on the firing order employed. 

With firing orders 1-2-4-6-8-7-5-3 and 1-2-5-6-8-7-4-3 the 
0-5, 4-5, 8-5, etc., and 3*5, 7*5, 11-5, etc., order vectors are 
comparatively large and the remaining half-order vectors are 
comparatively small. With firing orders 1-7-4-3-8-2-5-6 and 
x-7.5-3_8-2.4-6 the 0-5, 4*5, 8-5, etc., and 3*5, 7-5, 11-5, etc., 
order vectors are comparatively small, and the remaining half¬ 
order vectors are comparatively large. The half-order vectors 
for any given harmonic order have approximately the same 
magnitudes for the remaining four firing orders. 

Firing order 1-2-4-6-8-y-y^ is of special interest because in 
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this case there are no large vectors in the gaps between consecutive 
major orders , a condition which cannot be obtained with crank 
arrangement No. 8 in the table. 

If the node is at the centre of the crankshaft the only un¬ 
balanced orders are the half orders, all others are completely 
cancelled. The relationship between the half-order vectors 
with different firing orders is the same as already described for 
the case when the node is near the end of the crankshaft. 

A disadvantage of the type of crankshaft just described is 
that although the engine as a whole possesses complete primary 
and secondary balance there is a large unbalanced primary 
couple in each half of the crankshaft which might be a source 
of vibration, especially if the crankcase is weak. In aero 
engines this might lead to an increase in weight due to the 
necessity for additional stiffness in the crankcase. 

The crankshaft arrangement shown at No. 9 in the table, 
although not of the balanced type, has been used in practice 
for straight-eight engines. 

It is composed of two 4-cylinder shafts of the type shown at 
No. 1 in the table, placed end to end. With this arrangement 
there is a comparatively large unbalanced secondary couple, 
in fact this secondary couple is the largest of any listed in the 
table. In spite of this, however, engines of this type have 
been successfully applied in practice without causing any 
noticeable structural vibration. A great deal depends, how¬ 
ever, on the particular application and especially on whether 
there is likely to be resonance between the frequency of the 
couple and the natural frequency of any part of the surrounding 
structure. 

A more serious disadvantage of No. 9 arrangement is the 
large centrifugal loading on the crankshaft journals between 
Nos. 2 and 3 and Nos. 6 and 7 cylinders. Each of these journals 
has to carry the combined centrifugal load of two cylinders. 
In arrangement No. 8 the only journal carrying the combined 
centrifugal loading of two cylinders is the journal between 
Nos. 4 and 5 cylinders, i.e. the journal at the centre of the 
engine, where it is possible to provide increased length if 
required. 
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Like No. 8 changes of firing order only affect the half¬ 
order harmonics, but unlike No. 8 the 2, 6, io, etc., orders are 
completely unbalanced when the node is situated at the centre 
of the crankshaft, and for this condition the only completely 
balanced orders are the 4, 8,12, etc., orders. 

In general, therefore, No. 8 crank arrangement is much 
better than No. 9. The chief virtue of No. 9 is ease of manu¬ 
facture, since the whole shaft can be forged as a flat forging 
and then be given only one twist to form the crankshaft. 

Nine-Cylinder. —-No. 10 is the usually accepted crank 
sequence and firing order for a 9-cylinder engine, because it 
provides the best degree of engine balance. There are, however, 
altogether 20,160 different arrangements, and one alternative 
which has very good balancing characteristics is shown at 
No. 11 in the table. There is plenty of scope for exploring 
9-cylinder arrangements in cases where the standard crank 
sequence does not appear to be the best solution. No. 10 
arrangement in the table is, however, very good from torsional 
vibration as well as the engine balance viewpoints. The only 
important harmonic orders are the 4*5, 9, 13*5, etc., orders, 
and even these are eliminated when the node is moved to the 
centre of the crankshaft. Moreover , with this crank sequence 
there are no large vectors in the gaps between consecutive major 
criticals. 

Ten-Cylinder. —There are twelve balanced crankshaft 
arrangements and sixteen different firing orders corresponding 
to each arrangement. 

The arrangement shown at No. 12 in the table is gener¬ 
ally accepted and consists of two sets of five cranks of the 
type shown at No. 4 in the table, arranged in mirror forma¬ 
tion. In this way the balance of each half of the crankshaft 
is as good as for the 5-crank arrangement shown at No. 4, 
whilst the engine as a whole has no primary or secondary 
unbalance. 

The sixteen different firing orders, corresponding to the 
crank arrangement shown at No. 12 in the table, are 



DETERMINATION OF STRESSES 


525 


1-5-2-3-4-10-6-9-3-7 
1-5-2-3-7-10-6-9-8-4 
1-5-2-8-4-10-6-9-3-7 
1-5-2-8-7-10-6-9-3-4 * 

1 - 5 ^ 9 - 3 - 4 - 10 - 6 - 2 - 8-7 
!—5-9—3-7—* 0-6-2-8-4 
1— 5 - 9 - 8 —4—10-6-2-3-7 
1-5-9-8-7-x 0-6-2-3-4 
1-6-2-3-4-10-5-9-8-7 
1-6-2-3-7-10-5-9-8-4 
1-6-2-8—4-10-5-9-3—7 
1-6-2-8-7-10-5-9-3-4 
1—6-9-3—4—1 o—5-2-8—7 
1-6-9-3-7-10-5-2-8-4 
x—6-9-8—4-10-5-2-3-7 
1-6-9-8-7-10-5-2-3-4 

If the node is remote from the crankshaft the only im¬ 
balanced orders are the 5, 10, 15, etc., orders, all others are 
completely balanced. 

If the node is situated near the end of the crankshaft minor 
as well as major orders are unbalanced. Like a 6- and 

8- cylinder balanced crankshaft arrangement alterations of 
firing order only affect the half-order harmonics, all other 
orders are unaltered. 

With firing order 1-6-2-8-4-10-5-9-3-7 the only important 
unbalanced orders are the 5, 10, 15, etc., major orders, and the 
2-5, 7*5, 12*5, etc., minor orders, all others are small. If the 
firing order is altered to 1-6-9-3-4-10-5-2-8-7 the important 
unbalanced orders are the 5, 10, 15, etc., major orders and the 
i*5, 6-5, 11-5, etc., and 3-5, 8-5, 13-5, etc., minor orders, all 
others are small. With this alternative firing order the 2-5, 
etc., orders are made small at the expense of bringing the 
1-5, etc., and 3-5, etc., orders into prominence. 

A further improvement in the disposition of the critical 
speeds can be obtained by adopting a different crankshaft 
arrangement, viz. (1, io)-(3, 8)-(5, 6)-(7, 4)-(9, 2) and a firing 
order 1-3-5-7-9-10-8-6-4-2. With this crank arrangement and 
firing order the only important harmonic orders are the 5, 
10, 15, etc., major orders, and the 0-5, 5*5, 10*5, etc., and 4-5, 

9- 5, 14-5, etc., minor orders, all other orders are smalt In this 
case there are no large vectors in the gaps between consecutive 
major orders. 
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This improvement, however, is obtained at the expense of 
a much increased unbalanced primary couple in each half of the 
crankshaft. The engine, as a whole, has, of course, collective 
primary and secondary balance, but the presence of a large 
unbalanced primary couple in each half of the crankshaft 
might cause trouble, due to frame deflection, unless balance 
weights are attached to the crankwebs for the purpose of 
minimising this unbalance, or unless a suitably stiffened crank¬ 
case is employed. In either case the additional weight would 
be a disadvantage in aero-engine practice. 

If the node is at the centre of the crankshaft, the only un¬ 
balanced harmonic orders are the half orders, all others are zero. 
In No. 12 arrangement in the table with firing order 1-6-2-8-4- 
10-5-9-3-7 the 2-5, 7-5,12-5, etc., orders are totally unbalanced, 
but for the other arrangements these orders are partially 
balanced. As a general rule the half-order vectors are small, 
and their magnitudes can be changed if desired by alterations 
of firing order. 

If two cylinders are permitted to fire simultaneously, 
i.e. firing order (1, io)-(2, 9)—(4, 7)—(5, 6)-(3, 8) in the case of 
No. 12 in the table, and the node is at the centre of the crank¬ 
shaft, there are no unbalanced harmonic orders. This arrange¬ 
ment provides five impulses every two revolutions, evenly 
spaced at 144 0 intervals, so that the torque variation is similar 
to that of a 5-cylinder engine. With simultaneous firing 
therefore the engine should be free for all practical purposes 
from torsional vibrational disturbances for that mode of vibra¬ 
tion corresponding to a node at the centre of the crankshaft. 
If other important modes of vibration exist, these must, of 
course, be investigated separately. 

Twelve-Cylinder. —There are sixty balanced crankshaft 
arrangements of the type shown at No. 13 in the table, and 
there are thirty-two different firing orders corresponding to 
each crankshaft arrangement. 

If the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the 6, 12, 18, etc., major orders, 
and these are totally unbalanced. 

If the node is near the end of the crankshaft the major 
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orders, i.e. orders 6, 12, 18, etc., are completely unbalanced, 
and the only important minor orders are the half orders, all 
others are small. Like the 6-, 8-, and 10-cylinder ba lan ced 
crankshaft arrangements changes of firing order only affect the 
half-order components, which implies that the relative magni¬ 
tudes of the half-order vectors can be altered by changes of 
firing order. 

If the node is at the centre of the crankshaft the only 
unbalanced harmonic orders are the half orders, all others are 
completely balanced, irrespective of firing order. Changes of 
firing order will alter the relative magnitudes of the half-order 
vectors. 

In the arrangement shown at No. 14 in the table two 
cylinders fire simultaneously, as indicated by the half-order 
phase diagram. The crankshaft consists of two 6-cylinder 
balanced crankshafts, similar to No. 6 in the table but placed 
end to end, so that one is the mirror image of the other. The 
engine therefore possesses complete primary and secondary 
balance. 

Firing impulses occur at equal intervals of 120°. 

If the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the major orders, viz. the 3, 6, 9, 
etc., orders, and these orders are totally unbalanced. If the 
node is near the end of the crankshaft the major orders are 
again totally unbalanced, and in addition the half-order vec¬ 
tors may be of appreciable magnitude. The relative magni¬ 
tudes of the half orders can be altered by changing the firing 
order, but such changes do not affect the remaining orders. 

If the node is at the centre of the crankshaft there are no 
unbalanced harmonic orders. This is because cylinders which 
are symmetrically disposed relative to the centre of the crank¬ 
shaft fire simultaneously, so that the vibratory energy imparted 
by a cylinder on one side of the centre of the crankshaft is 
neutralised by the vibratory energy imparted by the sym¬ 
metrically disposed cylinder on the other side of the crankshaft 
centre. 

There is no special advantage in this simultaneous firing 
arrangement when the node is not situated at the centre of the 
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crankshaft, but in cases where the node can be brought to this 
position simultaneous firing is a means of bringing about com¬ 
plete cancellation of all the harmonic orders. 

Complete cancellation of all the harmonic orders can also 
be obtained with the 6-cylinder arrangement No. 5 ; the 8- 
cylinder arrangement No. 8; the 10-cylinder arrangement 
No. 12; and the 12-cylinder arrangement No. 13, by arrang¬ 
ing the system so that the node occurs at the centre of the 
crankshaft and by firing symmetrically disposed cylinders 
simultaneously. 

The advantage of the 12-cylinder arrangement, shown at 
No. 14 in the table, is that the firing intervals in each half of 
the crankshaft are even. The firing order in each half of the 
crankshaft should be chosen so that a satisfactory disposition of 
critical speeds is obtained for each half, considered as a separate 
unit. 

Two-Stroke Cycle, Single-Acting, In-Line Engines.— 

The task of investigating the torsional vibration characteristics 
of 2-stroke cycle engines is somewhat easier than in the case of 
the 4-stroke cycle type because 2-stroke engines have no half¬ 
order components-, and, moreover, the firing order is the same 
as the crank sequence. The following notes should be read 
in conjunction with Table 64. 

Four-Cylinder. —No. 15 is the crankshaft arrangement 
usually employed for 2-cycle engines because it gives the best 
degree of engine balance of any 4-crank arrangement. 

No. 16 is interesting because with this arrangement 
secondary couples are balanced. The primary couple, however, 
is more than twice as great as in No. 15, and for this reason 
No. 16 is usually only found in engine aggregates where the 
primary forces are balanced for each line of parts separately, 
or alternatively, where special arrangements are made to 
eliminate the primary couple, for example, by using bob- 
weights or pairs of oppositely rotating primary balancing 
masses. 

No. 16 is suitable for 4-cylinder opposed-piston engines, 
for example, because the primary forces can be balanced for 
each cylinder separately by adjusting the strokes of the two 
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pistons in inverse proportion to the reciprocating weights of 
the two sets of running gear. When this is done the engine is 
in complete primary and secondary balance. 

The principal torsional vibration characteristics of the two 
arrangements are as follows :— 

If the node is remote from the crankshaft the only 
unbalanced harmonic orders are the 4, 8, 12, etc., orders, all 
others are completely balanced. 

If the node is near the end of the crankshaft orders 4, 8, 12, 
etc., are totally unbalanced in both cases, and the minor orders 
are also unbalanced. With firing order 1-3-2-4 the odd minor 
order vectors are small and the even ones are large. 

With firing order 1-3-4-2, i.e. No. 16, the odd minor order 
vectors are large and the even ones small. In this case there 
are no large vectors in the gaps between consecutive major criticals. 

If the node is at the centre of the crankshaft, the major 
orders, i.e. orders 4, 8, 12, etc., are completely balanced in both 
cases. With firing order 1-3-2-4 the even minors are completely 
unbalanced, but the odd minor order vectors are small. With 
firing order 1-3-4-2 the even minor order vectors are completely 
balanced, but the odd minor order vectors are large. 

Firing order 1-3-4-2 with the crankshaft node at the centre 
of the crankshaft is used for large opposed-piston marine oil 
engines and by this means a speed range free from major 
criticals is obtained. The remaining odd order minors are 
suppressed by means of a detuning flywheel, to be described 
later. 

Five-Cylinder. —No. 17 is the arrangement usually adopted 
in practice and this is the same crank sequence as for 4-stroke 
cycle engines. The firing order, however, differs from that 
for 4-stroke engines because in this case it must be the same as 
the crank sequence, viz.. 1-5-2-3-4. 

There are altogether twelve different crank arrangements, 
and these have already been listed, but, as previously explained, 
No. 17 in the table gives the best degree of engine balance. 

If the node is remote from the crankshaft the major orders, 
i.e. orders 5, 10, 15, etc., are the only unbalanced harmonics. 

If the node is near the end of the crankshaft minor as well 
vol. 1.—34 
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as major orders are unbalanced. With firing order 1-5-2-3-4 
the i, 6, ii, etc., and 4, 9, 14, etc., order vectors are small, and 
the remaining minor order vectors are large. 

If the node is at the centre of the crankshaft the 5, 10, 15, 
etc., orders are completely balanced, and the 1, 6, 11, etc., and 

4, 9, 14, etc., order vectors are small. There are no totally 
unbalanced orders. 

An alternative arrangement not shown in the table is crank 
sequence and firing order 1-2-4-5-3. With this sequence the 
primary couple factor is increased to K v ' — 4-98, whilst the 
secondary couple factor is reduced to K/ = 0-45 jq. This 
large reduction of secondary couple makes this alternative 
arrangement very attractive in engines where primary forces 
are balanced for each cylinder separately. For this reason and 
.also because the torsional vibration characteristics are favour¬ 
able it is used in marine practice for large opposed piston oil 
engines, a type in which it is easy to provide primary balance 
for each cylinder separately. 

If the node is remote from the crankshaft the only 
unbalanced harmonics with firing order 1-2-4-5-3 are the 

5, io, 15, etc., orders, and these are totally unbalanced. 

If the node is near the end of the crankshaft the 5, 10, 15, 
etc., orders are still totally unbalanced, and in addition the 
1, 6, 11, etc., and 4, 9,14, etc., order vectors are large, but the 
remaining vectors are small. 

If the node is at the centre of the crankshaft the 5, to, 15, 
etc., orders are completely balanced, and the above relation¬ 
ship exists between the remaining vectors. In the large 
opposed-piston marine oil engines mentioned above the crank¬ 
shaft node is located at the centre of the crankshaft, a tuning 
flywheel being attached to the free end of the shaft for this 
purpose. By this means a speed range free from maj or criticals 
has been achieved. With this sequence there are no large vectors 
in the gaps between consecutive major criticals. 

In the case of solid forged shafts for small high- and medium- 
speed engines the two shaft arrangements just described would 
be forged as flat forgings with crankpins Nos. 1, 3, and 5 in 
line and crankpins Nos. 2 and 4 also in line but at 180 0 to the 
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first three. The correct spacing of the pins would then be 
obtained by twisting the journal sections through angles of 
36° and 108°, i.e. two journals twisted through 36° and the 
other two through 108°. A crankshaft having the crank 
sequence and firing order 1-3-5-2-4 would be less severely 
strained in manufacture because each journal would only 
require twisting through 36° to form the complete shaft from 
a flat forging of the shape just described. 

With crank sequence 1-3-5-2-4, however, the primary 
couple factor is K/ — 2-62, and the secondary couple factor 
is K/ = 4-25 Jq, i.e. the primary couple is more than five times 
that for No. 17 in the table. 

If the node is remote from the crankshaft the only 
unbalanced harmonic orders with firing order 1-3-5-2-4 are 
the 5, 10, 15, etc., orders. 

If the node is at the end of the crankshaft the 5, 10, 15, 
etc., orders are totally unbalanced, and all the remaining orders 
are of appreciable magnitude. If the node is near the centre 
of the crankshaft orders 5,10,15, etc., are completely balanced, 
but all the remaining order vectors are of appreciable magni¬ 
tude. It would appear therefore that firing order 1-3-5-2-4 is 
inferior for both balancing and torsional vibration to No. 17 
in the table, but this depends to some extent on the position 
occupied by the critical speeds in relation to the speed range 
of the engine. 

Six-Cylinder. —No. 18 is the crank arrangement usually 
employed in practice because it gives the best degree of engine 
balance, the only important unbalance being a small secondary 
couple. 

There are altogether sixty different 6-cylinder crank 
sequences and firing orders, and for all of these if the node is 
remote from the crankshaft'the only unbalanced harmonic 
orders are the 6, 12,18, etc., orders. 

With firing order 1-5-3-4-2-6, i.e. No. 18 in the table, if 
the node is near the end of the crankshaft, orders 6, 12, 18, 
etc,, are totally unbalanced; the 3, 9, 15, etc., order vectors 
are large, the remaining odd" order vectors are small, and the 
remaining even order vectors are of medium magnitude. 
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If the node is at the centre of the crankshaft orders 3, 9, 
15, etc., are totally unbalanced; orders 6, 12, 18, etc., 
are completely balanced, the remaining odd order vectors are 
small, and the remaining even order vectors are large. 

No. 19 is sometimes favoured in practice because the 
crankthrows are arranged in pairs at 180 0 , whereas in No. 18 
the crankthrows are arranged in two sets of three at 120°. 

No. 19 also possesses complete primary balance, but the 
secondary couple is twice as large as in No. 18. 

If the node is near the end of the crankshaft with firing 
order 1-4-5-2-3-6, i.e. No. 19, orders 6, 12, 18, etc., are com¬ 
pletely unbalanced; the remaining even order vectors are 
large, and all odd order vectors are small. 

If the node is at the centre of the crankshaft, there are no 
totally unbalanced orders ; orders 6,12,18, etc., are completely 
balanced; the 3, 9,15, etc., vectors are of medium magnitude, 
the remaining odd order vectors are small, and the remaining 
even order vectors are large. 

The interest of No. 20 lies in the fact that secondary couples 
axe balanced. There is, however, an unbalanced primary 
couple which renders this crank arrangement undesirable 
except in cases where the primary forces can be balanced 
for each crankthrow separately. For example, it is suitable 
for 6-cylinder opposed-piston engines, where the primary forces 
can be balanced by making the strokes of the pistons inversely 
proportional to the respective reciprocating weights. 

It is also suitable for a 12-cylinder, 2-stroke cycle 90° Vee- 
engine where the primary force, due to the reciprocating parts 
of each pair of pistons acting on a common crankpin, can be 
balanced by counterweights attached to the crankwebs opposite 
the crankpin. 

If the node is near the end of the crankshaft, orders 6, 
12, 18, etc., are totally unbalanced; the 3, 9, 15, etc., order 
vectors are large, the remaining odd order vectors are of 
medium magnitude, and the remaining even order vectors are 
small. 

If the node is at the centre of the crankshaft, orders 3, 9,15, 
etc., are totally unbalanced; the remaining odd order vectors 
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are of appreciable magnitude, but all even orders are totally 
balanced. 

Crank sequence, and, firing order 1-3-5-6-4-2, not shown in 
the table, is interesting because there are no large vectors in the 
gaps between consecutive major orders when the node is 
near the end of the crankshaft. If the node is at the centre of 
the crankshaft the only unbalanced orders are the odd orders, 
and these are small. The engine possesses complete secondary 
balance, but the primary unbalanced couple factor is Kf — 7-2, 
so that this crank arrangement is unsuitable for high-speed 
engines unless of a type with primary forces balanced for each 
line of parts separately, such as opposed-piston engines with 
unequal strokes, or 12-cylinder 90° Vee-engines. 

A 6-cylinder, 2-stroke cycle engine can also be made from 
the 4-stroke cycle balanced crankshaft arrangement shown at 
No. 5 in the table. When this is done two cylinders must 
fire simultaneously, i.e. the firing order for the arrangement 
shown at No. 5 in the table would be (1, 6)-(2, 5)-(3, 4). 

There is no advantage in doing this if the node is near the 
end of the crankshaft, but if the node is at the centre of the 
crankshaft complete cancellation of all harmonics is obtained. 
This is because cylinders which are disposed symmetrically on 
either side of the node fire simultaneously, so that the vibra¬ 
tional energy imparted by a cylinder on one side of the crank¬ 
shaft centre is neutralised by the vibrational energy imparted 
by the symmetrically disposed cylinder on the other side of 
the crankshaft centre. 

By this means an engine aggregate is obtained which is for 
all practical purposes free from torsional vibration due to 
cylinder impulses and is also in complete primary and secondary 
balance. 

It must be borne in mind, however, that this is only true 
for the mode of vibration which corresponds to a node at the 
centre of the crankshaft. If other modes exist these must, of 
course, be investigated. 

Seven-Cylinder. —No. 21 is the arrangement usually 
adopted in practice for both 4-stroke cycle and 2-stroke cycle 
engines, since it gives the best degree of engine balance. There 
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are altogether 360 different crank arrangements for a 7-cylinder 
engine, and in each case the only unbalanced harmonic orders, 
when the node is remote from the crankshaft, are the 7, 14, 21, 
etc., orders, which are totally unbalanced. 

If the node is near the end of the crankshaft, with crank 
sequence and firing order 1-6-3-4-5-2-7, No. 21 in the table, 
the 7, 14, 21, etc., orders are totally unbalanced; the 4, 
ii, 18, etc., vectors are large, and the remaining vectors are 
small. 

If the node is at the centre of the crankshaft, the 7, 14, 21, 
etc., orders are completely balanced, and the above relationship 
exists between the remaining vectors. 

No. 22 in the table is interesting because only the secondary 
couple is unbalanced, which might provide a smoother engine 
aggregate in certain cases, as already mentioned. 

If the node is near the end of the crankshaft the 7, 14, 21, 
etc., orders are totally unbalanced; the 2, 9, 16, etc., and 
5, 12, 19, etc., vectors are large, and the remaining vectors are 
small. 

If the node is at the centre of the crankshaft the 7, 14, 21, 
etc., vectors are completely balanced and the above relation¬ 
ship exists between the remaining vectors. 

Crank sequence not shown in the table , is 

interesting because there are no large vectors in the gaps between 
consecutive major criticals. • 

If the node is near the end of the crankshaft the 7, 14, 21, 
etc., orders are totally unbalanced, the 1, 8, 15, etc.,, and 6, 
13, 20, etc., order vectors are large, and the remaining vectors 
are small. 

If the node is at the centre of the crankshaft the 7, 14, 21, 
etc., orders are completely balanced, and the above relation¬ 
ship exists between the remaining vectors. 

With this crank sequence the secondary couple factor is 
only K/ — 0-25/9, but the primary couple factor is K/ — 9-8. 
Due to the large primary couple this crank arrangement would 
require large crankweb counterweights, especially in the case 
of high-speed engines. It is therefore not a desirable arrange¬ 
ment for aero engines where weight must be minimised. 
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Eight-Cylinder. —The arrangements shown at 23, 24 and 
25 in the table have all been used in practice. The first arrange¬ 
ment has the smallest unbalanced primary couple, but there is 
also an unbalanced secondary couple. 

The other two arrangements have larger primary couples, 
but the secondary couples are balanced. There are altogether 
2520 different 8-cylinder crank arrangements, and in all cases 
when the node is remote from the crankshaft the only un¬ 
balanced harmonic orders are the 8,16, 24, etc., orders. 

With arrangement 23 in the table, if the node is near the 
end of the crankshaft, the 8, 16, 24, etc., orders are completely 
unbalanced; the 3, 11, 19, etc., 5, 13, 21, etc., and 4, 12, 20, 
etc., order vectors are large, and the remaining vectors are 
small. If the node is at the centre of the crankshaft the 
8,16, 24, etc., orders are completely balanced, and the foregoing 
relationship exists between the remaining vectors. 

With the arrangement shown at 24 in the table, if the node 
is near the end of the crankshaft the 8, 16, 24, etc., vectors are 
completely unbalanced; the 4, 12, 20, etc., vectors are large, 
and the remaining vectors are small or moderate. 

If the node is at the centre of the crankshaft the 8, 16, 24, 
etc., orders are completely balanced ; the 4,12, 20, etc., vectors 
are completely unbalanced, and the remaining vectors are small 
or moderate. 

With the arrangement shown at 25 in the table, if the node 
is near the end of the crankshaft the 8, 16, 24, etc., vectors are 
completely unbalanced ; the 3, 11, 19, etc., and 5, 13, 21, etc., 
vectors are large, and the remaining vectors are small or 
moderate. If the node is at the centre of the crankshaft the 
8, 16, 24, etc., orders are completely balanced, and the above 
relationship exists between the remaining vectors. 

Crank sequence and firing order i -2-4~6-8- j -5~3 is of interest 
because there are no large vectors in the gaps between consecutive 
major orders. This arrangement is not shown in the table. 
If the node is near the end of the crankshaft the 8, 16, 24, etc., 
orders are completely unbalanced; the 1, 9, 17, etc., and 7, 
15, 23, etc., order vectors are large, and the remaining vectors 
are small. 
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If the node is at the centre of the crankshaft the only 
•unbalanced orders are the odd orders, and of these the i, 9 
17, etc., and 7, 15, 23, etc., order vectors are large, and the 
remainder are small. 

There is no unbalanced secondary couple with this crank 
sequence, but the unbalanced primary couple factor is 
Kp' = 12-9. This large unbalanced primary couple is a dis¬ 
advantage, especially in high-speed engines. 

An 8-cylinder, 2-stroke cycle engine can also be made from 
any of the 4-stroke cycle engine balanced crankshaft arrange¬ 
ments, for example, No. 8 in the table. When this is done 
two cylinders must fire simultaneously. Thus, if the arrange¬ 
ment shown at No. 8 in the table is adopted the firing order for 
the 2-stroke cycle engine would be (1, 8)-(3, 6)-(2, 7)~(4, 5). 

There is no advantage in doing this, however, if the node is 
near the end of the crankshaft, because although the engine 
possesses complete primary and secondary balance, the crank¬ 
shaft must be stronger to withstand the double impulses and 
there are only four main torque impulses per revolution instead 
of eight. 

If, however, the node is at the centre of the crankshaft, 
there are no unbalanced harmonic orders, because cylinders 
which are disposed symmetrically on either side of the node 
fire simultaneously, so that the vibrational energy imparted 
by a cylinder on one side of the centre of the crankshaft is 
neutralised by the vibrational energy imparted by the sym¬ 
metrically disposed cylinder on the other side of the centre of 
the crankshaft. This arrangement therefore provides an engine 
which is for all practical purposes free from torsional vibration 
due to cylinder impulses and is also in complete primary and 
secondary balance. 

It must, of course, be borne in mind that this is only true 
for the mode of vibration which corresponds to a node at the 
centre of the crankshaft. If other modes of vibration exist, 
these must be investigated separately. 

Nine-Cylinder. —Nos. 26 and 27 are the arrangements 
usually adopted in practice because they provide the best degree 
of engine balance. 
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There are altogether 20,160 different crank arrangements, 
and in all cases, if the node is remote from the crankshaft, the 
only unbalanced harmonic orders are the 9, 18, 27, etc., orders. 

If the node is near the end of the crankshaft the 9, 18, 27, 
etc., orders are completely unbalanced, and all other orders are 
partially unbalanced. The relative magnitudes of the various 
orders can easily be determined by drawing the phase diagrams 
and evaluating the various vector summations. 

If the node is at the centre of the crankshaft orders 9, 18, 
and 27 are completely balanced, leaving only the remaining 
orders partially unbalanced. 

Crank sequence and firing order 1-2-4-6-8-9-7-5-3, not shown 
in the table, is of interest because there are no large vectors in 
the gaps between consecutive major orders. 

With this crank sequence the secondary couple factor is 
K/ = 0-19/2, the primary couple factor is K,' — 16-2. 
The large primary couple renders this crank arrangement 
undesirable. 

Ten-Cylinder. —There are altogether 181,440 different 10- 
cylinder, 2-stroke crank arrangements, and in all cases the 
only unbalanced orders are the io, 20, 30, etc., when the node 
is remote from the crankshaft. 

The arrangement shown at No. 28 in the table is one which 
provides complete primary balance of the engine and leaves 
a comparatively small secondary couple unbalanced. 

If the node is near the end of the crankshaft the 10, 20, 30, 
etc., orders are completely unbalanced, and in addition the 
remaining orders are partially unbalanced. 

If the node is at the centre of the crankshaft the 10, 20, 30, 
etc., orders are completely balanced, but the 5, 15, 25, etc., 
orders are completely unbalanced. The remaining orders are 
partially unbalanced. 

Crank sequence No. 28 gives large vector summations for 
the 5, 15, 25, etc., orders when the node is near the end or 
at the centre of the crankshaft. These can be considerably 
reduced by adopting crank sequence 1-7-8-3-4-10-5-2-9-6, not 
shown in the table, but at the expense of introducing an 
unbalanced primary couple. The primary couple factor is 
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K/ = 2-06, and there is also an unbalanced secondary couple 
having a factor K/ — 073 jq. 

A 10-cylinder, 2-stroke engine can also be made from any 
of the 10-cylinder 4-stroke cycle balanced crankshaft arrange¬ 
ments, for example No. 12, in the table. When this is done two 
cylinders must fire simultaneously, the firing order for a 2- 
stroke cycle engine with No. 12 crank arrangement being 
(1, io)-(5, 6)-(2, 9)-(3, 8)-(4, 7}. 

There is no advantage in doing this if the node is near the 
end of the crankshaft, but if the node is at the centre of the 
shaft complete cancellation of all harmonic orders is obtained, 
as already explained. 

Thus an engine is provided which is free for all practical 
purposes from torsional vibration disturbances due to engine 
impulses, and which, moreover, is in complete primary and 
secondary balance.. It must be borne in mind, of course, that 
this is true only for the mode of vibration corresponding to 
a node at the centre of the crankshaft. If other important 
modes exist these must be investigated separately. 

Two-Stroke Cycle, Double-Acting, In-Line Engines.— 
When investigating the torsional vibration characteristics of 
double-acting engines it is convenient to combine the tangential 
effort diagrams for the upper and lower sides of the piston 
before making an harmonic analysis. 

The harmonic analysis of this combined tangential effort 
diagram then gives the values of the sine and cosine com¬ 
ponents for one cylinder and these, in turn, can be combined 
with any important inertia or other corrections to obtain the 
resultant harmonic components for one cylinder. In other 
words, once the harmonic components are determined for the 
combined effect of the upper and lower sides of the piston of a 
double-acting engine, these can be employed in all subsequent 
calculations exactly as though the engine was of the single- 
acting type. 

If the tangential effort diagrams for both sides of the piston 
of a double-acting engine were identical, the instantaneous 
tangential effort for each cylinder would be the s um of two 
identical expressions differing in phase by 180°. The odd 
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harmonics would therefore cancel, leaving only the even orders 
to be considered. In practice, however, the two expressions 
are not identical, due to the influence of the connecting and 
piston rods and the different combustion characteristics be¬ 
tween the upper and lower sides of the piston. The odd 
harmonics cannot therefore be neglected in practice, although 
they are of much smaller magnitude than the adjacent even 
order harmonics (see Table 60). 

Four-Cylinder. —The crank arrangements used for single- 
acting, 2-stroke cycle engines can also be used for double¬ 
acting engines of this type. No. 15 in the table is the arrange¬ 
ment usually employed, because it provides the best degree of 
engine balance. It should be noted that with any of the 
2-stroke cycle, single-acting crankshaft arrangements shown 
in the table the top side of one piston of a double-acting engine 
fires simultaneously with the bottom side, of another piston. 
Thus, with crankshaft arrangement No. 15, the firing order is 
(iT, 2B)-(3T, 4B)-(2T, iB)-( 4T, 3B), i.e. there are four impulses 
per revolution at equal intervals of 90° the same as for a single- 
acting engine. 

The relative magnitudes of the vector sums for the dif¬ 
ferent harmonic orders are determined in the same way as for 
single-acting engines, so that the remarks already made in 
connection with 4-cylinder, 2-stroke cycle, single-acting engines 
also apply here. It should be borne in mind, however, that the 
odd order harmonic components are relatively smaller than 
the adjacent even order harmonic components in the case of 
double-acting engines. This implies that odd order critical 
speeds are in general less objectionable than the even order 
criticals. 

Thus with crank arrangement No. 16, if the node is situated 
at the centre of the crankshaft, the only unbalanced harmonic 
orders are the odd orders, and since the magnitudes of the odd 
order harmonic components for a double-acting engine are 
smaller than for a single-acting engine the torsional vibration 
characteristics of the double-acting type should be more 
favourable from this point of view. Unfortunately a dis¬ 
advantage of crank arrangement No. 16 is the somewhat large 
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unbalanced primary couple, which could be reduced con¬ 
siderably by employing crankweb balance weights, and could 
he eliminated if reciprocating bob-weights were also employed. 
It should be borne in mind, however, that the addition of 
balance weights to the oscillating system lowers the natural 
frequency of torsional vibration, and this might be undesirable 
if it causes an important critical speed to be brought into the 
running speed range. The size of the balance weights can be 
minimised by using only two balancing masses attached to 
the endmost crankwebs in correct phase relationship with the 
crankpins. 

No. 29 is a crank arrangement which avoids simultaneous 
fi ring of the top side of one piston with the bottom side of 
another. With this arrangement there are eight impulses per 
revolution evenly spaced at 45 0 intervals. 

If the node is remote from the crankshaft the only totally 
unbalanced harmonics are the 8, 16, 24, etc., orders. All the 
remaining even order vectors are completely cancelled, and 
the odd order vectors are partially cancelled. 

Since the odd order harmonic components are compara¬ 
tively small the problem of dealing with the odd order criticals 
should not, in general, be serious. 

If the node is near the end of the crankshaft, the 8, 16, 24, 
etc., orders are completely unbalanced, and the remaining 
even orders and the odd orders are usually small. 

If the node is at the centre of the crankshaft there are no 
completely unbalanced orders; the 4, 12, 20, etc., orders and 
the 8, 16, 24, etc., orders are completely balanced, leaving 
only the remaining even orders and the odd orders as possible 
sources of torsional vibration. 

A disadvantage of this crank arrangement is the presence 
of a somewhat large primary force and primary couple, but 
these can be considerably reduced by employing balance 
weights if this can he done without lowering the natural fre¬ 
quency of the system to an undesirable extent. 

No. 30 in the table is another crank arrangement which 
provides eight firing impulses evenly spaced at 45 0 intervals. 
The torsional vibration characteristics of an engine with this 
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crank sequence are somewhat similar to those of an engine with 
No. 29 crank arrangement. The principal difference between 
the two arrangements is that with No. 30 the only completely 
balanced orders when the node is at the centre of the crankshaft 
are the 8, 16, 24, etc., orders. In this respect, therefore, No. 
30 is inferior to No. 29. No. 30 is superior to No. 29, however, 
from the point of view of engine balance, because with No. 30 
the unbalanced primary couple is considerably smaller, and 
the unbalanced secondary couple is also somewhat smaller. 

An advantage of both No. 29 and No. 30 is that the 4th 
order torque reaction force and couple on the engine frame is 
completely balanced, whereas with any of the 2-stroke cycle, 
single-acting engine crankshaft arrangements, e.g. Nos. 15 and 
16 in the table, the 4th order torque reaction force on the 
frame is completely unbalanced. This is important in relation 
to engine frame vibration. 

Five-Cylinder. —'Any of the 5-cylinder crank arrangements 
employed for single-acting engines can also be used for the 
double-acting type. No. 31 in the table shows the arrange¬ 
ment usually employed, because it provides the best degree 
of engine balance. The use of an odd number of cylinders for 
double-acting engines automatically avoids simultaneous firing 
of the top side of one piston with the bottom side of another 
piston. Thus in a 5-cylinder, double-acting engine there are 
ten firing impulses per revolution evenly spaced at 36° intervals. 

As already explained, since the harmonic components are 
the resultant values for the combined effect of the top and 
bottom sides of each piston, the vector summations are carried 
out in precisely the same way as for a single-acting engine. 

The remarks already made in connection with 5-cylinder, 
2-stroke cycle, single-acting engines are therefore applicable 
to double-acting engines having the same crankshaft arrange¬ 
ments, bearing in mind, however, that the odd order harmonic 
components of the double-acting engine combined tangential 
effort diagram are relatively small. 

Six-Cylinder. —Any of the crank arrangements normally 
employed for single-acting, 6-cylinder, 2-stroke cycle engines 
can also be used for the double-acting type. No. 18. in the 
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table is the crank arrangement usually employed because it 
provides the best degree of engine balance. With this arrange¬ 
ment the top side of one piston fires simultaneously with the 
bottom side of another piston, so that there are six impulses 
per revolution at even intervals of 60°. The double-acting 
engine firing order with this crank arrangement is (iT, 4B)- 
( 5 T, 2B)-( 3 T, 6BH4T, iB)-{2T, 5 B)-(6T, 3 B). 

The remarks already made in connection with 2-stroke cycle, 
single-acting engines also apply to double-acting engines using 
the same crankshaft arrangements, bearing in mind, however, 
that the odd order harmonic components are relatively small. 

No. 32 in the table is a 6-cylinder crank arrangement with 
complete primary and secondary force and couple balance. 
This arrangement is the same as the 4-stroke cycle engine 
crank arrangement No. 5. In this case simultaneous firing of 
the top sides of two pistons occurs alternately with simul¬ 
taneous firing of the bottom sides of two other pistons, so that 
here also there are six impulses per revolution equally spaced 
at intervals of 6o°. 

If the node is remote from the crankshaft the only 
unbalanced harmonic orders are the 3, 6, 9, etc., orders, and 
these are completely unbalanced. 

It should be borne in mind, however, that the odd order 
harmonic components are relatively small. If the node is 
near the end of the crankshaft the 3, 6, 9, etc., orders are com¬ 
pletely balanced, and the remaining orders are nearly com¬ 
pletely balanced. If the node is at the centre of the crankshaft, 
all orders are completely balanced, so that for all practical 
purposes the engine is free from torsional vibration due to 
engine impulses. This remark is only true, of course, for the 
mode of vibration corresponding to a node at the centre of 
the engine, and for identical combustion characteristics in all 
cylinders. 

No. 33 in the table is a crank arrangement which avoids 
simultaneous firing of the top side of one piston with the 
bottom side of another piston. With this arrangement there 
are twelve impulses per revolution evenly spaced at intervals 
of 30°. 
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If the node is remote from the crankshaft the 12, 24, 36, 
etc., orders are completely unbalanced, and the 3, 15, 27, etc., 
and 9, 21, 33, etc., orders are partially unbalanced. All other 
orders are completely balanced. It should be borne in mind 
that for the odd unbalanced orders the harmonic components 
are relatively small. If the node is near the end of the crank¬ 
shaft the 12, 24, 36, etc., orders are completely unbalanced; 
the 3, 15, 27, etc., and 9, 21, 33, etc., order vectors are large, 
and the remaining vectors are small or moderate. 

If the node is at the centre of the crankshaft the 12, 24, 36, 
etc., orders are completely balanced; there are no completely 
unbalanced orders; the 3, 15, 27, etc., and 9, 21, 33, etc., 
order vectors are large, and the remaining vectors are small or 
moderate. With this crank arrangement there are imbalanced 
primary and secondary couples, the primary couple being 
particularly undesirable. It could be considerably reduced, 
however, by employing crankweb balance weights, the size of 
which could be minimised by using only two balancing masses 
attached to the endmost crankwebs in correct phase relationship 
with the crankpins. 

An advantage of this crank arrangement is that the 6th 
order torque reaction forces and couples acting on the engine 
frame are completely balanced, whereas with any of the 2-stroke 
cycle, single-acting arrangements, e.g. Nos. 18, 19, and 20 in 
the table, the 6th order torque reaction forces and couples are 
completely unbalanced. This is important in relation to frame 
vibration. 

Nos. 34 and 35 are similar to No. 33 and have somewhat 
similar torsional vibration characteristics. An advantage of 
these two alternative arrangements is that the magnitude of 
the unbalanced primary couple is considerably reduced, No. 35 
being the best arrangement in this respect. With No. 35 the 
unbalanced primary couple could be reduced to negligible 
proportions by quite small balance weights attached to the 
endmost crankwebs. 

With both these arrangements the 6th order torque reaction 
forces on the engine frame are completely balanced, but the 
torque reaction couples are unbalanced. In general, however. 
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an unbalanced couple is less important from the point of view 
of frame vibration than an unbalanced force. 

Seven-Cylinder.—-Any of the 7-cylinder crank arrange¬ 
ments employed for 2-stroke cycle, single-acting engines can 
also be used for the double-acting type. No. 36 in the table 
is the arrangement usually, employed in practice because it 
provides the best degree of engine balance. As already men¬ 
tioned the use of an odd number of cylinders for a double¬ 
acting engine automatically avoids simultaneous firing of the 
top side of one piston with the bottom side of another piston. 
In the case of 7-cylinder engines there are fourteen impulses 
per revolution at equal intervals of 25714 0 . The remarks 
already made in connection with the torsional vibration char¬ 
acteristics of 7-cylinder, 2-stroke cycle, single-acting engines 
are applicable to double-acting engines having the same crank¬ 
shaft arrangements, bearing in mind, however, that the odd 
order harmonic components of the double-acting engine com¬ 
bined tangential effort diagram are relatively small. 

Eight-Cylinder.—Any of the crank arrangements normally 
employed for 2-stroke cycle, single-acting engines can also be 
used for the double-acting type. With these arrangements 
the top side of one piston fires simultaneously with the bottom 
side of another piston, so that there are eight firing impulses 
per revolution equally spaced at intervals of 45 0 . For example, 
No. 38 in the table is the same crank arrangement as No. 23, 
and in the case of a double-acting engine the firing order is 
(iT, 6B)-(8T, 3BM2T, 4BH5T, 7B)-(6T, iB)-( 3 T, 8B)- 
( 4 T‘ 2B)-( 7 T, 5B). 

The torsional vibration characteristics of these crank 
arrangements are the same as already described for 8-cylinder, 
2-stroke cycle, single-acting engines, bearing in mind, however, 
that the odd order harmonic components of the double-acting 
engine combined tangential effort diagram are relatively small. 

No. 39 in the table is an arrangement in which the top sides 
of two pistons and the bottom sides of two other pistons fire 
simultaneously, so that there are four impulses per revolution 
evenly spaced at 90° intervals. The only interest of this 
arrangement is that there are no unbalanced harmonic orders 
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when the node is at the centre of the crankshaft. This arrange¬ 
ment therefore provides an engine which is free for all practical 
purposes from torsional vibrational disturbances, and which is 
in complete primary and secondary balance. These remarks 
are only true, of course, for the mode of vibration corresponding 
to a node at the centre of the crankshaft. If other modes exist 
these must be investigated separately. 

Nine-Cylinder. —Any of the 9-cylinder crank arrangements 
employed for 2-stroke cycle, single-acting engines can also be 
used for the double-acting type. No. 40 in the table is the 
arrangement usually employed because it gives the best degree 
of engine balance. In common with all double-acting engines 
having an odd number of cylinders simultaneous firing of the 
top side of one piston with the bottom side of another piston 
is automatically avoided. In the case of 9-cylinder, double¬ 
acting engines there are eighteen impulses per revolution 
evenly spaced at equal intervals of 20°. The remarks already 
made in connection with the torsional vibration character¬ 
istics of 9-cylinder, 2-stroke cycle, single-acting engines are 
applicable to the double-acting type, bearing in mind, however, 
that the odd order harmonic components of the double-acting 
engine tangential effort diagram are relatively small. 

Ten-Cylinder. —Any of the 10-cylinder arrangements nor¬ 
mally employed for 2-stroke cycle, single-acting engines can 
also be used for the double-acting type. With these arrange¬ 
ments the top side of one piston fires simultaneously with the 
bottom side of another piston, so that there are ten impulses 
per revolution evenly spaced at intervals of 36°. 

For example, the double-acting engine firing order for the 
crank arrangement shown at No. 28 in the table is (iT, 6B)- 
(10T, 5 B)-(2T, 7 B)-(8T, 3BH4T, 9BH6T, iB)-( 5 T, 10B)- 
( 7 T, 2BH3T, 8B)-( 9 T, 4 B). 

The remarks already made in connection with the torsional 
vibration characteristics of 10-cylinder, 2-stroke cycle, single- 
acting engines are applicable to the double-acting type, bearing 
in mind, however, that the odd order harmonic components of 
the double-acting engine tangential effort diagram are relatively 
small. 

vol. 1.—35 
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Alternatively, any of the 10-cylinder arrangements normally 
used for 4-stroke cycle, single-acting engines can also be em¬ 
ployed for the double-acting type. With these arrangements 
simultaneous firing of the top sides of two pistons alternates 
with simultaneous firing of the bottom sides of two other pistons, 
so that again there are ten firing impulses per revolution evenly 
spaced at intervals of 36°. 

For example, No. 42 in the table is the same crank arrange¬ 
ment as No. 12. 

With this arrangement, if the node is remote from the crank¬ 
shaft, the only unbalanced orders are the 5, 10, 15, etc., and 
these are completely unbalanced. 

If the node is near the end of the crankshaft, the 5, 10, 15, 
etc., orders are completely unbalanced, but the remaining 
order vector summations are small. 

If the node is at the centre of the crankshaft there are no 
unbalanced orders. This arrangement therefore provides an 
engine which is free for all practical purposes from torsional 
vibrational disturbances when the node is at the centre of the 
crankshaft, and which is in complete primary and secondary 
balance. This is only true, of course, for that mode of vibration 
corresponding to a node at the centre of the crankshaft. 

If other important modes exist these must be investigated 
separately. 

The foregoing discussion is by no means exhaustive, although 
it does contain most of the crankshaft arrangements commonly 
employed in practice. It will be shown in the next chapter 
that the phase and vector diagrams can be used to provide a 
quick estimate of the relative magnitudes of torsional vibration 
at the various critical speeds, by which means the relative 
merits of different crankshaft arrangements for a given engine 
aggregate can be rapidly assessed. 

The device of permitting simultaneous firing of cylinders, 
which are symmetrically disposed relative to the node, has 
been used very successfully in practice for multi-cylinder 
engines in cases where the necessary symmetrical arrangement 
of the masses and elasticities can be made. 

It may be of interest to set down the firing orders which 
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correspond to no large resultant vector summations in the 
gaps between consecutive major criticals. 

In 4-stroke cycle engines the major criticals are those whose 
order numbers are integral multiples of half the number of 
cylinders for all crank arrangements which provide even firing 
intervals over the two revolutions occupied by the working 
cycle. In 2-stroke cycle engines the major criticals are those 
whose order numbers are integral multiples of the number of 
cylinders for all crank arrangements which provide even firing 
intervals during each revolution of the crankshaft, i.e. for all 
crankshafts having the crankpins evenly spaced round the 
crank circle. The major orders for engines having different 
numbers of cylinders are given in column 6 of Table 64. The 
following arrangements therefore ensure a disposition of critical 
speeds in which the vector summations at the middle of the 
gaps between consecutive major criticals are small, thus 
providing the widest possible speed range free from large 
amplitude disturbances. 

This quiet zone is naturally wider the greater the number of 
cylinders, due to the wider spacing between consecutive major 
criticals. 


Crankshaft Arrangements which have no Large Vector Summations" 
in the Gaps between Consecutive Major Criticals. 
Four-Stroke Cycle Engines. 


No. of 
Cylrs. 

Major Criticals. 

Firing Order. 

Crank Arrangement. 

5 

2-5, 5*0. 7‘5» etc. 

I-2-4-5-3 

I-5-2-3-4 

6 

3, 6, 9, etc. 

I-2-4-6-5-3 

(1,6)-(2, 5H3, 4) 

7 

3-5, 7-0, 10-5, etc. 

j-2-4-6-7-5-3 

1-7-2-5-4-3-6 

8 

4, 8, 12, etc. 

l-2- 4 -6-8-7-5-3 

(i, 8) (2, 7)-(4, 5)-(3, 6). 

9 

4'5» 9-o, 13-5. etc. 

1-2-4-6-8-9-7-5-3 

I—g—2—7—4—5—6—3-8 

10 

5, 10, 15, etc. 

1-2-4-6-8-10-9-7- 

(I, IO)~(2, 9)—(4, 7)- 



5-3 

(6, 5)-(8, 3) 

11 

5-5, 11, 16-5, etc. 

1-2-4-6-8-10-11-9- 

1-11-2-9-4-7-6-5-8- 



7-5-3 

3-10 

12 

6, 12, 18, etc. 

1-2-4-6-8-10-12-11- 

(I, I2)-(2, Il)-(4, 9)- 



9 - 7 ~ 5—3 

(6, 7 )-(5, 8)-( 3 , 10) 


(Note .—In 4-stroke cycle engines the crank sequence differs 
from the firing order.) 
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Two-Stroke Cycle Engines. 


No. of Cylrs. 

Major Criticals. 

Firing Order and Crank Sequence. 

5 

5, 10, 15, etc. 

I-2-4-5-3 

6 

6, 12, 18, etc. 

I-2-4-6-5-3 

7 

7, 14, 21, etc. 

I-2-4-6-7-5-3 

8 

8, 16, 24, etc. 

I-2-4-6-8-7-5-3 

9 

9, 18, 27, etc. 

I-2-4-6-8-9-7-5-3 

10 

io, 20, 30, etc. 

I-2-4-6-8-IO-9-7-5-3 

11 

11, 22, 33. etc. 

I-2-4-6-8-IO-II-9-7-5-3 

11 

12, 24, 36, etc. 

• 

I-2-4-6-8-IO-I2-1I-9-7- 5~3 


(Note .—In 2-stroke cycle engines the crank sequence and 
firing order are identical.) 

The 4-stroke cycle crankshafts tabulated are also excellent 
from the point of view of engine balance. In engines with an 
even number of cylinders there is complete balance of primary 
and secondary forces and couples, whilst in engines with an 
odd number of cylinders there are no unbalanced primary 
or secondary forces, and the unbalanced primary couple is 
minimis ed. 

In 2-stroke cycle engines, however, the crank arrangements 
•are not ideal from the point of view of engine balance. Primary 
and secondary forces are, of course, balanced, but there is a 
very large imbalanced primary couple in all cases. For this 
reason the crank arrangements given in Table 64 are usually 
adopted in practice for 2-stroke cycle engines. 

Vee-Engines. —In this type of engine there are two pistons 
operating on each crankpin. As a rule one piston is connected 
to the common crankpin by a forked rod and the other by a 
plain rod, as already described. Alternatively, an arrange¬ 
ment employing two identical connecting rods, arranged side- 
by-side on the common crankpin, with the lines of stroke of the 
two pistons slightly offset, is popular in automobile practice. 
Articulated rods are not commonly employed in Vee-engines. 

A multi-cylinder engine of this type consists therefore of 
two banks of cylinders, the lines of stroke of the two banks 
being inclined with an included angle 8 which is called the 
Vee-angle. In the following discussion each pair of cylinders 
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whose lines of stroke occupy the same plane transversely to the 
longitudinal axis of the crankshaft will be referred to as a row 
of cylinders. Thus a Vee-engine always has two banks of 
cylinders but may have any number of rows. 

The types usually found in practice have four, six, or eight 
rows of cylinders, i.e. four-, six-, or eight-throw crankshafts, 
and it is possible to choose the Vee-angle so that there are 
equal firing intervals between the cylinders, although this is 
not regarded as an absolutely essential requirement. 

Since the working cycle of a 4-stroke engine, occupies 720° 
the Vee-angle for a 4-stroke cycle Vee-engine, having equally 
spaced firing intervals, is obtained as follows :— 

Let m — number of cylinders per bank, i.e. total number 
of cylinders — 2 m. 


Then 


5 = m 

2 m’ 


F + 

\2m 


720\ 


n 20 1 2 x 7 2 ° \ 


or (— + 
\2m 


etc. 


= 36o, or 3_X36 o or 5 X 360 etc . 


Furthermore, for equal firing intervals between the cylinders 
in each bank, the angular spacing of the crankpins, p, is 

ip — 720 jm, and this is also the firing interval between 
the cylinders in each bank. 

The firing interval between the two cylinders of one row is 
a — S or (360 — 8), and (8 -f 360) or (720 — 8), 
where 8 is the Vee-angle. 

Finally, the interval between consecutive firing impulses 
for the whole engine is 360 jm degrees. 

The corresponding expressions for 2-stroke cycle engines, 
where the working cycle occupies one revolution, are 

* Tr , , „ . 180 3 X 180 5 X 180 

8 _ Vee-angle for even firing = —, or --, or -, etc., 

6 b m m m 

. _ crank angle and firing _ 360 
^ — interval per bank m ’ 
a — firing interval per row = 8, 
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and the interval between consecutive firing impulses for the 
whole engine is 180/m degrees. 

Table 65 gives a summary of the possible arrangements of 
4- and 2-stroke cycle Vee-type engines with equal firing intervals 

TABLE 65. 

Multi-Cylinder Vee-Tyre Engines. Vee and Crank Angles for 
Even Firing. 


Total 
No. of 
Cylinder* 

| 4-Stroke Cycle 


2- Stroke Cycle 





m 

njn 






2 

(m «J 

36C 

'-1 



180 






4 

(«“2) 

180 

i*i» 

> 



90 

sp 





1 6 
(» = 3) 

IZO 


5“ 

4 

xd 


60 

$ 

5‘ 

’W0‘ 

□ 




8 

(m~4) 

90' 

5~ 90' 



4-5° 

-f 

Hr 

F 

W 

F 

5«90* 

*■ 

ISO* 

h 


10 

(m~S) 

72 * 

— 

'f 

s- 

300 ' 

h 

S =IU’ 

36' 

t 

s- 

108 ' 

f 

8 ^ 180 - 



1Z 

(a-6) 

60* 



30° 

J 

5-90‘ 

¥ 


1 

a 

H* 180 ' 

14 

[ m ~ 7) 

54 

w\ 

-f- 

Even firing is &!so 
obtained when 
S-ioz%; 154 %' 
or 360° 


i 

Even firing is also obtained when, 

5 - 77 ¥f* 128%’ or 180’ 

16 

(m~8) 

45' 

*1 



:z% 

_ 

X 

Even firing is also obtained when, 

112'A: or 157%: 


for the engine as a whole, and also equal firing intervals between 
the cylinders in each bank. 

This table shows that in multi-cylinder Vee-type engines 
there is considerable scope for choosing a Vee-angle which best 
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suits the torsional vibration characteristics of a specific in¬ 
stallation. The cases where the Vee-angle is 360° (i.e. o°) are 
of academic interest only since it is, of course, impossible to 
have superimposed cylinders. The cylinders could be placed 
side by side but this merely provides an ordinary in-line engine 
aggregate. 

Equal firing intervals are obtained with zero Vee-angle for 
4-stroke cycle engines when there is an odd number of cylinders 
in each bank, but equal firing intervals with zero Vee-angle 
cannot be obtained with 2-stroke cycle engines. 

It must be borne in mind that the torsional vibration prob¬ 
lem is not the only factor influencing the choice of Vee-angle. 
In aero-engine practice it is generally considered desirable to 
minimise the frontal aero of the engine with the object of re¬ 
ducing the drag of the power plant, and this consideration 
naturally directs attention towards the choice of a small Vee- 
angle. In the case of engines intended for installation in the 
wing of an aircraft a Vee-angle of 180 0 , i.e. a flat engine, has 
some attraction. Equal firing intervals with a Vee-angle of 
180 0 are obtained in the case of 4-stroke cycle engines having 
an even number of cylinders in each bank, provided the number 
of crankpins divided by two is an odd number. In the case of 
2-stroke cycle engines even firing intervals with a Vee-angle 
of 180 0 are obtained when there is an odd number of cylinders 
in each bank. 

In the case of 8-cylinder, 2-stroke cycle engines even firing 
intervals for the engine as a whole are not obtained with Vee- 
angles of 90° and 180 0 when the crankshaft is of the type which 
provides even firing intervals between the cylinders in each 
bank. By employing crankshafts of the type shown at 29 and 
30, in Table 64, however, even firing intervals for the engine 
as a whole are obtained with Vee-angles of 90° and 180 0 , 
although the firing intervals between the cylinders in each 
bank are uneven. 

It is also possible to obtain even firing intervals for the 
engine as a whole in the case of 12-cylinder 2-stroke cycle 
arrangements with Vee-angles of 6o° and 180 0 by employing 
crankshafts of the type shown at 33, 34, and 35 in Table 64. 
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In this case also the firing intervals between the cylinders in 
each bank are uneven. 

In the case of automobile engines the choice of Vee-angle 
tends towards the wider angles, since this shape of engine fits 
more conveniently into the bonnet space. The flat 180 0 Vee- 
engine is also used in automobile practice. 

The engine must be carefully examined for unbalanced 
forces and couples due to the inertia of the reciprocating and 
revolving parts, and in some cases the best compromise between 
the requirements for engine balance and freedom from severe 
torsional vibrational disturbances will require a departure from 
the ideal on which Table 65 is based, namely, even firing 
intervals. 

For example, from the balancing standpoint a 2-cylinder 
Vee-engine with a Vee-angle of 90° is very favourable, because 
primary forces can be eliminated by a balance weight attached 
to the crankweb opposite the crankpin, and there is only a 
partially unbalanced secondary force in the horizontal plane. 

Similarly, an 8-cylinder Vee-engine can be arranged to 
have complete balance of primary and secondary forces and 
couples by employing a Vee-angle of 90° in conjunction with a 
crankshaft of the type shown at 16 in Table 64. 

If the left-hand hank of cylinders is designated by the letter 
A and the right-hand bank by the letter B, then one firing 
order for a 4-stroke cycle engine of this type is 1A-1B-4A-4B- 
2B-3A-3B-2A. There are four firing impulses per revolution 
for the engine as a whole, and these are evenly spaced at 90° 
intervals. The firing intervals in each bank of cylinders are, 
however, uneven, and the firing order in bank A is different 
from the firing order in bank B. There are altogether 8 dif¬ 
ferent firing orders corresponding to this arrangement when 
used for a 4-stroke cycle engine, namely :— 

(a) 1A-1B--3B-4B-2B-3A-4A-2A 

(b) 1A-1B-3B-2A-2B-3A-4A-4B 

(c) 1A-1B-4A-4B-2B-3A-3B-2A 
{d) 1A-1B-4A-2A-2B-3A-3B-4B 
(e) 1A-3A-3B-4B-2B-1B-4A-2A 
(/) 1A-3A-3B-2A-2B-1B-4A-4B 
(g) 1A-3A-4A-4B-2B-1B-3B--2 A 
(k) 1A-3A-4A-2A-2B-1B-3B-4B 
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It should be noticed that with firing orders ( a), (e), (g), and 
(. h ) there is only one crankpin which receives its two impulses 
at 90° apart. 

With firing orders (b), ( c ), (d), and (/), however, there are 
three crankpins each receiving two impulses at 90° apart, so 
that from the point of view of bearing loading these four firing 
orders are inferior. On the other hand, with firing orders 
(a), ( e ), (g), and (h), the four cylinders of one bank fire one after 
the other at 90° intervals, followed by the four cylinders in the 
other bank, and this would not be good from the point of view 
of mixture distribution in petrol engines. The firing order 
usually employed in practice is (c). 

With this, crankshaft and cylinder arrangement primary 
forces and couples can be eliminated by balance weights 
attached to the crankwebs opposite the crankpins, whilst 
secondary forces and couples are completely balanced for each 
bank of cylinders individually. Due to the better degree of 
engine balance this arrangement is often preferred to the 
alternative 90° Vee, 8-cylinder, 4-stroke cycle engine arrange¬ 
ment which employs a crankshaft of the type shown at 1 in 
Table 64. 

In 8-cylinder, 2-stroke cycle, 90° Vee-engines the above 
completely balanced arrangement is not normafiy employed 
because it necessitates simultaneous firing of two cylinders, 
one in each bank. 

Inertia Balance of Vee-Engines. —Fig. 92 shows the 
influence of the Vee-angle on engine balance. The following 
discussion refers to one row of a multi-cylinder Vee-engine, 
i.e. to the two pistons operating on a common crankpin with 
their lines of stroke inclined at an angle S. 

Let W = weight of unbalanced rotating parts of one crank¬ 
pin in lbs., i.e. the unbalanced weight of the 
crank element plus the revolving weight of two 
connecting rods, 

W' = weight of reciprocating parts of one cylinder, in lbs., 
R — crank radius, in inches, 

N = revolutions, per minute, 
q — ratio : length of connecting rod/crank radius. 
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Unbalanced Primary Force due to Inertia of Reciprocating Parts. 
Maximum vertical primary force 

= F, b = 0-0000284W'. R. N 2 . V, lbs., . (269) 
Maximum horizontal primary force 

= F pA ■ o-oooo284W'. R . N 2 . Hp lbs., . (270) 

where V„ and H,, are shown in Fig. 92 and can be calculated for 
different Vee-angles from the following expressions 

V, = (1 + cos 8) . . . (271) 

Hj, = (1 — cos 8) . . . (272) 

Unbalanced Secondary Force due to Inertia of Reciprocating Parts. 
Maximum vertical secondary force 

= F sr = o-oooo284W'. R . N 2 . Y s jq lbs., . (273) 
Maximum horizontal secondary force 

= F 4ft = o-oooo284W'. R . N 2 . H Jq lbs., . (274) 

where V s = ^cos - -f- cos . • (275) 

H s = (cos^-cos^). . . (276) 


The resultant unbalanced primary force due to the re¬ 
ciprocating parts is therefore equivalent to 

(i) a weight W' at crank radius revolving with the crankpin, 

(ii) a weight (W cos 8) at crank radius revolving in the 

opposite direction to the crankpin at the same speed 
as the crankshaft. 

It is therefore evident that a considerable proportion of the 
unbalanced primary force due to the reciprocating parts can 
be neutralised by attaching a balance weight to the crankwebs 
opposite the crankpin. The optimum size of the balance 
weights should be such that their combined effect is equivalent 
to a weight (W + W') at crankpin radius opposite the crankpin, 
where W is the weight of the unbalanced rotating parts of the 
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crank element, including the revolving weight of two connecting 
rods, and W' is the weight of the reciprocating parts of one 
cylinder. 

When the crankshaft is counterbalanced in this way the 
unbalanced primary force becomes 

F„ = 0-0000284W'. R. N 2 . lbs., . (277) 

where Bj, = cos 8. ..... (278) 

This is a constant radial force acting along the crank arm 
so that the maximum unbalanced primary force in the vertical 
plane is the same as the maximum unbalanced primary force 
in the horizontal plane. 

This residual unbalanced primary force can only be 
eliminated by employing a balance weight equivalent to 
(W' cos 8) at crank radius and arranging means for driving it in 
the opposite direction to the crankshaft at crankshaft speed. 

The resultant unbalanced secondary force is equivalent to 


(i) A weight cos at crank radius revolving in the 

same direction as the crankpin at twice the speed of the 
crankshaft. 

(ii) A weight cos at crank radius revolving in the 

opposite direction to the crankpin at twice the speed of the 
crankshaft. 


The secondary force cannot be counterbalanced by simple 
balancing masses attached to the crankwebs. 

In multi-row Vee-type engines the unbalance produced by 
the rotating masses can be investigated in precisely the same 
way as for an ordinary in-line engine, and the effect of fitting 
counterbalancing masses is the same in both cases. 

The unbalance produced by the reciprocating parts can be 
investigated by combining the unbalance of each row with the 
unbalance of each bank. 

For example, if the crankshaft arrangement is such that 
there are no unbalanced primary forces or couples for each 
bank, then there will be no primary unbalance of the engine 
as a whole irrespective of the Vee-angle. 
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Similarly, if the Vee-angle is such that there is no unbalanced 
primary force for a row (e.g. when the Vee-angle is 90° or 270° 
there is no unbalanced primary force provided balance weights 
are fitted opposite the crankpins as already explained), then 
there will be no primary unbalance for the engine as a whole 
irrespective of the type of crankshaft employed. 

Again, if the crankshaft arrangement is such that there are 
no unbalanced secondary forces or couples for each bank and 
the Vee-angle is such that there are no primary forces for each 
row, then the engine as a whole will be in complete primary and 
secondary balance. 

Where there is a residual primary or secondary force or 
couple for the engine as a whole, the following expressions can 
be used:— 

F pv = 0-0000284 . W'. R . N 2 . Kj,. V 5 

= maximum vertical primary force, (279) 
= 0-0000284. W'. R . N 2 . K*. H ? 

= maximum horizontal primary force, (280) 
C pv = 0-0000284. W'. R . N 2 . L . K„'. V, 

= maximum vertical primary couple, . (281) 

C ph = 0-0000284. W'. R . N a . L . K/ . H, 

= maximum horizontal primary couple, (282) 
F„ = 0-0000284. W'. R. N 2 . K 4 . V s 

— maximum vertical secondary force, . (283) 

F sh = 0-0000284 . W'. R. N 2 . K s . H s 

= maximum horizontal secondary force, (284) 
C sv = 0-0000284 . W'. R . N 2 . L . K/ . V s 

= maximum vertical secondary couple, (285) 
C s7l = 0*0000284 . W'. R. N a . L . K/ . H s 

= maximum horizontal secondary couple, (286) 

where W' = weight of reciprocating parts for one 

cylinder, in lbs., 

R = crank radius, in inches, 

N = revolutions, per minute, 

L = cylinder pitch, in inches, 

K„ K/, K s , K s f = force and couple factors for cylinder banks, 
from Table 64, 
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V„ H„, V s , H s = force factors for cylinder rows, from Fig. 

92, or Equations (271) to (276). 

(Note .—In equations (279) to (286) forces are in lbs. and 
couples in lbs.-ins.) 

If the reciprocating parts of one cylinder are counter¬ 
balanced by crankweb balance weights placed opposite the 
crankpins as already explained, the factors V v and Hj, in 
Equations (279) to (282) should be replaced by the factor 
(Bj, — cos S), i.e. the vertical unbalance then becomes the same 
as the horizontal unbalance. 

The products (Kj,. V„), (K„. H P ), etc., from Equations 
(279) to (286), can be used as a very quick means for com¬ 
paring the merits of different combinations of crankshaft and 
Vee-angle from the point of view of engine balance. 

As an example, consider the effect on engine balance of 
altering the Vee-angle of an 8-cylinder, 4-stroke cycle Vee- 
engine having a crankshaft of type 1 in Table 64. 

The force and couple factors corresponding to this crank¬ 
shaft arrangement, see Table 64, show that the only unbalance 
in each bank of four cylinders is a secondary force and that the 
factor for calculating the magnitude of this force is K s = 4 jq. 
Since primary forces and couples and secondary couples are 
balanced for each bank they are also balanced for the engine 
as a whole irrespective of the Vee-angle, so that alterations in 
Vee-angle will only affect the magnitude of the residual 
secondary force. The comparative effect of such alterations 
can therefore be obtained by comparing the values of the row 
factors V s and H s for different Vee-angles. These values can 
either be read from Fig. 92 or be calculated from Equations 
(275) and (276), as follows:— 


Vee-Angle. 

Relative Magnitude of Secondary Force. | 

Vertical. 

Horizontal. 

90 ° 

0 

1-414 

75 ° 

0-411 

1*176 

60 0 

0-866 

0-866 

45 ° 

l‘ 3<>7 

0*541 
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The above comparison shows that an 8-cylinder, 90° Vee- 
engine with this type of crankshaft has a large unbalanced 
secondary force in the horizontal plane. Experience has 
shown that this horizontal unbalance can cause unpleasant 
and even destructive vibration. Since secondary unbalance 
cannot be reduced by simple balance weights, engines with 
this type of crankshaft have been used in automobile and 
aeroplane practice with the Vee-angle reduced to 6o°, thus 
reducing the unbalanced horizontal secondary force by about 
40 per cent, at the expense of introducing an equal degree of 
unbalance in the vertical plane, and also uneven firing impulses. 
Although this expedient reduces the unbalanced vertical 
secondary force to 0-866 of the unbalanced force in the case of 
a 4-cylinder, in-line, 4-stroke cycle engine, the presence of a 
correspondingly large horizontal secondary force is still a con¬ 
siderable disadvantage. The alternative 8-cyHnder, 90 0 Vee, 
4-stroke cycle engine with a crankshaft of type 3 in Table 64 
is therefore preferred in automobile practice, because with 
suitable balance weights there is complete primary and 
secondary balance. In aeroplane practice the large amount 
of weight which must be added for balancing purposes renders 
this type of engine unsuitable, and since the alternative just 
discussed is unsatisfactory from the point of view of engine 
balance, the 8-cylinder, Vee, 4-stroke cycle engine is not a 
popular type of aeroplane engine. 

The influence of engine balance on the choice of Vee-angle 
becomes less important as the number of cylinders increases, 
because for engines having twelve or more cylinders the balance 
of each bank of cylinders is inherently good. 

There is therefore more latitude for choosing a Vee-angle 
to suit torsional vibration characteristics alone in engines 
having a large number of cylinders. 

For example, 12-cylinder, 4-stroke cycle engines with the 
conventional 6-throw crankshaft shown at 5 in Table 64, 
possess complete primary and secondary balance for each bank 
independently, and therefore the engine as a whole is also in 
complete primary and secondary balance irrespective of the 
Vee-angle. In practice engines of this type have been built 
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with Vee-angles of 45 0 , 50°, 55 0 , and 6o°, the 6o° angle being 
the correct one for equal firing intervals in each bank and for 
the engine as a whole, whilst the 45 0 angle was used on the 
well-known “ Liberty ” aero-engine. 

When it is realised that in a multi-cylinder Vee-engine both 
the Vee-angle and the firing order can be chosen in a great 
many different combinations, the complexity of the problem 
makes the selection of the best angle and firing order a rather 
difficult matter. It is recommended, however, that the Vee- 
angle be chosen in the first instance to give even firing intervals 
in each bank and for the engine as a whole, in accordance with 
the data given in Table 65, and where there is a choice of angles 
the one which best fits into the space available for installation 
should be taken. 

In 4-stroke cycle engines the crankshaft arrangement 
should be chosen in the first instance from considerations of 
engine balance, using the data given in Table 64. Since there 
are usually several alternative firing orders in the case of 
4-stroke cycle engines having six and any greater even number 
of cylinders, the opportunity of selecting a firing order to give 
the best disposition of critical speeds to suit the particular 
installation still remains. In this way it will usually be possible 
to obtain an engine aggregate which is economical in shape, 
possesses good balance, and has a speed range free from serious 
torsional vibrational disturbances. 

Firing Order in Vee-Engines. 

[a) Four-Stroke Cycle, Single-Acting Vee-Engines with an 
Even Number of Cylinders in each Bank. 

In the case of 4-stroke cycle, in-line engines having an even 
number of cylinders the crankpins are arranged in pairs at equal 
angular intervals round the crank circle, and one half of the 
crankshaft is the mirror image of the other half, as shown at 
1, 5, 8, 12, and 13 in Table 64. This arrangement provides 
complete primary and secondary force and couple balance, 
as well as equal firing intervals, in engines having six and 
more cylinders. 
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In the case of Vee-type engines, if there is no residual primary 
or secondary unbalance for each bank, there will be none for the 
engine as a whole. Hence when there is an even number of 
cylinders in each bank and the crankshaft is of the type just 
described, the engine will be in complete primary and secondary 
balance. 

It has already been shown that in 6-cylinder in-line engines 
there is one such balanced crankshaft arrangement and that 
there are four different firing orders corresponding to this 
arrangement; in 8-cylinder engines there are three balanced 
crankshaft arrangements each having eight different firing 
orders; in 10-cylinder engines there are twelve balanced 
crankshaft arrangements each having sixteen different firing 
orders ; and in 12-cylinder engines there are sixty balanced 
crankshaft arrangements each having thirty-two dif ferent 
firing orders. Thus there are altogether 4, 24, 192, and 1920 
different firing orders for 6-, 8-, 10-, and 12-cylinder in-line 
engines of the balanced type. These numbers also apply to 
each bank of a Vee-type engine having 6, 8,10, and 12 cylinders 
in each bank, or 12, 16, 20, and 24 cylinders for the engine as 
a whole. Furthermore, in a Vee-engine one of the possible 
firing orders can be chosen for one bank and another for the 
other bank, whilst the two cylinders comprising each row can 
either fire consecutively or after a lag of (360 + S), where S is 
the Vee-angle. 

The following table shows the number of possible balanced 
crank arrangements and firing orders for Vee-engines having 
various numbers of cylinders:— 


Total No. of 
Cylrs. 

No. of 

Balanced Crank 
Arrangements. 

No. of Firing Orders 
per Crankshaft 
Arrangement. 

Total Number of 
Firing Orders. 

12 

X 

32 

.32 

16 

3 

128 

384 

20 

12 

512 

6,144 

24 

60 

2,048 

I22,88o 


vol. 1.—36 




5 6 torsional vibration problems 

The thirty-two alternative firing orders for the 12-cylmder 
Vee-engine are shown in the following table . 


Bank A : 

1-2-3-6-5-4 

1-2-4-6-5-3 

i _ 5 _ 3 _6-2-4 

i _ 5 _ 4_6-2-3 

Bank B : 

1-2-3-6-5-4 

1-2-3-6-5-4 

1-2-3-6-5-4 

1-2-3-6-5-4 

Alternative. Firing Orders for Bank B : 


1-2-4-6-5-3 

i- 5-3~ 6 “2-4 

1-5-4-6-2-3 

I-2-4-6-5-3 

I-5-3-6-2-4 

x_5-4-6-2-3 

1-2-4-6-5-3 

x-S-S- 6-2 ^ 

j- 5-4-6-2-3 

1—2—4—6—5 — 3 
i- 5-3- 6 - 2_ 4 
1-5-4-6-2-3 

6-5-4-1-2-3 

6-5-3-1-2-4 

6-2-4-1-5-3 

6-2-3-1-5-4 

6-5-4-1-2-3 

6-5-3-1-2-4 

6-2-4-I-5-3 

6-2-3-1-5-4 

6-5-4-1-2-3 

6-5-3-1-2-4 

6-2-4-I-5-3 

6-2-3-I-5-4 

6-5-4-I-2-3 

6-5-3-I-2-4 

6-2-4-1-5-3 

6-2-3-1-5-4 


In practice, it is customary to use the same firing order for 
each bank of cylinders and to choose the firing interval 
(g 4. 360°) between corresponding cylinders m the two banks. 
When the firing order is the same in both banks of cylinders 
mixture distribution, ignition and valve timing, etc., are simpli¬ 
fied whilst the choice of the longer interval between the firing 
impulses of corresponding cylinders in the two banks avoids 
having two consecutive impulses on each crankpm, and is 
the only possible arrangement in cases where the valves of 
corresponding cylinders in each bank are operated by a common 
centrally situated cam. For example, in a 12-cylmder, 60 
Vee-engine each cylinder in bank B must fire 60 or 420 0 
crankshaft rotation after the corresponding cylinder m bank A. 
The corresponding camshaft motion is 30° or 210 , and it would 
be impossible to use a common cam for operating the valves of 
both A and B bank cylinders with the smaller angle because 
the two cam followers would interfere. 

The above considerations reduce the number of alternative 
firing orders to four in the case of 12-cylinder engines; 24 in 
the case of 16-cylinder engines ; 192 in the case of 20-cylinder 
engines; and 1920 in the case of 24-cylinder engines. The 
choice is still large for engines having more than twelve 
cylinders. 
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The four alternative arrangements for the 12-cylinder engine 
are as follows :— 

(i) 1A-6B-2A-5B-3A-4B-6A-1B-5A-2B-4A-3B, 

i.e. firing order in each bank = 1-2-3-6-5-4. 

(ii) 1A-6B-2A-5B-4A-3B-6A-1B-5A-2B-3A-4B, 

i.e. firing order in each bank = 1-2-4-6-5-3. 

(iii) 1A-6B-5A-2B-3A-4B-6A-1B-2A-5B-4A-3B, 

i.e. firing order in each bank = 1-5-3-6-2-4. 

(iv) 1A-6B-5A-2B-4A-3B-6A-1B-2A-5B-3A-4B, 

i.e. firing order in each bank = 1-5-4-6-2-3. 

No. (iii) is the firing order usually adopted in practice, 
because it gives good longitudinal spacing of fixing impulses 
in each bank and simplifies the mixture distribution problem 
in the case of petrol engines. 

It should be noticed that by reversing the firing order in 
each bank, four apparently different firing orders are obtained 
for the engine as a whole. 

These are not, however, really different arrangements, 
because the characteristics of the engine with regard to balance, 
torsional vibration, mixture distribution, etc., are not altered 
when the firing order is reversed in both banks. The reversed 
firing order for the arrangement usually employed in practice, 
viz. No. (iii), is 


1A-6B-4A-3B-2A-5B-6A-1B-3A-4B-5A-2B, 
i.e. firing order in each bank = 1-4-2-6-3-5. 

In an 8-cylinder, 90° Vee-engine with the crankshaft arrange¬ 
ment shown at 1 in Table 64, the firing interval between bank B 
and bank A is 90° or 450°, the latter being usually adopted for 
the reasons stated above. 

The firing order in each bank is 1-3-4-2, or the reverse 
order 1-2-4-3 (see Table 64). The firing order for the whole 
engine is therefore 

1A-4B-3A-2B-4A-1B-2A-3B, or 1A-4B-2A-3B-4A-1B-3A-2B. 
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(b) Four-Stroke Cycle , Single-Acting Vee-Engines with an 
Odd Number of Cylinders in Each Bank. 

When there is an odd number of cylinders in each bank 
there is only one practical firing order for each bank, since it is 
desirable to have even firing in each bank over the complete 
working cycle of two revolutions. The firing orders usually 
employed in practice for in-line engines having an odd number 
of cylinders are given in Table 64, and these can be used to deter¬ 
mine the firing order of the corresponding Vee-type engine. 

For example, the firing order normally employed for a 
5-cylinder, in-line, 4-stroke cycle engine is 1-2-4-5-3, the crank 
arrangement being shown at 4 in Table 64. If this crankshaft 
is used for a 10-cylinder Vee-engine the firing order for the 
complete engine is therefore 

1A-1B-2A-2B-4A-4B-5A-5B-3A-3B, 

i.e. firing order per bank — 1-2-4-5-3. 

Alternatively, the engine will have the same characteristics 
if the firing order in each bank is reversed, giving the following 
firing order for the whole engine:— 

1A-1B-3A-3B-5A-5B-4A-4B-2A-2B, 

i.e. firing order per bank = 1-3-5-4-2. 

It should be noted that the two pistons operating on each 
common crankpin fire consecutively, and for this reason and 
also because the engine is not in complete primary and secondary 
balance, 4-stroke cycle Vee-engines with an odd number of 
cylinders in each bank are not normally employed. 


(c) Two-Stroke Cycle, Single-Acting Vee-Engines. 

In 2-stroke cycle Vee-engines the firing order in each bank 
is necessarily the same as the crank sequence, and the two 
cylinders in each row must fire consecutively, the firing interval 
between corresponding cylinders in each bank being the same 
as the Vee-angle. 

The crank sequences and firing orders for 2-stroke cycle, 
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in-line engines are given in Table 64, and these can also be used 
for the corresponding Vee-type engines. 

For example, the firing order normally employed for a 
5-cylinder, 2-stroke cycle engine is 1-5-2-3-4, as shown at 17 
in Table 64. If this crankshaft arrangement is used for a 
10-cylinder Vee-engine the firing order for the whole engine 
is 

1A-1B-5A-5B-2A-2B-3A-3B-4A-4B, 

i.e. firing order per bank = 1-5-2-3-4 

Alternatively, the engine will have the same characteristics 
if the reversed firing order is used in each bank, giving the fol¬ 
lowing firing order for the whole engine :— 

1A-1B-4A-4B-3A-3B-2A-2B-5A-5B, 

i.e. firing order per bank = 1-4-3-2-5. 

Torsional Vibration Characteristics of Vee-Engines. 

—Since the firing order is necessarily the same for each bank of 
a 2-stroke cycle Vee-engine, and is usually made the same for 
each bank of a 4-stroke cycle engine, it follows that the resultant 
vector summations for any given harmonic order are identical 
for both banks of cylinders. 

Also, since the firing interval between each pair of cylinders 
which constitute a row is necessarily the same for all the rows 
in a 2-stroke cycle engine, and is usually made the same in the 
case of 4-stroke cycle engines, it follows that the resultant 
vector summations for any given harmonic order are identical 
for all rows. 

These two summations will be referred to as the bank and 
row summations respectively, the resultant vector summation 
for the engine as a whole being the product of the bank and 
row summations. 

This method of obtaining the resultant vector summations 
for the engine as a whole is very convenient when investigating 
the effect of altering the bank firing order whilst retaining the 
Vee-angle unaltered. It is also a very quick method for 
investigating the effect of changes of Vee-angle when the bank 
firing order remains unaltered. 
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Row Summation. —Referring to Fig. 93, the resultant vector 
summations for each row of cylinders is obtained as follows :— 

Let S = the Vee-angle, 

a — firing interval between banks, i.e. between the 
two cylinders which constitute a row 
= § or (S + 360°) for 4-stroke cycle engines having 
an even number of cylinders in each bank. 
In practice this angle is invariably (8 + 360°) 
== S for 4-stroke cycle engines having an odd 
number of cylinders in each bank, and for all 
2-stroke cycle engines, 

Zb = «th order vector summation for one row of 
cylinders, assuming unit amplitude at the 
point on the normal elastic curve where the 
row is situated, 

n — the harmonic order number, i.e. the number of 
complete oscillations per revolution. 

Since the amplitude on the normal elastic curve is the same 
for both the cylinders in any one row, it follows, from the phase 
and vector diagrams in Fig. 93, that 

Zb = 2 . cos n ' °, . . . (287) 

The values of Zb for various firing intervals between banks, 
i.e. for various values of a, are shown graphically in Fig. 93 
for orders 0-5 to 6. 

This diagram can be used for both 2-stroke'and 4~stroke 
cycle engines, bearing in mind that in the case of 2-stroke cycle 
engines there are no half orders. 

Bank Summation .—The bank summation Za is carried out 
in precisely the same manner as already described for in-line 
engines. That is to say, each bank of cylinders is regarded as 
an ordinary in-line engine and the resultant vectors s um s are 
determined in the usual manner. 

Resultant Vector Summation for the Whole Engine. —Since 
unit amplitude was assumed for the cylinders in each row when 
determining the row summation, and since the bank summation 
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is based on unit amplitude at the free end of the crankshaft 
and takes into account the variation of amplitude at the several 
cylinders in each bank, the resultant vector summation for the 
whole engine is simply the product of the row and bank 
summations, 

i.e. EA ~ Ea. Eb, . . . (288) 

where EA — the resultant vector sum for the engine as a 
whole, assuming unit amplitude for each 
of the two cylinders in the row which is 
situated at the free end of the crankshaft, 
Ea = the vector summation for each bank, assuming 
unit amplitude at the free end of the crank¬ 
shaft, 

Zb = the vector summation for each row, assuming 
unit amplitude for each of the two cylinders 
which constitute a row. 

Also, if T n = the maximum value of the nth. order harmonic 
component of the tangential effort curve for 
one cylinder, in lbs. per sq. in., 

R = the crank radius, in inches, 

A = the area of the cylinder, in sq. ins., 
then the work done by the nth. order component per unit 
deflection at the free end of the crankshaft for the whole 
engine is 

W, = Tt . T„ . A . R . EA, ins.-lbs. per cycle [see also 
Equation (307)]. 

Equation (288) shows that EA is zero when either Ea or 
Eb is zero, hence by finding the condition for which Eb is zero 
it is possible to determine the Vee-angle which will eliminate 
any given harmonic order. 

Now Eb = 2 cos . n ‘ a , . . . (287) 

and this is zero when cos n ' a — 0, 

n ~~ — (i + o*5) 180 degrees, 


i.e. when 
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or -f(i + o-5>. 

where i = any integer = 0,1, 2, 3, etc., 
n = the harmonic order number, 
a = firing interval between banks, i.e. between the 
two cylinders which constitute a row, 
but o- __ s for all 2-stroke cycle engines and for 4-stroke 
cycle engines with an odd number of cylinders 
in each bank, 

a = (§ 4- 360) for 4-stroke cycle engines with an even 
number of cylinders in each bank. 

Hence, 8 = + 0-5) degrees . • • ( 28 9 ) 

where 8 = the Vee-angle. 


The above expression applies to either 2-stroke or 4-stroke 
engines, bearing in mind that there are no half orders m the case 
of 2-stroke cycle engines. It should also be noted that since 
the shape of the normal elastic curve does not enter into the 
expression for the row summation, the elimination of a specified 
harmonic order by a suitable choice of Vee-angle holds good 
for all modes of vibration, and for engines having any number 
of cylinders in each bank. 

Example.— Determine the Vee-angles which will eliminate the 
3rd, 4-5th, and 6th order criticals. 


yd Order: 

n = 3, hence, 8 = 3 y(i + 0-5) degrees 

= 6o, 180, 300, etc., degrees. 


4*5^ Order: 

n — 4-5, hence, 8 = —■(* 4 * 0-5) 

= 40,120, 200, etc., degrees. 
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6th Order: 

n — 6, hence, S — -j- 0*5) 

= 30, 90,150, etc., degrees. 


Fig. 93 also shows that the value of 2 b is zero when the 
above conditions are fulfilled. 

The Vee-angle which makes the value of any given har¬ 
monic order a maximum can also be deduced from Equation 
(287), since the value of 2b and therefore 2A is a maximum 
when 


i.e. when ViiAL — 180 . i, or or = —° — degrees. 


Hence, finally, for the nth order harmonic to have a maximum 
value, 


S = 3 i °4 

n 


(290) 


This applies to either 2-stroke or 4-stroke cycle engines 
and is true for all modes of vibration and for any number of 
cylinders per bank. 


Example. —Determine the Vee-angles which give maximum 
values for the 3rd, 4-5th, and 6th, order vibrations. 

yd Order: 

n — 3, hence, S = ———>' = 0,120, 240, 360, etc., degrees. 
4-5^1 Order: 

n = 4-5, hence, 8 = — 0, 80, 160, 240, etc., degrees. 

6th Order: 

n — 6, hence, S = —g— — 0, 60, 120, x8o, etc., degrees. 
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Finally, it is of interest to determine the Vee-angles which 
make the resultant vector summation for the whole engine, 
i.e. 2 A, the same as the vector summation for each bank, 
i.e. 2a. 

This condition is fulfilled when 2 b — 1, 
i.e. when cos = 1/2 [from Equation (287)] 
or = (3 . i ± 1) 60 degrees, 

whence, 8 = ~(3 .i ±1). . . (291) 


Example. —Determine the Vee-angles which make the vector 
summations for the whole engine the same as the vector 
summations for each bank, in the case of the 3rd, 4* 5th, 
and 6th order criticals. 


3 rd Order: 

n = 3, hence, 8 = —(3 . i ± 1) = 40, 80, 160, 200, etc., 
3 degrees. 

4-5^ Order: 

n = 4-5, hence, 8 = ^(3 . i ± 1) = 26-67, 53‘33. 106-66, 
I33'33» etc., degrees. 

6 th Order: 

n — 6, hence, 8 = ^(3 . i ± 1) = 20, 40, 80, 100, etc., 
0 degrees. 


Note.—It must be carefully borne in mind that the foregoing 
analysis is only applicable in cases where both banks of cylinders 
have the same firing order. This condition is automatically 
fulfilled in the case of 2-stroke cycle engines. 

The following example illustrates the application of the 
foregoing methods to a 12-cylinder, 6o° Vee, 4-stroke cycle, 
single-acting engine. The firing order in each bank is 
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1-5-3-6-2-4; the firing interval between the pairs of cylinders 
constituting each row is (S + 360) = 420°; and the normal 
elastic curve and vector summations for each bank are shown 
in Fig. 94. The firing order for the whole engine is therefore 
1A-6B-5A-2B-3A-4B-6A-1B-2A-5B-4A-3B. 

Case a: Node near end of Crankshaft .—The normal elastic 
curve is shown at (a) in Fig. 94, and is representative of the 
type of curve obtained for the one-node mode of vibration of 
aero-engine/air-screw combinations. From Fig. 94 the vector 
summations for each bank are 


Orders 

Bank Vector Summations 

(»). 

(£<*)• 

°'5> 3-5. 6*5, etc.\ 

3 - 5 . 5 - 5 . 8-5, etc./ 

0-485 

1, 4, 7, etc. \ 

2, 5, 8, etc./ 

0-214 

i-5. 4-3. 7‘5i etc. 

1-298 

3, 6, 9, etc. 

4-280 


The row summations, from Fig. 93, or from Equation (287), 
where a — 420°, are 


Orders 

(»)- 

Row Vector Summations 
(2»). 

0-5, 6-5, 12-5, etc. \ 
5-5, xi -5, 17-5, etc./ 

0-518 

1. 7* I3> etc. \ 

5, 11, 17, etc./ 

1-733 

i- 5 . 7 ’ 5 , 13 - 5 . etc. -i 
4-5, io-5, 16-5, etc./ 

1-414 

2, 8, 14, etc. q 

4, 10, 16, etc./ 

1-000 

2*5» 8-5, 14-5, etc."i 
3 - 5 . 9 - 5 . 15 - 5 , etc./ 

1-932 

3 . 9 , 15. etc. 

0 

6, 12, 18, etc. 

2-000 
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p IGi 94 ._x 2 -cylinder Vee-engine vector summation for each bank. 
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The resultant vector summations for the whole engine are 
therefore as follows:— 



Resultant Vector Summations 1 


{2A => 2a . 2b). 





(»). 

F.O. I-5-3-6-3-4. 

F.O. 1-2-4-6-5-3. 


S = 6o c . 

S = 60°. 

' 

o-5, 6-5, 12-5, etc. \ 

5-5, 11-5, 17-5, etc./ 

(0-485 x 0-518) = 0-252 

o -537 

i, 7, 13, etc. \ 

5 , ii, 17, etc./ 

(0-214 X I *73 2 ) = 0-371 

0-371 

i- 5 . 7'5> 13 - 50 , etc.\ 
4-5, 10-5, 16*5, etc./ 

(1-298 x 1-414) = 1835 

0-167 

2, 8, 14, etc. \ 

4, 10, 16, etc./ 

(0-214 X I-ooo) = 0-214 

0-214 

2- 5, 8-5, 14-5, etc.\ 

3 - 5 . 9 ’ 5 > 15 - 5 . etc./ 

(0-485 X 1 - 932 ) = 0-938 

2-000 

3, 9, 15, etc. 

(4-280 X 0) = 0 

0 

6, 12, 18, etc. 

(4-280 X 2-000) = 8-560 

8-560 


The above analysis shows that with a Vee-angle of 6o° the 
3, 9, 15, etc., orders are zero, but the 6, 12,18, etc., orders are 
completely unbalanced. The 1-5, 4*5, 7-5, etc., orders are also 
of appreciable amplitude. 

The frequency values usually found in practice are such that 
both the 4-5 and the 6th order criticals are liable to occur in 
or near the operating speed range, and in such cases it is de¬ 
sirable to make some alteration in the system which will reduce 
the amplitude at these critical speeds. 

It has already been shown in connection with in-line engines 
that in a 6-cylinder, 4-stroke cycle engine altering the firing 
order from 1-5-3-6-2-4 to 1-2-4-6-5-3 brings about a considerable 
reduction of the 1*5, 4*5, 7*5, etc., amplitudes but leaves the 
3, 6, 9, 12, etc., amplitudes unaltered. In the present example, 
if the bank firing order is altered to 1-2-4-6-5-3, the resultant 
vector summations are as shown in the 3rd column of the 
above table. The effect of this alteration is to reduce the 
4-5 order considerably, at the expense of a considerable in¬ 
crease in the 3-5 order, leaving the 6th order unaltered. This 
alteration would only be effective, therefore, where the 3-5 
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order is well above and the 6th order well below the running 
speed range. 

A 6o° Vee-angle is the correct angle for even firing impulses 
in a 12-cylinder, 4-stroke cycle engine. If even firing is sacri¬ 
ficed in the interests of the torsional vibration problem it is 
possible to alter the relative amplitudes at the various critical 
speeds by altering the Vee-angle. The following table shows 
the effect of altering the angle to 30° with firing order I-5-3-6-2-4, 
and also with firing order 1-2-4-6-5-3. For a 4-stroke cycle 
engine the firing interval between the pairs of cylinders con¬ 
stituting a row is (30 + 360) = 390° when the Vee-angle is 30°. 



Resultant Vector Summations 1 


( 21 A- 

2a. Zb). 

Order Numbers 



(»). 

F.O. 1-5-3-6-3-4. 

F.O. r-2-4-6-5-3. 


8 = 30°. 

8 = 30". 

0-5, 12-5, 24-5, etc. \ 
n\ 5 , 23 - 5 . 35 - 5 . etc./ 

0-127 

0-270 

13- 35 * etc. \ 

11, 23, 35 , etc./ 

0-413 

0-413 

i- 5 , 13 - 5 , 25-5, etc. \ 

10-5, 22-5, 34-5, etc./ 

2, 14, 26, etc. I 

0-995 

0-090 

10, 22, 34, etc./ 

0-371 

0-371 

2-5, 14-5, 26-5, etc.4 

9 ‘ 5 , 2i\5,- 33-5, etc./ 

0-590 

1-260 

3, 9, 15, etc. 

6-o6o 

6-o6o 

3'5, 15-5, 27-5, etc.4 

8-5, 20-5, 32-5, etc,/ 

0-770 

1-640 

4, 16, 28, etc.! 

8, 20, 32, etc./ 

0-214 

0-214 

4-5, 16-5, 28-5, etc.\ 

T5> 19 - 5 , 3 i- 5 , etc./ 

2-400 

0-2x8 

5, 17, 29, etc.\ 

7, 19 * 31, etc./ 

o-iii 

O-III 

5 ' 5 , 17 - 5 , 29-3, etc.") 

6 - 5 , i 8 - 5 , 30 'S, etc./ 

0-962 

2-050 

6, 18, 30, etc. 

0 

0 

12, 24, 36, etc. 

8-560 

8-560 


The above table shows that when the Vee-angle is altered 
to 30° the 6th order is eliminated irrespective of firing order, 
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but the 3rd order becomes completely unbalanced. The 4-5 
order is large for firing order 1-5-3-6-2-4, but is very consider¬ 
ably reduced by changing the firing order to 1-2-4-6-5-3 at the 
expense of an increase in the magnitude of the 3$, and 61 
orders. 

The 12th order is also completely unbalanced for both firing 
orders, but since the 12th order harmonic component is small 
this should not be important. 

The foregoing discussion may therefore be summarised as 
follows :— 

With Vee-angle 6o°, which gives even firing impulses, and 
firing order 1-5-3-6-2-4 in each bank, the 3rd order critical is 
eliminated, but the 4*5 and 6th order criticals are not negligible. 
Unless suitable damping means are provided, therefore, this 
arrangement should only be used where the running speed range 
lies between the 2*5 (which is not negligible because of the large 
magnitude of the 2-5 order tangential effort component) and 
the 4-5 order criticals, or between the 4-5 order and the 6th 
order criticals, or below the 6th order critical. For example, 
if the natural frequency of the system is 7500 vibs./min., and 
allowing a margin of 10 to 20 per cent, clear of the critical 
speeds, the above considerations imply that the operating speed 
range should lie between about 1900 and 2600 r.p.m.; be 
confined to about 1400 r.p.m., or lie below about 1100 r.p.m. 

With Vee-angle 6o° and firing order 1-2-4-6-5-3, the 3rd 
order critical is still eliminated; the 6th order critical remains 
unaltered, but the 4-5 order is very considerably reduced at 
the expense of a considerable increase in the 3*5 order critical. 
This arrangement is therefore suitable where the running 
speed range lies between the 3-5 and 6th order criticals, or 
lies below the 6th order critical. If the natural frequency is 
7500 vibs./min., therefore, the running speed range should lie 
between about 1400 and 1900 r.p.m., or be below 1100 r.p.m. 

With Vee-angle 30°, which gives uneven firing, and firing 
order 1-5-3-6-2-4, the 6th order critical is eliminated, but the 
3rd and 4-5 order criticals axe not negligible. This arrange¬ 
ment is therefore suitable where the running speed range lies 
between the 3rd and 4*5 order criticals, or below the 4-5 
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order critical (assuming that the 7-5 order stress is not found to 
be serious). 

Assuming a frequency of 7500 vibs./min., the above con¬ 
siderations imply that the running speed range should lie 
between 2000 and 1900 r.p.m., or below about 1500 r.p.m. 
The narrow range between the 3rd and 4-5 orders is due to the 
necessity for providing a margin of at least 20 per cent, clear 
of the powerful 3rd order critical. 

With Vee-angle 30° and firing order 1-2-4-6-5-3, the 6th 
order critical is still eliminated, the 3rd order remains unaltered, 
but the 4*5 order is considerably reduced at the expense of an 
increase in the 3-5, 5*5 and 6-5 orders. If the stress calculations 
show that the 3-5, 5*5 and 6*5 orders are not negligible, the 
running speed range should lie between the 3-5 and 5-5 order 
criticals, or below the 6*5 order critical. Thus for a frequency 
of 7500 vibs./min., the permissible speed ranges are 1500 to 
1900 r.p.m., or below about 1100 r.p.m. 

In general, the effect of altering the Vee-angle on the magni¬ 
tude of any given critical speed can be quickly obtained from 
Fig. 93. For example, in the case just discussed Fig. 93 shows 
that the 3rd order critical is zero when the Vee-angle is 6o°, 
and gradually increases in amplitude as the Vee-angle is reduced, 
until it is completely unbalanced when the Vee-angle is o°. 
The 6th order critical, on the other hand, is completely un¬ 
balanced when the Vee-angle is 6o°, and gradually diminishes 
as the Vee-angle is reduced, until it becomes zero when the 
Vee-angle is 30°. 

Case b : Node at Centre of Crankshaft .—The normal elastic 
curve is shown at ( b ) in Fig. 94. This diagram shows that 
the only unbalanced orders for each bank are the half 
orders. 

The row summations are the same as already given for 
the Case a, i.e. the shape of the normal elastic curve does not 
affect the row summations. 

Since the resultant vector summations for the whole engine 
are the products of the bank and row summations, it follows 
that only the half orders need be considered when the node is 
at the centre of the crankshaft. The following table shows 

vol. I— 37 
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the relative magnitudes of the half-order resultant torque 
summations when the Vee-angle is 6o°:— 


Resultant Vector Summations : 12-Cylinder 6o° Vee-Engine. 


Order Numbers. 

Firing Order 
per Bank. 
I-5-3-6-2-4- 

Firing Order 
per Bank. 
1-2-4-6-5-3. 

0-5, 6-5, 12-5, etc. \ 

5 * 5 » ti* 5 » X7-5. etc./ 

0-665 

I-6I0 

i*5, 7*5, 13*5, etc. j 

4*5, io*5, 16 * 5 , etc./ 

5*650 

0-003 

2*5, 8*5, 14*5, etc.) 

3*5> 9*5, 15 * 5 , etc./ 

2-490 

6-ooo 


All other orders are eliminated. 


The above table shows that with firing order 1-5-3-6-2-4 
and the node at the centre of the crankshaft the only really 
severe critical speeds are the 1*5, 4*5, 7*5, etc., orders, although 
it should be borne in mind that the 2-5 and 3*5 orders will also 
require consideration, because the 2-5 and 3-5 order components 
of the tangential effort curve are large. This arrangement is 
therefore suitable in cases where the running speed lies between 
the 3-5 and 4-5 order criticals, or below the 4-5 order critical. 
In the latter case the 7*5 order should be considered as a pos¬ 
sible source of vibration if the 7-5 order torque component is 
sufficiently large. 

If the firing order is altered to 1-2-4-6-5-3, the 1*5, 4-5, 7-5, 
etc., orders are very nearly zero, but the 2-5 and 3-5 orders are 
increased. Due to the elimination of the 4*5, 7-5, etc., orders 
this arrangement provides an engine which is for all practical 
purposes free from any serious torsional vibration when the 
running speed is kept below the 3-5 order critical speed. 

The foregoing analysis is a quick arid easy method of 
assessing the torsional vibration characteristics of Vee-type 
engines with various combinations of Vee-angle, crankshaft 
arrangement, and bank firing order. 
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It can be applied to other types of engines with equal 
facility, for example, fan-type engines in which there are three 
banks of cylinders, with three cylinders in each row, and X-type 
engines in which there are four banks of cylinders with four 
cylinders in each row. In all cases, provided the firing order 
is identical for each bank, it is only necessary to determine the 
row and bank summations separately and then obtain their 
products to give the resultant vector summations for the engine 
as a whole. 

The device of permitting two cylinders to fire simultaneously 
with the object of providing a favourable disposition of critical 
speeds has been used successfully for engines having several 
banks of cylinders. For example, Fig. 95 shows a 12-cylinder, 
2-stroke cycle engine with two banks of diametrically opposed 
cylinders arranged for simultaneous firing. In this case the 
Vee-angle is 180°, and a crankshaft of the type shown at 5 in 
Table 64 is employed. The engine therefore possesses com¬ 
plete primary and secondary balance. The firing order is 
(1 A, 6AH3B, 4BH2A, 5 A)-(iB, 6B)-(3A, 4AH2B, 5 B), and 
there are six double-firing impulses per revolution equally 
spaced at intervals of 6o°. 

The phase diagrams in Fig. 95 show that when the node is 
at the centre of the crankshaft the bank vector summations 
for all orders are zero, hence for all practical purposes the com¬ 
plete engine is free from torsional vibrational disturbances. 
Furthermore, since the firing interval between the two cylinders 
in each row is 180 0 , the odd order row summations are zero 
(see Fig. 93). The odd orders axe therefore completely can¬ 
celled for all modes of vibration. The even orders, however, 
are only cancelled for the mode of vibration corresponding to 
a node at the centre of the crankshaft. If other important 
modes of vibration exist these must be investigated separately 
with respect to the even order critical speeds. 

In the case of 2-stroke cycle engines there are, of course, no 
half orders. 

Resultant Vector Summation for Vee-type Engines when the 
Firing Order is not the same in Both Banks of Cylinders. —In 
4-stroke cycle Vee-engines having an even number of cylinders 
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in each bank and employing crankshafts with mirror symmetry, 
for example, Nos. 1, 5, 8, 12, and 13 in Table 64, there are 
several possible alternative firing orders for each bank, and 
it is possible to employ any one of these alternative firing orders 
for one bank whilst at the same time employing one of the 
remaining alternatives for the other bank. It is normal 
practice, however, to employ the same firing order in both 
banks, but if for one reason or another it is necessary to in¬ 
vestigate the effect of departing from this general rule the 
following method can be used. 

Ci//rs Cq/ rj 



Za=c Za»o Za=o 

Fig. 95 .— 12 -cylinder 180 0 Vee 2 -stroke engine. Bank summations. 

Fig. 96 shows a 12-cylinder, 4-stroke cycle, 6o° Vee-engine 
with firing order 1-5-3-6-2-4 in bank A and firing order 
1-2-4-6-5-3 in bank B, the firing order for the whole engine 
being 1A-6B-5A-5B-3A-3B-6A-1B-2A-2B-4A-4B, the firing in¬ 
terval between rA and xB, and 6A and 6B being 420°, whilst 
between the pairs of cylinders in the remaining rows it is 6o°. 

The resultant vectors summations for the whole engine 
are obtained in precisely the same way as for an ordinary 
in-line engine, by setting down the phase diagrams, starting 
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3Yi-9 , A.~iS , A.E!t\ 


IA-0 Zf\ = 8-S60 


3—9—IS, Eli: 6-11-18, Ere 


Fig. 96.—12-cylinder Vee-engine with different firing orders in each bank. 



^g 2 torsional vibration problems 

with the half-order diagram in the case of a 4-stroke cycle 
engine and the 1st order diagram in the case of a 2-stroke 

cycle engine. . v , 

In the case of 4-stroke cycle engines the cylinders come 
into action in the half-order phase diagram at intervals equal 
to half the firing interval apart and in the same order as the 
firing order. In the case of 2-stroke cycle engines the cylinders 
come into action in the 1st order phase diagram at intervals 
equal to the firing interval apart and in the same order as the 
firing order. The remaining phase diagrams are obtained from 
these basic phase diagrams by multiplying the basic phase 
angles by 2, 3,4, etc., exactly as already described in connection 
with in-line engines. The vector summations are then obtained 
from the phase diagrams, bearing in mind that the specific 
am plitude is the same for the two cylinders in any one row. 
For example, if the amplitude on the normal elastic curve for 
cylinder 2A is 0*947, then it is also 0*947 for cylinder 2B, and 


Since Fig. 96 applies to a 4-stroke cycle engine and the Vee- 
angle is 6o°, there are six firing impulses per revolution evenly 
spaced at 6o° intervals. Hence the cylinders come into action 
in the half-order phase diagram at intervals of 30°, and in the 
same order as the firing order for the whole engine, namely, 
1A-6B-5A-5B-3A-3B-6A-1B-2A-2B-4A-4B. The remaining phase 
diagrams, derived from this basic phase diagram, are shown in 
Fig. 96. 

The vector summations are then obtained by drawing the 
vector diagrams in the usual way, and in this case these sum¬ 
mations are the resultants for the whole engine. The normal 
elastic curve in Fig. 96 is the same as that shown at {a) in 
Fig. 94, so that the only difference between these two cases is 
the change in the firing order of one bank of cylinders. If the 
resultant vector summations for the whole engine in Fig. 96 
are compared with the resultants for diagram (a) of Fig. 94, the 
Vee-angle being 6o° in both cases, it is seen that the change in 
the firing order of one bank only affects the magnitudes of the 
half-order .summations. This is the same result as was obtained 
when the firing order of both banks was altered. Hence, in 
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general, when the Vee-angle remains unaltered, the order 
numbers corresponding to the bank summations which remain 
unaltered when the bank firing order is changed, are also the 
order numbers of the resultant vector summations for the whole 
engine which remain unaltered irrespective of whether one or 
both bank firing orders are changed. 

The foregoing method can also be applied to engines having 
more than two banks of cylinders. Once the firing order for 
the whole engine has been settled the basic phase diagram can 
be set down and from this all the remaining phase diagrams 
can be quickly obtained. 

Geared Engines. —Fig. 97 shows some examples of geared 
oil engine installations in which two. identical prime movers are 
geared to a common driving shaft. 

It was shown in Chapter 5 that in addition to the normal 
modes of vibration in which the whole system executes torsional 
oscillations, the duplicated parts of the system, i.e. the prime 
movers, can execute torsional oscillations independently of the 
remainder of the system. The latter modes of vibration will 
be called the “ node-at-gears " case, since there is always at 
least one node at the gear faces. 

Diagram I of Fig. 97 shows the node-at-gears case in which 
the fundamental mode occurs when one of the duplicated engine 
systems swings against the other with a node or nodes at the 
gear faces. The upper diagrams illustrate the case when the 
engines are on the same side of the gear assembly, whilst in the 
lower diagrams the engines are on opposite sides of the gear 
assembly. Higher modes of vibration are possible, but in all 
cases there is at least one node at the gear face, the remainder 
occurring within the engine crankshafts. 

Since one of the duplicated systems swings in opposite 
phase to the other it follows that the nth order component 
harmonic of the engine torques will cancel if the crank arrange¬ 
ment and firing order is the same for each duplicated engine, 
and if the firing interval between corresponding cranks of each 
engine is such that the nth order harmonic torques for these 
cranks are in phase. 
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97 -—Firing angles of geared oil engines. 
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The necessary firing angle between corresponding cranks of 
each engine to fulfil this condition is determined as follows 
Referring to the phase and vector diagrams at the bottom 
of Diagram I of Fig. 97— 

Let <7 — firing angle between corresponding cr anks of 
each engine, 

n = harmonic order number, 

+ a = amplitude at any selected crank of one engine. 

Then — a = amplitude at the corresponding crank of the 
other engine, 

n . a = phase angle of nth order torque components, 
and, from the vector diagram, 

2a = 2 . a . sin n . a/2. 

Hence, 2a is zero, i.e. these modes of vibration are not 
excitable when 

sin (n . <r12) = 0, 

i.e. when n . a = 0, 360°, 720°, 1080°, 1440°, etc. 

The following table gives the firing angles, a, which render 
the node-at-gears modes non-excitable in the case of the first 
six harmonic orders :— 

Firing Angles between Corresponding Cranks of Duplicated Geared Engines 
which make the Node-at-Gears Modes of Torsional Vibration Non-Excitable 


Har¬ 

monic 

Order 

Firing Angle between Corresponding Cranks 
a , Degrees. 

0-5 

0° 

720° 








ro 

0 

360 

720° 







i -5 

0 

240 

480 

720° 






2-0 

0 

180 

360 

540 

720° 





2-5 

0 

144 

288 

432 

576 

720° 




3 -o 

0 

120 

240 

360 

480 

600 

720° 



3'5 

0 

102-f 

20 5 f 

3084- 

4lif 

5 i 4 f 

61 7 y 

720° 


4-0 

0 

90 

l80 

270 

360 

450 

540 

630 

720° 

4-5 

0 

80 

160 

24O 

320 

400 

480 

560 

640 720° 

5'0 

0 

72 

I44 

216 

288 

360 

432 

5 i 4 

576 648 720° 

5-5 

0 

6 5 t 5 i 

I3IH 

ig6^ r 261^ 327.A- 392^- 458 t 2 t 5 2 3t 7 t 589 t Y 654 j 6 t 720° 

6-o 

0 

60 

120 

180 

240 

300 

360 

420 

480 540 boo 660 720 
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The above table applies to both 2-stroke cycle and 4-stroke 
cycle engines. In 2-stroke cycle engines, however, there are 
no half-order harmonics and the firing angles repeat after 360°. 

The table shows that all harmonic orders of the node-at- 
gears modes of vibration, i.e. the modes shown in Diagram I 
of Fig. 97, are non-excitable when the firing angle between 
corresponding cranks of the duplicated engines is zero. This 
condition is fulfilled when corresponding cranks of each engine 
reach top-dead-centres and fire together and is therefore re¬ 
ferred to as “ Simultaneous Firing.” It does not provide 
so smooth an output torque as when the two crankshafts are 
phased so that the firing impulses for the two engines are evenly 
spaced, but in many cases the advantages gained by the com¬ 
plete elimination of a whole series of troublesome critical zones 
more than compensates for the somewhat greater normal 
torque variation. 

It should also be noted that when the firing angle between 
corresponding cranks is 180 0 all even orders cancel, whilst if 
the angle is 360° both odd and even orders cancel. The latter 
condition implies that in a 4-stroke cycle engine only half 
orders remain, whilst in a 2-stroke cycle engine where there 
are no half orders all node-at-gears vibration is suppressed. 
The foregoing considerations may in certain cases enable all 
serious vibration of the node-at-gears type to be suppressed, 
whilst at the same time yielding a smoother normal torque 
curve than would be obtained by adopting simultaneous 
firing. This possibility can be investigated easily in any specific 
example with the help of the above table. 

It should be kept in mind in applying the above results 
that the same firing interval must be adopted for each pair 
of corresponding cranks, as shown in Fig. 97. 

Diagram II of Fig. 97 shows the conditions which apply for 
the normal modes of vibration of the system, i.e. when the 
system vibrates as a whole. 

In this case the duplicated parts of the system swing in 
phase, so that the nth order component harmonic of the engine 
torques will now cancel if the crank arrangement and firing 
order is the same for each duplicated engine, and if the firing 
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interval between corresponding cranks of each engine is such 
that the nth order harmonic torques for ( these cranks are out- 
of-phase. 

Referring to the phase and vector diagrams at the- bottom 
of Diagram II of Fig. 97, and using the same symbols as before, 

Za = 2 . a. sin (90° — n . or/2) — 2. a. cos (n. cr] 2). 

Hence, in this case Za is zero, i.e. these modes of vibration 
are not excitable when 

cos (n . <7/2) = 0, 

i.e. when n.a — 180 0 , 540°, 900°, 1260°, 1620°, etc. 

The following table gives the firing angles, cr, which render 
these modes of vibration non-exdtable in the case of the first 
six harmonics:— 

Firing Angles between Corresponding Cranks of Duplicated Geared Engines 

WHICH MAKE THE NORMAL MODES OF TORSIONAL VIBRATION NON-EXCITABLE. 


Harmonic 

Order 

Firing Angle between Corresponding Cranks 
o’, Degrees. 


360° 










1*0 

180 

540° 









I' '5 

120 

360 

6oo° 








2-0 

90 

270 

450 

630° 







2-5 

72 

216 

360 

504 

648° 






3-o 

60 

180 

300 

420 

540 

660 0 





3‘5 

5*f 

I54f 

257} 

360 

4624 

5654 

6684 0 




4-0 

45 

135 

225 

315 

405 

495 

585 

675 ° 



4*5 

40 

120 

200 

280 

360 

440 

520 

600 

68o° 


5'0 

36 

108 

180 

252 

322 

396 

468 

540 

612 

684° 

5-5 

3 2 & 

9 S Tt 

i6 3ti 

229^ 

2 94ih 

360 

425& 

490^4 55^r 62I TT 68 7 it° 

6-o 

3° 

90 

150 

210 

270 

330 

390 

450 

5io 

570 63O 69O 


The above table applies to both 4-stroke cycle and 2-stroke 
cycle engines. In 2-stroke cycle engines, however, there are 
no half orders, and the firing angles repeat after 360°. 

The table shows that for the normal modes of vibration 
all odd orders cancel when the firing angle between correspond¬ 
ing cranks of the duplicated engines is 180 0 , and that all half 
orders cancel when the angle is 360°. 
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This is, as it should be, the same as for one row of a Vee- 
engine, see Fig. 93. 

The above table and also Fig. 93 show that when the firing 
angle is 90°, orders 2, 6,10, etc., cancel. 

The foregoing tables will be found useful for determining 
which orders of both the node-at-gears modes and the normal 
modes cancel for any given firing order, or, conversely, will 
enable the possibility of choosing a firing angle which will 
cancel any prescribed order or orders to be explored quickly. 

Propeller Torque Variation—Marine Installations.— 
In marine turbine installations the principal exciting force is 
that due to torque variation at the propeller. From published 
information, and from the author's own observations, it appears 
reasonable to assume that the principal harmonic of the pro- 
peller torque variation has an amplitude of 10 to 12 per cent, 
of the mean torque under normal operating conditions, assum¬ 
ing constant immersion. This harmonic torque variation 
reaches a maximum four times per revolution for a 4-bladed 
propeller and three times a revolution for a 3-bladed propeller. 

Torque variation originated at the propeller may also be of 
some importance in marine installations employing reciprocating 
steam or oil engines. In the case of a 6-cylinder, 4-S.C., S.A. 
marine oil engine, for example, it will be shown later that for 
the one-node mode of vibration, the only harmonic component 
of the engine torque curve of practical importance is the 3rd 
major order. All minor orders practically cancel. 

If this engine drives a four-bladed propeller, however, the 
possibility of appreciable disturbances being originated by the 
4th order propeller torque variation should be investigated. 

Fig. 98 shows curves of the approximate torque variation 
to be expected from 3- and 4-bladed marine propellers. If the 
propeller moved in a perfectly uniform stream of water and was 
remote from other bodies no vibratory forces would be produced. 
In practice, however, the wake in the vicinity of the propeller 
is by no means uniform, and the propeller works in more or less 
close proximity to the hull of the ship. In the case of 3-bladed 
propellers of twin-screw ships the variable portion of the pro¬ 
peller torque consists of three impulses per revolution, the 
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resistance being a maximum when a blade tip is nearest to 
the hull, as shown at X in diagram (a) of Fig. 98, and a minimum 
when a blade tip is furthest from the hull, as shown at Y. In 
the case of 3-bladed propellers of single-screw ships the variable 
portion of the propeller torque consists of two superimposed 
periodic torques, one having a three per revolution impulse 
frequency and the other a six per revolution impulse frequency. 
The maximum value of the three per revolution impulse occurs 
when a blade tip passes the bottom of the propeller aperture, 

fd) 3-BLADES f c) ENGINE AND PROPELLER PHASING 



as shown at X in diagram ( a) of Fig. 98, and the minimum 
value occurs when a blade tip passes the top of the propeller 
aperture, as shown at Z. The maximum value of the six per 
revolution impulse occurs when a blade tip passes either the 
top or the bottom of the propeller aperture, as shown at X and 
Z, and the minimum value occurs when a blade tip is about 
30° from the propeller aperture, as shown at Y. 

In the case of 4-bladed propellers of twin-screw ships the 
variable portion of the propeller torque consists of four impulses 
per revolution, the resistance being a maximum when a blade 
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tip is nearest to the hull, as shown at X in diagram (6) of Fig. 98, 
and a minimum when a blade tip is at its greatest distance 
from the hull, as shown at Y. 

In the case of 4-bladed propellers of single-screw ships the 
variable portion of the propeller torque is mainly composed 
of four impulses per revolution, the resistance being a maximum 
when the blades are passing through the propeller aperture, 
as shown at X, and a minimum when the blades are at an angle 
of about 45 0 from the aperture, as shown at Y. In addition, 
however, the variable torque of a 4-bladed propeller in a single¬ 
screw ship has components having impulse frequencies of two 
and eight impulses per revolution. These are, however, of 
smaller magnitude than the four per revolution impulse. 

The magnitude of the variable portion of the propeller 
torque depends on many factors, such as the characteristics of 
the hull in the vicinity of the propeller, the location of the 
propeller in relation to the hull, the depth of immersion of the 
propeller, the prevailing weather conditions, and so on. 

It is therefore impossible to reduce the matter to a cut and 
dried mathematical formula, and reliance must be placed on 
experimental data. In this connection Professor Lewis gives 
a tabulation method for determining the tangential forces 
from wake variation in his paper, " Propeller Vibration,” 
Trans. Soc. Naval Architects and Marine Engineers, New York, 
1935. This method was applied to the evaluation of the 3rd 
order propeller torque variation in a twin-screw vessel and 
gave a value ± 3-2 per cent, of the mean torque, and subsequent 
torsiograph tests on the ship showed a 3rd order variation of 
±3'3 per cent. 

The vessel was a 630-ft. electrically driven twin-screw pas¬ 
senger boat with three-bladed propellers, the mean torque being 
355,000 lbs.-ft. 

Some information relating to propeller torque variation is 
contained in a paper by Messrs. Thorne and Calderwood en¬ 
titled “ Notes on Torsional Oscillations, with Special Reference 
to Marine Reduction Gearing,” Trans. N.E. Coast Instn. of 
Engineers and Shipbuilders, Vol. XXXIX, Part 2, 1922. This 
information was derived from torsiograph measurements on 
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single- and twin-screw turbine driven ships, and in all cases 
the torsiograph readings were divided by the appropriate 
dynamic magnifiers to obtain the equivalent “ static ” torque 
variation. 

For a 3-bladed propeller in a twin-screw vessel a three 
impulses per revolution torque variation was obtained having 
a maximum amplitude of ± 4-5 per cent, of the mean torque. 
There was also a slight indication of a six impulses per revolu¬ 
tion torque variation. 

For a 3-bladed propeller in a single-screw vessel a three 
impulses per revolution variation of maximum amplitude 
± 475 per cent, superimposed on a six impulses per revolution 
variation of maximum amplitude ± 5-5 per cent, of the mean 
torque was obtained. 

For a 4-bladed propeller in a twin-screw vessel a four 
impulses per revolution torque variation was obtained having 
a maximum amplitude of ± 4 to ±6 per cent, of the mean 
torque. 

For a 4-bladed propeller in a single-screw vessel the torque 
variation was found to contain several components, as follows : 
With propeller tips immersed 7 ft.: 

1 per revolution amplitude = ± 6-8 per cent, of mean torque. 

2 per revolution amplitude = ± i*8 per cent, of mean torque. 

4 per revolution amplitude = ± 5-3 per cent, of mean torque. 

8 per revolution amplitude = trace (not measurable). 

With propeller immersed only 90 per cent.: 

1 per revolution amplitude = ± 4-8 per cent, of mean torque. 

2 per revolution amplitude = 1-6 per cent, of mean torque. 

4 per revolution amplitude = ± 3-6 per cent, of mean torque. 

8 per revolution amplitude = ± 0-3 per cent, of mean torque. 

The large one per revolution torque variation was considered 
to be due to the propeller, because an abnormal tooth error 
in the low speed wheel would have been necessary to account 
for such a large variation. 

With perfect propellers no vibration of once a revolution 
frequency would be experienced unless the propellers were 
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damaged in service, and although absolute perfection is not 
attainable ordinary care in manufacture should suffice to 
render it difficult to detect any once a revolution disturbance. 

As a result of the experiments described in this paper the 
authors concluded that the torque variation of a marine pro¬ 
peller was not likely to exceed about ± 10 per cent, of the 
mean torque under any conditions of immersion of the propeller 
or at any speed of the ship. 

It can also be safely assumed that the principal impulse 
frequency in the case of 4-bladed propellers, whether fitted in 
single- or in twin-screw vessels, is four impulses per revolution. 
In the case of 3-bladed propellers, however, the impulse fre¬ 
quency can be taken as three per revolution for twin-screw 
vessels, but for single-screw installations a six per revolution 
impulse frequency as well as a three per revolution disturbance 
must be considered. 

In an article entitled “ Torsional Vibration Amplitudes in 
Marine Diesel Installations,” Engineering, 29th May, 1931, 
p. 694, Dr. Lockwood Taylor quotes a harmonic torque varia¬ 
tion of ± 12 per cent, for a propeller in a single-screw ship 
with rather extreme wake distribution. He considers that 
this probably represents the extreme limit of torque variation 
under normal conditions, and that a twin-screw vessel should 
show less variation than a single-screw vessel, whilst a 3-bladed 
propeller should give less variation on a single-screw ship, but 
possibly more on a twin-screw ship, than a propeller with four 
blades. 

The two per revolution disturbance mentioned above in 
connection with the 4-bladed propeller in a single-screw ship 
is probably due to interference between the four blades of 
the propeller and the stem post and rudder, the latter being 
virtually equivalent to two stationary blades. 

The expression given in the next section for the number 
of torque variations per revolution when a rotating member 
with n blades passes a stationary member with n x blades can 
be applied, 
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For a 4-bladed propeller passing a rudder (equivalent to 
two stationary blades), 

N = - = 4 impulses per revolution. 

The above expression is of interest where guide vanes or 
contra propellers are used. For example, if four guide vanes 
are used in conjunction with a 4-bladed propeller, the principal 
impulse frequency is obtained as follows :— 

n = number of propeller blades — 4, 
n x = number of fixed blades = 6 (i.e. 4 guide vanes 
and 2 virtual vanes due to the rudder), 

H.C.F. — highest common factor of n and n x = 2. 

Then, assuming that the six vanes are evenly spaced at 6o°, 

N = - ~ - = 12 impulses per revolution. 

It is also of interest to note that if n and n x have no common 
factor, then, in addition to the above periodic torque, there 
will be an unbalanced periodic lateral force in any fixed 
direction through the centre of the propeller hub of frequency 
F = n X (revs, per min.). 

If, however, there is a common factor this lateral force 
disappears. 

The above considerations indicate that the fitting of guide 
vanes might result in an appreciable reduction of propeller 
vibration, provided the number of vanes is such that high 
impulse frequencies are obtained. 

Phasing of Engine and Propeller Torque Variations .— 
Diagrams (c) and (d) of Fig. 18 show that in marine engine 
installations the specific vibration amplitude at the propeller 
is large for the one-node mode of vibration and very small for 
the two-node mode of vibration. 

It is evident, therefore, that a periodic torque at the pro¬ 
peller will be effective in producing vibration corresponding 
to the one-node mode of vibration, but will have a negligible 
effect in the case of two-node vibrations. 

vol. 1.—38 
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These diagrams also show that for the one-node mode of 
vibration all the engine cylinders vibrate with the same 
amplitude, so that, as already explained, the only unbalanced 
harmonic torque orders for the engine are the major orders 
which are all in phase. If the transmission shaft between the 
engine and the propeller is very flexible compared with the 
engine crankshaft the oscillating system can be reduced to the 
simple two-mass system shown at (c) in Fig. 98, which consists 
of the engine masses at one end of the transmission shaft and 
the propeller mass at the other end. 


Let ] e — polar moment of inertia of the engine masses, 

J p = polar moment of inertia of the propeller, 

C = torsional rigidity of the transmission shaft, 
o) c — phase velocity of the one-node mode of vibration, 
M an = max. value of the nth order harmonic torque of 
the engine, 

= max. value of the nth order harmonic torque of 
the propeller. 


Then, assuming unit amplitude at the engine, the amplitude 
at the propeller is - Q # /J,). 

The equilibrium amplitude at the engine is given by equa¬ 
tion (246), viz., 


In this case, 


_ T n . A . R . 2 a 


radian. 


(246) 


T„. A. R. & - U en ± M^L/L) = (M en . J p ± Mj> n . J e )/J„ 
°>c z — - y - ~j^ [from Equation (16)] 

^(J • «*) = J< + J,'(J«/J,)* = J e (J e + j,)/j,. 

Hence, 6 oe — - Jg dr M pw . J e ) 


C(Je + J P ) 


J. 


(J* + JU’ 


This is the equilibrium amplitude at the engine. The 
equilibrium amplitude of twist between the engine and the 
propeller, i.e. the total twist in the transmission shaft, is 


\ e *\ = ( 6 oe ~~ 0 OP ), where 6 0P = - 6 M QJJ P ). 
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Hence, 


Also 


and 


!«.l = 

\S.\ = ^r/f ^*fT J * ' radian - • 

MJ e + J n) 

fso = equilibrium stress in transmission shaft 


(292) 


I 6 I 

-L 0 , where Z = polar moment of resistance 
of shaft — 7 T . i 3 /i6 for a solid 
shaft of diameter d, 


/ s =maximum vibratory stress in transmission shaft 
== f so X (dynamic magnifier). 


Equation! (292) shows that the magnitude of the vibratory 
stress in the transmission shaft depends on the phase relation¬ 
ship between the engine and propeller torque variations. 
These relationships are shown in Fig. 98. 

For the fundamental or one-node mode of vibration the 
propeller swings in opposite phase to the engine. Hence for 
minimum input energy and therefore minimum vibratory 
stress in the propeller shaft the engine and the propeller 
harmonic torques must be in phase as shown in the phase and 
vector diagrams in Fig. 98. 

The torque variation curves shown at (a) and (b) in Fig. 98 
are the harmonic torques exerted by the propeller on the shaft, 
i.e. they represent the propeller resistance torques. Since 
driving and resisting torques act in opposite senses it follows 
that the engine driving torque is in phase with* the propeller 
resisting torque when the greatest positive value of the engine 
torque variation occurs at the same instant as the greatest 
negative value of the propeller resistance torque variation. 

The position of, say. No. 1 engine crank when the nth. order 
harmonic component of the engine torque curve has its greatest 
positive value can be determined from an harmonic analysis of 
the engine torque curve, as already explained. If this crank 
is assumed to be placed in this position the corresponding 
position of the propeller for correct phasing is as follows:— 

For the 3rd order component of 3-bladed propellers in twin- 
screw ships, position Y in Fig. 98. 
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For the 3rd order component of 3-bladed propellers in 
single-screw ships, position Z in Fig. 98. 

For the 6th order component of 3-bladed propellers in 
single-screw ships, position Y in Fig. 98. 

For the 4th order component of 4-bladed propellers in 
twin-screw ships, position Y in Fig. 98. 

For the 4th order component of 4-bladed propellers in single¬ 
screw ships, position Y in Fig. 98. 

With correct phasing the equilibrium amplitude of twist 
in the transmission shaft becomes 


i^ol = 


(M en . J, - U vn . J e ) 
C(J* + J,) • 


( 293 ) 


Since, for the single-node mode of vibration the only un¬ 
balanced harmonics of the engine torque curve are the major 
orders, the engine types to which Equation (293) applies are 
those having a major order number equal to the number of 
propeller blades. Thus for 3-bladed propellers this method 
of reducing the vibration stress in the transmission shaft 
could be employed with 6-cylinder, 4-stroke cycle engines, 
or 3-cylinder, 2-stroke cycle engines. In both types the 
fundamental unbalanced engine harmonic is the 3rd order. 

In the case of 4-bladed propellers the method applies to 
8-cylinder, 4-stroke cycle engines and 4-cylinder, 2-stroke 
cycle engines, since both these types have the 4th order harmonic 
unbalanced. 

In steam reciprocating engines the torque curve must be 
analysed to see if there is a sufficiently large unbalanced har¬ 
monic of blade impulse frequency. 

It should be noted that for the oil engines, 


M en = T„ . A. R . Ea, 


where T n = the resultant nth. order harmonic component of 
the tangential effort curve for one cylinder, 

A = area of cylinder, 

R — crank radius, 

Ea — vector sum of ordinates at each cylinder from 
normal elastic curve, assuming unit amplitude 
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at free end of crankshaft (if the transmission 
shaft is very flexible compared with the crank¬ 
shaft — the number of cylinders, very 
nearly). 

The foregoing method of determining the position of the 
oropeller blades relative to the engine cranks should be regarded 
as approximate only because in specific examples peculiarities 
Of wke distribution and of the combustion characteristics o 
the engine cylinders might cause serious departures from this 
theoretical method of phasing for minimum vibrational energy. 

In all cases, therefore, it is desirable to check the phasing by 

‘^Sermort due to the variation of the individual phasing 
of the engine torque harmonics with engine speed and mean 
indicated pressure, and the variation of the individual phasing 
StS propeller harmonics with the speed and tan of the ship 
and with the prevailing weather conditions, it-follows that the 
nhase^rdationship between the propeller blades and the engine 
£Ss whkh is correct for one set of operating conditions 
is no? necessarily the optimum setting for other operating 

COn FOT°?hese reasons it is not easy in practice to apply the 
tor tnes p ii er and cranks for minimum 

principle of phasing thJ S>s t ?he case of strongly 
vibrational energy, except P * P ,, th per re _ 

-hrSeite, the same 

SopX^es augmenting the engine impulses is avoi^he 

Sfl^eX w^r^cyMerX-stroke cycloid. 
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S imilar ly, a 4-bladed propeller would not be used with an 
8-cylinder, 4-stroke cycle engine, or a 4-cylinder, 2-stroke 
cycle engine. In steam engine installations a 3-bladed pro¬ 
peller would not be used with an engine having a strong three 
per revolution component of the torque curve, and a 4-bladed 
propeller would not be used with an engine having a strong 
4th order torque component. 

The principles underlying the phasing of the blades of a 
propeller relative to the engine cranks, so that the vibrational 
energy is minim ised, can also be applied where the driven unit 
is of a type which has a strongly marked torque harmonic of 
the same impulse frequency as the corresponding harmonic 
of the engine torque, e.g. an oil engine driven air-compressor 
plant. In such cases it is necessary to make an harmonic 
analysis of the torque curve of the driven unit to determine the 
amplitude and phase of the relevant harmonic component. 
The idea already described of arranging a multi-cylinder in-line 
engine so that the node occurs at the centre of the cylinder 
group with the cylinders arranged in symmetrical pairs relative 
to the node and then firing these symmetrically disposed pairs 
of c ylin ders simultaneously is, in effect, an application of the 
phasing principle just discussed. 

In geared engine installations or of engines driving through 
clutches, it is, of course, impossible to fix any phase relationship 
between the driving and the driven units. 

Aero-Engine/Air-Screw Combinations.—Just as in the 
case of marine propellers the air forces on an air-screw are liable 
to cause torsional vibration in the shaft system when the air¬ 
flow is not uniform over the air-screw disc. Such effects would 
be experienced, for example, with two air-screw discs operating 
close together, or when the air-screw blades pass close to other 
bodies such as fuselage, wings, radiators, etc., or when the 
^r-screw shaft is inclined to the direction of flight. 

Although these disturbing factors can be expected to pro- 
noticeable effects in severe cases, they are not likely to 
e dangerous, because the node is usually situated very 
the air-screw, so that the vibrational energy imparted to 
by air-screw disturbances is small, and is insignificant 
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compared with the energy imparted by m,e ^giae torque 
components. "* 

It is of interest in this connection to note that if an air¬ 
screw having n blades is mounted directly in front of another 
air-screw having % blades and the two air-screws rotate in 
opposite directions at the same speed, the fundamental fre¬ 
quency of the impulses imparted to the shaft is 

N = 7 .-. ^'. — impulses per revolution. 

H.C.F. of n and n x v r 

For example, if both air-screws have three blades, 
i.e. n = % = 3, 

then N = 2 x 3 X 3/3 = 6 impulses per revolution. 

If, however, n — 2 and n x = 3, 

then N = 2 x 2 x 3/1 = 12 impulses per revolution. 

It should also be noted that in the latter example, since 
n and n x have no common factor (excluding 1), there is a periodic 
lateral force of the same fundamental frequency as the periodic 
torque. This lateral force is an additional source of vibration 
which is not present in the first example. 

With regard to the phasing of air-screw blades relative 
to engine cranks, it is customary in the case of small ungeared 
in-line engines fitted with 2-bladed air-screws, where the engine 
is invariably started by hand, to phase the air-screw so that a 
good leverage can be obtained by pulling on a blade when the 
engine passes over compression centres. In larger installations • 
where the engine is started mechanically this requirement need. - 
not be fulfilled, and in such cases it is desirable to phase 
air-screw so that the blades are favourably located relat^ m 
the engine cranks for withstanding the explosion sh^y 
ginated in the engine cylinders. This is especially. ^ e t ween 
in the case of metal air-screws. The blades arq^ between 
responsive to the explosion shocks originated irij^ thought 
adjacent to the air-screw, the shocks from tl^^ at - ^ 
cylinders being cushioned to some extent b^ so use( ^ £ 0J . 
structure. If, for example, a blade is loca.f^ e remem b ere d 
to the adjacent crankthrow the explosion jj ditional principal 
pin tend to produce lateral acceleration rise and descend 
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plane of rotation and at right angles to the length of the blade, 
which may cause very high blade stresses. The stiffness of 
the crankcase prevents the whole of the explosion force from 
being applied to the air-screw, and the effect is further re¬ 
duced if the blade is phased so that its length lies parallel to the 
adjacent crank-arm. 

The problem of the phasing of air-screw blades does not 
arise, of course, in the case of geared installations. 

Engine Direct-Coupled to a Hydraulic Dynamometer. 
—Examples of torsional vibration of the shaft systems of 
engines undergoing bench tests due to periodic impulses origin¬ 
ated by rotation of the rotor of a hydraulic dynamometer 
within its casing are not unknown. 

Ifn — number of cells in each side of the rotor, and n x = 
number of cells in each side of the casing, then 

N = _”21*_ 

H.C.F. of n and n x 

where N — number of torque variations per revolution of the 
rotor, 

H.C.F. = highest common factor. 

The frequency of the applied impulses is, therefore, 

F = N X revs, per min. of rotor. 

If n and n x have no common factor, then in addition to the 
above periodic torque there will be an unbalanced periodic 
lateral force in any fixed direction through the centre of the 
'-.(tor of fundamental frequency 

flow!, F x = (n x revs, per min.). 

be expt. k e no ted that if n and % are both even there is no 
,dosetoge v1icforce 

. 0 es sue There both members rotate the frequency of the 
by £oUowil « 

noticeable \S 2 ), impulses per minute when the two 
e dang erous members rotate in the same direction. 

• the air-screw impulses per minute when the two 
\ by air-screw members rotate in opposite directions, 
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Thus, if the natural frequency of torsional vibration of 
this installation is 600 vibs./min., corresponding to a 4th order 
critical speed at 150 r.p.m., a 6th order critical at 100 r.p.m. 
and a 12th order critical at 50 r.p.m., the values of the 4th, 
6th and 12th order harmonic components corresponding to 
mean indicated pressures of 82, 48 and 27 lbs, per sq. in. 
respectively, should be used for calculating the equilibrium 
amplitudes and stresses when these are intended for the sub¬ 
sequent evaluation of the amplitudes and stresses at resonance. 

Another important aspect of the variation of mean indicated 
pressure with speed is the effect on the magnitudes of the 
forced vibration amplitudes and stresses at non-resonant 
speeds. Since any reduction of mean indicated pressure 
usually causes a corresponding reduction of the magnitudes of 
the harmonic components, the equilibrium amplitudes are 
likewise reduced. This in turn implies a reduction of the 
forced vibration amplitudes and stresses. 

Thus a true representation of the resonance curve, corre¬ 
sponding to any given harmonic order, can only be obtained 
by evaluating the forced vibration amplitudes at each non¬ 
resonant speed from the equilibrium amplitude corresponding 
to the mean indicated pressure at that speed. As a general 
rule, this method of obtaining the resonance curves is regarded 
as a refinement, and these curves are usually plotted by multi¬ 
plying the equilibrium amplitude corresponding to the mean 
indicated pressure at the resonant speed by the dynamic 
magnifiers appropriate to each speed. The more accurate 
method of plotting the resonance curve must, however, be 
used when it is required to compare the theoretical diagram 
with torsiograph measurements at non-resonant speeds. 

Aero engines .—Since a similar relationship exists between 
the torque and speed of a fixed pitch air-screw as between 
the torque and speed of a marine propeller, it might be thought, 
at first sight, that the foregoing method of evaluating the 
vibration amplitudes at reduced speeds could also be used for 
aero-engine/air-screw combinations. It must be remembered, 
however, that an aeroplane possesses an additional principal 
degree of freedom, namely, the ability to rise and descend. 
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This implies that theoretically any mean indicated pressure 
from no load to full load can be maintained at all r.p.m. In 
a marine propeller drive, for example, if full load mean in¬ 
dicated pressure is applied at low r.p.m. there is an immediate 
increase of r.p.m. until a speed is attained at which the power 
developed by the engine balances the power absorbed by the 
propeller, all in accordance with the propeller law. The same 
result would be obtained in the case of an aero engine coupled 
to a fixed pitch air-screw and operating under steady conditions 
in level flight. In both cases the difference between the power 
absorbed by the propeller or air-screw at low speed and the 
power which could be developed by the engine at maximum 
permissible mean indicated pressure is an indication that energy 
is available for accelerating the power plant to full speed. 

In the case of the aero engine, however, even when coupled 
to a fixed pitch air-screw, it is possible to put the machine into 
an appropriate climbing attitude which will absorb the power 
corresponding to maximum permissible mean indicated pres¬ 
sure at any r.p.m. within the operating range of the engine. 
If the engine is coupled to a variable pitch propeller, and 
assuming that there is sufficient pitch range, it is possible to 
maintain the maximum permissible mean indicated pressure 
in level flight at any r.p.m. within the operating range by an 
appropriate adjustment of blade pitch. Conversely, by putting 
a machine with a fixed pitch air-screw into a glide it is possible 
to reduce the mean indicated pressure below that corresponding 
to the propeller law, and the same result can be achieved with 
a variable pitch air-screw in level flight by fining the blade pitch. 

A fundamental difference between aircraft and marine 
engines therefore is that whereas the mean indicated pressure 
of marine engines operating at low r.p.m. is fixed within fairly 
narrow limits by the propeller law, the mean indicated pressure 
of aero engines can be varied over a wide range at each operating 
speed by alterations in the attitude of the aircraft or by altering 
the setting of a variable pitch air-screw. 

In common with other types of prime mover, however, the 
mean indicated pressure of an aero engine is limited by the 
necessity for avoiding overloads. Thus to avoid detonation 
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the use of full throttle at low r.p.m. is not permissible, whilst 
the mean indicated pressure of a supercharged engine at rated 
altitude must not be exceeded at lower altitudes because of 
mechanical and heat dissipation problems. In general, there¬ 
fore, the calculation of torsional vibration amplitudes and 
stresses in aero-engine installations should be based on the 
following mean indicated pressures. 

For a normally aspirated engine, the maximum permissible 
mean indicated pressure at sea-level should be assumed at all 
speeds from minimum to maximum cruising r.p.m., and at 
take-off. Below minimum cruising r.p.m., i.e. at idling and 
warming-up speeds, the mean indicated pressure determined 
from the normal air-screw load curve may be used. If a variable 
pitch air-screw is employed the high pitch load curve should 
be used. 

In supercharged engines the maximum permissible mean 
indicated pressure at rated altitude should be assumed at all 
speeds from minimum to maximum cruising r.p.m., whilst at 
idling and warming-up speeds the mean indicated pressure 
corresponding to the normal air-screw load curve may be used. 
It should be borne in mind, however, that in supercharged 
engines a somewhat higher mean indicated pressure is permitted 
for short periods during take-off than would be permitted for 
continuous operation at sea-level, and this higher pressure 
should be used for determining the torsional vibration ampli¬ 
tudes and stresses at take-off r.p.m. 

In the absence of specific data full throttle operation down 
to 1000 r.p.m. should be assumed. 

An important factor which must be taken into account 
when evaluating the torsional vibration stresses originated 
by the. harmonic components of the torque curves of high-speed 
engines is the effect of the inertia correction. 

Table 54 shows that the 2nd, 3rd and 4th order inertia com¬ 
ponents have negative values. These are all sine terms, and 
since the 2nd, 3rd, and 4th order gas pressure sine components 
all have positive values, it follows that at high rotational speeds 
the magnitudes of the 2nd, 3rd and 4th order resultant har¬ 
monic components for each cylinder may increase when the 
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mean indicated pressure is reduced, and thus attain their 
maximum values when the gas pressure is zero. 

For this reason it is necessary to investigate the effect of 
reducing the mean indicated pressure in certain cases. For 
example, the major 3rd order component of a high-speed 6- 
cylinder, in-line, 4-stroke cycle engine has a large inertia term. 
It is therefore possible that when the rotational speed exceeds 
a certain value the numerical value of the inertia term is 
greater than that of the gas pressure sine term corresponding 
to the maximum permissible mean indicated pressure. When 
this occurs the magnitude of the resultant 3rd order harmonic 
component increases when the mean indicated pressure is 
reduced and reaches its maximum value when the inertia term 
alone is acting. Under these circumstances, therefore, the tor¬ 
sional vibration stresses in an aero-engine installation would 
be more severe when the air-screw was wind-milling than when 
it was being driven by the engine. 

The same conditions may occur in all types of power plant 
where it is possible to idle the engine at high rotational speeds and 
where, under full load, the numerical value of the inertia term 
at these high rotational speeds is greater than that of the gas 
pressure sine term. In all such cases it is advisable to calculate 
the torsional vibration stresses at the relevant speeds, on 
the assumption that there is no gas pressure in the engine 
cylinders. 

It should also be noted that even when the numerical value 
of the inertia term is smaller than that of the gas pressure sine 
term, the magnitude of the resultant harmonic component 
may still attain its maximum value when the gas pressure in 
the cylinder is zero. It is only when the numerical value of 
the inertia term is less than one-half that of the gas pressure 
sine term that the maximum value of the resultant harmonic 
component is attained at full load mean indicated pressure. 

In a paper entitled “ Permissible Amplitudes of Torsional 
Vibration in Aircraft Engines” (S.A.E. Preprint, March, 
1939 ). F- Masi states that the modern high performance air¬ 
craft engine requires complete freedom from excessive torsional 
vibration throughout its normal operating range, extending 
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from 50 per cent, to no per cent, of rated speed, whilst military 
engine's intended for extensive diving manoeuvres should be 
safe up to possibly 130 per cent, of rated speed. 

The most severe engine operating conditions from the point 
of view of torsional vibration, according to the above statement, 
are shown in Fig. 99, where rated power and speed refers to 
take-off conditions. 



0 20 40 60 80 100 120 HO% 

Per-Cent of Paled Speed —>~ 

Fig. 99.—Recommended limiting operating conditions for torsional 
vibration calculations, (Masi.) 

Operation beyond the limits shown in this diagram is either 
prohibited or is impossible with a fixed pitch air-screw. 

Automobile Engines .—The undulations of the road and the 
presence of a gearbox render it possible for an automobile 
engine to develop a wide range of mean indicated pressure at 
each operating speed. It is advisable, therefore, to assume 
full load mean indicated pressure over the whole of the speed 
range, although in general the engine will never be called upon 
to run for any length of time at very low r.p.m. with wide open 
throttle. 
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Typical Values of the Full Load Mean Indicated Pressure . 

(a) High-Speed, Four-Stroke Cycle, Spark Ignition {Petrol) 
Engines. 

Automobile engines : ioo to 130 lbs. per sq. in. 

Aero engines: From 140 lbs. per sq. in. for a 

normally aspirated engine using 
low octane fuel to 240 lbs. per 
sq. in. for a fully supercharged 
engine using high octane fuel. 

(, b ) High-Speed Compression Ignition Oil Engines. 

100 to 130 lbs. per sq. in. 

(c) Large, Slow-Speed Marine Oil Engines. 

4-Stroke cycle, single-acting 
engines, normally as¬ 
pirated . . . . 90 to 95 lbs. per sq. in. 

4-Stroke cycle, single-acting 
engines, supercharged . 120 to 130 lbs. per sq. in. 

2-Stroke cycle, opposed-pis¬ 
ton engines . . . 85 to 90 lbs. per sq. in. 

2-Stroke cycle, single-acting 
and double-acting engines 80 to 85 lbs. per sq. in. 

Examples of Calculations for Equilibrium Amplitudes 
and Torsional Vibration Stresses at Non-Resonant 
Speeds. 

Example 46.—Calculate the equilibrium amplitudes and vibra¬ 
tion stresses at non-resonant speeds for the one-node mode 
of vibration of a 4-stroke cycle, single-acting engine 
direct coupled to a 275 kw. electrical generator, 6-cylin¬ 
ders, I3|-inch bore X 18-inch stroke, operating at 310 
r.p.m.; firing order, 1-3-5-6-4-2. 

The equivalent oscillating system is shown in Fig. 13 ; the 
one-node frequency calculation in Table 1; and the phase and 
vector diagrams in Fig. 86. 
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(a) Equilibrium Amplitudes - -These are calculated from 
Equation (248), viz., 

a 4100 . D 2 . R . T„ . Ea , . 0 . 

^0 p2 ^ jr'Q. a 2 ) degrees, . (248) 

where D = diameter of cylinder in inches = 13*5 ins., 

R = crank radius in inches — 9 ins., 

T n = wth order resultant harmonic component of tan¬ 
gential effort curve for one cylinder in lbs. 
per sq. in. of piston area, from Table 60,* 

Ea = vector sum for one-node vibrations, from Fig. 86, 
F = one-node frequency of torsional vibration, 2520 
vibs./min., from Table 1, 

E( J . a 2 ) = effective moment of inertia of whole system 
referred to free end of crankshaft in lbs.-ins. 
sec. 2 . 


The value of E(J . a 2 ) is obtained from columns D and F of 
the frequency tabulation, Table 1 (see next page). 


Hence, 


41 00 x I3-5 2 X 9 X T n . Ea 
2520 x 2520 x 570 

T n . Ea , 

53 g • degrees. 


Table 66 gives the values of the equilibrium amplitudes and 
equilibrium stresses for orders 5§ to 12. The values for orders 
less than 5f have not been included, because these critical speeds 
are well above the normal operating speed. 

The equilibrium stresses are obtained from the equilibrium 
amplitudes by multiplying the latter by the maximum stress 


* Strictly speaking, the values of T„ corresponding to the mean indicated 
pressure at each speed as determined from the generator load characteristics 
should be used instead of the values given in Table 60 , which are for a constant 
mean pressure corresponding to full load conditions. The mean pressure at 
reduced speeds and therefore the values of T„ are smaller than the full load 
values. Hence the low speed amplitudes and stresses in Table 66 are over¬ 
estimated. Since an electrical generator is essentially a constant speed 
machine, however, the more refined method need only be employed if there 
is an unduly severe critical in the lower speed range which has to be negotiated 
when starting or stopping the engine. 

VOL. I .—39 



6 10 TORSIONAL VIBRATION PROBLEMS 

for one degree deflection at the free end of the crankshaft 
given in column K of Table i, viz. ± 7600 lbs. per sq. in. per 
degree. 

The stresses so calculated are the maximum stresses, and 
they occur at the nodal point, where the slope of the normal 
elastic curve is a maximum. If required, the stress at any other 
point in the shaft system can be obtained by multiplying the 
eq uili bri um amplitudes by the stress for one degree deflection 
given in column K of Table 1 corresponding to the point in 
question, e.g. the stresses at No. 3 cylinder are obtained by 
multiplying the equilibrium amplitudes by 5040. 

Effective Moment of Inertia. 


One-Nods Frequency. 


Mass. 

J. 

Col. D of Table r. 

Col. F of table i. 

... 

(J ■ <* s ). 

No. 1 cyl. . 
No. 2 cyl. . 
No. 3 cyl. . 
No. 4 cyl. . 
No. 3 cyl. . 
No. 6 cyl. . 
Generator . 

165 

165 

165 

165 

165 

165 

23,500 

1-0000 

0-9430 

0-8325 

0-6745 

0-4780 

0-2540 

-0-0293 

1-0000 

0-8900 

0-6930 

0-4540 

0-2285 

0-0645 

0-0009 

2{J .<*■ 

165-0 

I47-O 

II 4 , 5 

75-0 

377 

10*6 

20-2 

! ) = 570-0 

Ibs.-ins. sec A 


It should be noted that the specific stresses in column K of 
Table 1 are based on a shaft diameter of 8£ ins., which is the 
actual diameter of the shaft at the nodal point in this installa¬ 
tion. If the stress at any other point is being investigated, 
care should be taken to allow for any difference in shaft dia¬ 
meter, as follows:— 



where f s = actual stress for diameter d, 

fn = stress based on diameter d x . 
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The vibration stress at any non-resonant speed N is obtained 
from the values of the equilibrium stresses by multiplying the 
latter by the dynamic magnifier given in Equation (234), 

i.e. Vibration stress at N r.p.m. = f„ x _ l _ 

* J o N a * 

1 N c 2 

TABLE 66. 


Equilibrium Amplitudes and Equilibrium Stresses. 


One-Node Frequency, F = 2520 Vibs.jMin. 


Har¬ 

monic 

Order 

Critical 

Speed. 

N e 

R.P.M. 

Res. Harm. 
Compt 
per Cyl. 

Lbs./Sq. In. 

Vector 

Sum. 

Za 

Res. Harm. 
Compt 
allCyls. 

Tn. 

Equilibrium 

Amplitude. 

6 0 

Degrees. 

Equilibrium 

Stress. 

fso 

Lbs./Sq. In. 

5i 

459 

±6*o 

1-090 

±6-540 

±0-01215 

± 92-50 

6 

420 

4*5 

4-182 

18-800 

0-03500 

266-00 

6£ 

388 

3-5 

1-090 

3-820 

0-00710 

54-00 

7 

360 

3 -o 

0-223 

0-669 

0-00124 

9-40 

7i 

336 

2-5 

0-123 

0-307 

0-00057 

4*33 

8 

315 

2*0 

0-223 

0-446 

0-00083 

6-30 

8* 

297 

i‘5 

1-090 

1-635 

0-00303 

23-00 

9 

280 

1*0 

4-182 

4-182 

0-00777 

59-10 

9* 

265 

o-8 

1-090 

0-872 

0-OOI62 

12-30 

10 

252 

07 

0-223 

0-156 

0-00029 

2-20 

i°i 

240 

o*6 

0-123 

0-074 

0-00014 

1-06 

11 

229 

o -5 

0-223 

0*112 

0-00021 

i-6o 


219 

0-4 

1-090 

0-436 

0-00081 

6-15 

12 

210 

0-3 

4-182 

1*255 

0-00233 

17-70 


F 

Table 60 

Fig. 86 


T n .£a 

7600 .9 


n 




538 



Values of the dynamic magnifier, —, corresponding to 

x “n; 

different values of the frequency ratio N/N 0 are given in 
Tab.te 51. from which the vibration stress at any non-resonant 
speedVnay be determined. 
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For example, the vibration stresses at various speeds for the 
9th order are as follows :— 

f so = ± 59'i Ibs./sq. in. for 9th order (Table 66), 

N c = 280 r.p.m. for 9th order critical. 


R.P.M. 

N. 

N/N c . 

Dynamic Magnifier. 
(Table 51.) 

Vibration Stress. 

Dyn. Mag. X/ so . 

140 

o*3 

1 ’34 

rfc 79-1 lbs./sq. in. 

168 

o-6 

1-56 

92-1 

196 

07 

1*96 

n6-o 

224 

o-8 

278 

164-0 

25 2 

o-9 

5-26 

310-0 

308 

i-i 

476 

281-0 

336 

1*2 

2-27 

I 34'° 

364 

i-3 

I *45 

85*6 

392 

1-4 

. 1*04 

61-6 

420 

1*5 

o-8o 

47-3 


The values given in the last column of the foregoing table 
may be plotted to give the flanks of a resonance curve similar 
to that shown in Fig. 75, and similar curves may be obtained 
for other orders from the corresponding values of N c and f ao . 

Example 47. — Marine Installation.— Calculate the equilibrium 
amplitudes and vibration stresses at non-resonant speeds 
for the one- and two-node frequencies of a 4-stroke cycle, 
single-acting marine oil engine. Six cylinders, 620 mm. 
bore X 1300 mm. stroke, developing 2750 B.H.P. at 138 
r.p.m. Firing order 1-4-2-6-3-5. 

The equivalent oscillating system is shown in Fig. 15 ; the 
one-node and the two-node frequency calculations in Tables 3 
and 4 respectively; and the phase and vector diagrams in 
Fig. 87. 

A. One-Node Frequency Calculations .—Since in this example 
there is a long length of intermediate shafting between the 
engine and the propeller, the two-mass method of calculating 
the equilibrium stresses can be employed without much error. 
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For steel shafts the equilibrium stresses are given by 
Equations (240) or (241) in cases where the"system is subjected 
to a single harmonically varying torque* When there are 
several cylinders, each having a series of harmonically varying 
components of the torque curve, these equations are modified 
as follows :— 

4 . D 2 * R * T w . Ea / J P \ 

Jso ? \j, + jJ ■ 

when R and d are in inches, 

_ D 2 . R . T w . Eaf J P \ 

U °~ 36. J. + J J ‘ 

when R and d are in feet. 

In these expressions 

fso — equilibrium stress in lbs. per sq. in., 

D = diameter of cylinder in inches, 

R = crank radius, unit as specified above, 

T n = wth order harmonic component of tangential effort 
curve in lbs. per sq. in. of cylinder area, 

Ea — vector sum for nth order, 
d — diameter of shaft at node, unit as specified above, 

J e = moment of inertia of engine masses, including fly¬ 
wheel if fitted, 

] P — moment of inertia of propeller. (Including allowance 
for entrained water as explained in Chapter 3.) 

In the present example it is convenient to have R and d in 
feet, i.e. to employ Equation (295). 

Hence, D = 620 mm. = 24*4 ins., 

R = 650 mm. = 2*13 ft., 

T n = values from Table 60, 

Ea — values from Fig. 87 for one-node vibs., 
d = 1 ft., 

] e = 8*175 tons-ft. sec. 2 (from Table 3), 

J® — 1'9 7 tons-ft. sec. 2 (from Table 3), 

, _ 24*4 8 x 2*13 X T n x Ea / 1*97 \ 

1 e ‘ I* 0 36 X i 3 Vio-145/ 

= 6*85 . T n Ea lbs. per sq. in. 


. (294) 

• (295) 
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Table 67 gives the values of the equilibrium stresses and 
amplitudes for orders \ to 6, the equilibrium amplitudes being 
obtained from the equilibrium stresses by dividing the latter 
by the maximum stress for one degree deflection at the free end 
of the crankshaft given in column K of Table 3, i.e. 3260 lbs. 
per sq. in. 


TABLE 67. 

Equilibrium: Amplitudes and Equilibrium Stresses. 


One-Node Frequency , F = 165-5 Vibs . jMin . 


Harmonic 

Order. 

Critical 

Speed. 

N c 

R.P.M. 

Res. Harm. 
Compt. 
perCyL 
T„ 

Lbs./Sq.In. 

Vector 

Za 

Res. Harm. 
Compt. all 
Cyls. 

T n .Za 

Equilibrium 

Amplitude. 

0a 

Degrees. 

Equilibrium 

Stress. 

fa: 

Lbs./Sq. In. 

I 

331 

40 

0-048 

1-920 

± 0-00404 

± 13-15 

I 

166 

40 

0-024 

0-960 

0-00202 

6-57 

I* 

IIO 

40 

0-179 

7-160 

0-01500 

49-00 

2 

83 

35 

0-024 

0-840 

O-00I76 

5-75 


66 

30 

0-048 

1-440 

0-00303 

9-87 

3 

55 

25 

5-781 

144-500 

0-30400 

990-00 

3 * 

47 

20 

0-048 

0-960 

0-00202 

6-57 

4 

41 

15 

0-024 

0-360 

0-00076 

2-47 

4 i 

37 

10 

0-179 

1-790 

O-OO375 

12-25 

5 

33 

8 

0-024 

0-192 

0-00040 

x- 3 i 

5i 

30 

6 . 

0-048 

0-288 

0-00060 

1-97 

6 

28 

4-5 

5-781 

26-000 

0-05450 

178-00 


F jn 

Table 60 

Pig. 87 


f,ol 3260 

6-85 . T„. 2 a 


The equilibrium stresses are the maximum stresses occurring 
at the node, and the equilibrium amplitudes are the amplitudes 
at the free end of the crankshaft. 

The equilibrium amplitudes and stresses may also be ob¬ 
tained from Equation (247) or (248). 

In the present example it is convenient to express R in feet 
and J in tons-ft. sec. 2 , so that Equation (247) applies— 

jT2 2 ;(J a 2 ) degrees, . (247) 
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where D = diameter of cylinder in inches = 24-4 ins., 

R = crank radius in feet = 2*13 ft., 

T n — nth. order harmonic component of tangential 
effort curve for one cylinder, lbs./sq. in., 

Ua — nth order vector sum, 

F = one-node frequency = 165*5 vibs./min., from 
Table 3, 

. a 2 ) = effective moment of inertia of system referred to 
free end of crankshaft, in tons-ft. sec. 2 . 

TABLE 68. 

Effective Moment of Inertia—Marine Installation. 



One-Node Vibs. 

Two-Node. 

Mass. 

J. 




a 




Col. D. 

CoLF. 

a 2 . 

(J.* 2 ). 

Col. F. 

a 2 . 



(Table 3.) 

(Table 3.) 


(Table 4.) 


No. 1 cyl. 

I -6350 

1*0000 

1*0000 

1*6350 

I-0000 

1-0000 

1*6350 

No. 2 cyl. 

0-8175 

0*9943 

0*9860 

0-8075 

0-7748 

0*5990 

0-4900 

No. 3 cyl. 

1*6350 

0-9858 

0*97x0 

1-5900 

0-4626 

0-2140 

0-3500 

No. 4 cyl. 

1-6350 

0*9541 

0*9100 

1-4900 

-0-4764 

0-2260 

0-3695 

No. 5 cyl. 

0-8175 

0*9346 

0*8720 

07125 

-0-7854, 

0-6175 

0-5050 

No. 6 cyl. 

1*6350 

1 0-9124 

0*8325 

1-3600 

— 1-0064 

1*0X20 

1-6500 

Proplr. . 

1*9700 

—4-0076 

16*0600 

31*6500 

0-02X0 I 

0-0004 

0-0008 



2 

’(/.«*)■= 

39-2450 

Z{J . a 2 ) = 5-0003 




tons - ft . sec. 2 


tons - ft . sec . 2 


27(J . a 2 ) is obtained from columns D and F of Table 3, as 
shown in Table 68 above. 


Hence, 


1*83 X 24*4 2 X 2*13 X T w . 2 a 
165*5 x 165*5 x 39-2450 

- degrees at free end of crankshaft. 


The equilibrium stress is obtained by multiplying the equilibrium 
amplitude by the maximum stress per degree in column K of 
Table 3, 

i.e. fso = X 3260 = 7*03 . T n .Za lbs./sq. in. 

404 
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This value is only 3 per cent, greater than the value obtained 
by applying Equation (295), viz. f so = 6-85 . T n Sa, so that the 
values tabulated in Table 67 are confirmed by applying 
Equation (247). 

In the case of marine installations with the machinery at the 
after end of the vessel, i.e. with a short stiff shaft between the 
engine and the propeller, the agreement may not be so good 
as in the present example, and in such cases Equation (247) or 
(248) should be used in preference to Equation (294) or (295). 

Propeller Torque Variation .—In the present example the 
engine drives a 4-bladed propeller, so that there .is a fourth 
order torque variation due to the passage of the propeller 
blades through the varying wake. 

The equilibrium stress may be obtained by modifying 
Equation (240) as follows':— 



where T P = maximum value of propeller torque variation in 
lbs.-ins., 

d — diameter of shaft at node in inches, 

J„ and Jj, = moments of inertia of engine masses and of 
propeller, in lbs.-in. sec. 2 , or tons-ft. sec. 2 . 


The engine develops 2750 B.H.P. at 138 r.p.m., and the 
4th order critical speed is at 41 r.p.m. 

Hence, B.H.P. at 41 r.p.m. = 2 75°(^) = 7 2 B.H.P. 

B.H.P. X 33000 


Mean torque = 


2 . ir . N 
72 x 33000 _ 

2 . TT . 4I ~ 


9250 lbs.-ft. 


The propeller torque variation may be taken to be 10 per cent, 
of the mean torque, 

i.e. 4th order propeller torque = ± 925 lbs.-ft., 

variation = ± moo lbs-ins. 


Also, d — 12 ins.; J e — 8-175 tons-ft. sec. 2 ; and ] P — 1-97 
tons-ft. sec. 2 (from Table 3). 
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Hence, 


f = , 5*i X moo / 8-175 

Jao 12 3 \8a75 + i-97y 

= ± 26*4 lbs./sq. in. 


(Note .—The equilibrium stress for the 4th order engine 
torque variation is only ± 2-47 lbs. per sq. in. from Table 67. 
Hence, the principal cause of 4th order one-node vibrations is 
the propeller torque variation.) 

B. Two-Node Frequency Calculations .—The equilibrium 
amplitudes and stresses for the two-node mode of vibration are 
obtained from Equation (247) or (248). In the present example 
it is convenient to express R in feet, and J in tons-ft. sec. 2 , so 
that Equation (247) applies, viz., 


1-83 . D 2 . R . T w . Ea 
F *.£(}.a*) 


• ( 247 ) 


where D = diameter of cylinder in inches = 24-4 ins., 

R — crank radius in feet = 2-13 ft., 

T n = »th order harmonic component of tangential 
effort curve for one cylinder in lbs./sq. in. 
(Table 60), 

Ea = wth order vector sum (Fig. 87), 

F = two-node frequency = 1041 vibs./min. (Table 4), 
E{] a 2 ) = effective moment of inertia referred to free end of 
crankshaft 

= 5-0003 tons-ft. sec. 2 (Table 68). 


Hence, 


1-83 X 24-42 X 2-13 X T„. Sa 
1041 X 1041 X 5 
T n .Ea , 

2330 


The equilibrium stress is obtained by multiplying the 
equilibrium amplitude by the maximum stress per degree from 
column K of Table 4, viz. ± 18,270 lbs. per sq. in., 


f SB = T ? ' ^ a x 18270 
J 2330 1 

— 7-83 . T„ . Sa lbs. per sq. in. 


Values of 6 0 and f $0 for orders 6 to 12 are given in Table 69. 
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The vibration stresses at any non-resonant speed for any 
given order may be obtained by multiplying the equilibrium 
stress for that order by the appropriate dynamic magnifier 
from Table 51. 


TABLE 69. 

Equilibrium Amplitudes and Equilibrium Stresses. 
Two-Node Frequency, F = 1041 Vibs./Min. 


Har¬ 

monic 

Order. 

Critical 

Speed. 

N e 

R.P.M. 

Res. Ham. 
Compt. 
perCyL 
Tn 

Lbs./Sq. la. 

Vector 

Sam. 

2a 

Res. Harm. 

aUCyls. 

T n 2a ■ 

Equilibrium 

Amplitude. 

B 0 

Degrees. 

Equilibrium 

Stress. 

Lbs./Sq. la. 

6 

174 

4*5 

0-031 

0-1395 

±0-000060 

•± 1-096 

61 

160 

3-5 

0-929 

3-2510 

0-001395 

25-455 

7 

149 

3-0 

0-007 

0-0210 

0-000009 

0-164 

7* 

139 

2-5 

4*506 

II-3000 

0-004850 

88-500 

8 

130 

2-0 

0*007 

0*0140 

0-000006 

o-xro 

81 

123 

1-5 

0-929 

1-3950 

0-000600 

10-960 

9 

Il6 

1*0 

0-031 

0-03I0 

0-000013 

0-243 

9l 

no 

o-8 

0-929 

0*7430 

0-000319 

5-830 

10 

104 

07 

1 0-007 

0-0049 

0-000002 

0-038 

iol 

99 

o-6 

i 4-506 

2 -7IOO 

0-001160 

21-200 

II 

95 

o-5 

0-007 

0-0035 

0-000001 

0-027 

III 

9i 

°'4 

0-929 

0-3720 

0-000x60 

2-930 

12 

87 

0-3 

0-031 

0-0093 

0-000004 

0-073 


Fin 

Table 60 

Fig. 87 


/ >0 /i 827 o 

7-83.T n .2Ja 


For example, the vibration stresses at non-resonant speeds 
for 7! order two-node vibrations are 

f ao = db 88-5 lbs. per sq. in., .from Table 69, 

N c = 139 r.p.m. for order critical. 

The values given in the last column of the following table 
may be plotted to give the flanks of a resonance curve similar 
to that shown in Fig. 75, and similar curves may be obtained 
for other orders from corresponding values of N c and f ao . 
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R.P.M. 

N/N c . 

Dyn. Maga. 
(Table 51.) 

Vibration Stress, 

/* = Dyn. Magn. x f so . 

69 

o -5 

1*34 

± 1 19 

83 

o-6 

1-56 

138 

97 

07 

1-96 

174 

hi 

o*8 

278 

246 

125 

o -9 

5*26 

466 

153 

l*l 

476 

421 

167 

1-2 

2*27 

201 

181 

i '3 

i *45 

128 

195 

1*4 

1-04 

92 

208 

1*5 

0*80 

71 


The vibration stresses in the foregoing table are calculated 
on the assumption that the mean indicated pressure remains 
constant and equal to the full load value over the whole of 
the speed range, whereas, to be strictly accurate, the mean 
indicated pressure corresponding to the propeller law should 
have been used. 

If this refinement is introduced the table is modified as 
follows:— 

The full load M.I.P. and M.B.P. are 130 and no lbs. per 
sq. in. respectively, these values corresponding to 2750 B.H.P. 
at 138 r.p.m. 

The mean friction pressure is therefore 20 lbs. per sq. in. 
The mean indicated pressures at speeds differing from 138 
r.p.m. can therefore be calculated in the manner already 
explained and the revised vibration stresses are then obtained 
as shown in the following table :— 


R.P.M. 

M.B.P. 

M.F.P. 

M.I.P. 

T„. 

T Jk. 

fto- 

/, 

138 

no 

20 

130 

_ 

_ 

_ 


69 

27 

20 

47 

2*4 

io*8 

±84-5 

±113 

83 

39 

20 

59 

2-4 

io*8 

84*5 

132 

97 

54 

20 

74 

2*3 

io*4 

817 

160 

no 

69 

20 

89 

2-2 

9*9 

77*5 

216 

124 

88 

20 

108 

2*1 

9*5 

74*3 

392 

152 

132 

20 

152 

1*8 

8*1 

63*3 

302 
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Note.—Sa — 4*506 for 7-5 order, from Table 69. 

T n is obtained from Fig. 83A. 
fso = 7 ' 83 as before. 

/ s —.dyn. mag. X f so ; the dynamic magnifier 
being obtained from Table 51. 

Above 138 r.p.m. the mean indicated pressure reaches 
unattainable values. 

Example 48.—Calculate the equihbrium amplitudes and stresses 
for the system shown in Fig. 100, i.e. a triple expansion 
steam engine direct coupled to a marine propeller. 



The engine dimensions are: H.P. cylinder, 26-inch 
diameter; M.P. cylinder, 45-inch diameter; L.P. cylinder, 
77-inch diameter; 54-inch stroke, developing 3000 I.H.P. at 
70 r.p.m. 

In this example there is a long length of shafting between 
the engine and the propeller, so that the system may be reduced 
to the equivalent two-mass system shown in Fig. 100 without 
much error. 

For one-node vibrations the engine masses vibrate with 
practically equal amplitudes. Hence, only the major orders 
need to be considered, i.e. the 3rd, 6th, etc., orders. All other 
orders very nearly cancel. 
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Natural Frequency of System .—This is obtained 
Equation (229)— 

f = 9 ' 55 Vt7tt; t 

where C = torsional rigidity of shaft = ^ 


I — X i- 25 4 

* _ 32 32 


= 0-239 ft- 4 units, 


r 772000 X 0-239 . .. ,. 

i.e. C = —-^-— = 1020 tons-ft. per radian. 

Hence, F = 9 ' 5 = 210 vibs./min. 

and N 0 = 210/3 = 70 r.p.m. for 3rd order 
= 210/6 = 35 r.p.m. for 6th order. 


621 

from 


Resultant Harmonic Torque .—Since the harmonic components 
of the engine torque curve for each cylinder are in phase for the 
major orders, and since in this example all cylinders vibrate 
with very nearly equal amplitudes, the resultant harmonic 
torque for the whole group of cylinders is the sum of the torques 
due to each cylinder. 

The 3rd and 6th order harmonic torques are therefore 
obtained from the factors given in Table 60 as follows :— 




3rd Order. 

6th Order. 

Cylinder. 

Area of 
Cylinder. 

Sq. In. 

Factor from 
Table 60. 

Lbs./Sq. In. 

Harmonic 

Tangential 

Effort. 

Lbs. 

Factor from 
Table 60. 

Lbs./Sq. In. 

Harmonic 

Tangential 

Effort. 

Lbs. 

H.P. 

532 

± 12*0 

± 6384 

± 3'° 

± 1596 

M.P. 

1590 

4-0 

6360 

1-0 

1590 

L.P. 

4660 

I "3 

6058 

0-3 

1398 

1 l 

Total tan. effort for all Cylinders 
at 27-inch crank radius 

= ± 18,802 
lbs. 


± 4584 
lbs. 
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Equilibrium Amplitudes. —These are obtained from Equation 

(232), 

i.e. = radians, 

where |T n | — tangential effort for all cylinders in tons 
= 8*4 tons for 3rd order 
= 2-05 tons for 6th order, 

R = crank radius in feet — 2-25 ft., 

C = torsional rigidity of shaft in tons-ft. per radian 
= 1020, 

J e and — moments of inertia of masses 

= 3 and 7 tons-ft. sec. 2 respectively (see Fig. xoo). 

Hence, 

\e a \ = + 8‘4 X 2 25 _ X 7 _ 0 . 0I 2 radian for 3rd order. 

1 01 ^ 1020 X 10 J 

Similarly, \ 6 0 \ = ± 0*00317 radian for 6th order. 


Equilibrium Stresses.- 

(241), 

ie f 79*3 : jjwl 

Le * hc d 8 


-These are obtained from Equation 

• R / 


U. + V 


lbs. per sq. in., 


where d = diameter of shaft at node in feet = 1*25 ft. 


Hence, f so 


79*3 x 8*4 x 2-25 X 7 


i*25 8 X 10 
= ± 538 lbs. per sq. in. for 3rd order. 
Similarly, f so = ± 131 lbs. per sq. in. for 6 th order. 


The vibration stresses at any non-resonant speed may be 
obtained from the equilibrium stresses by multiplying the latter 
by the dynamic magnifiers given in Table 51. 

The foregoing calculations are based on the assumption 
that, although for any given order the magnitudes of the 
harmonic components differ for the various cylinders, the 
position of the respective crankpins relative to top dead centre, 
when the harmonic components attain their maximum ampli- 


* |0 O | is the equilibrium amplitude of twist, i.e. the angular deflection 
between the engine masses and the propeller. 
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tudes, is the same for all cylinders. It has already been ex¬ 
plained that, in general, this condition is not fulfilled in the 
case of reciprocating steam engines. The differences in phase 
are, however, usually small, so that the assumption of identical 
phasing is permissible for a preliminary analysis. The phase 
relationships should be taken into account in the manner 
previously described if the preliminary investigation shows 
that a more detailed analysis is desirable. 

The calculations also assume that full load mean indicated 
pressure is maintained over the whole of the speed range. 
Since, in this example, the 3rd order critical speed happens 
to coincide with the full load operating speed this procedure 
is correct for calculating the equilibrium amplitude and stress 
at the 3rd order critical speed. It is not accurate for speeds 
above and below the 3rd order critical speed where, strictly 
speaking, the magnitudes of the harmonic components cor¬ 
responding to mean indicated pressures determined according 
to the propeller law should be used. For example, the equi¬ 
librium amplitude and stress at the 6th order critical speed, 
i.e. at 35 r.p.m., is over-estimated in the foregoing calculations 
to the following extent:— 

Since (M.I.P.) = (M.B.P.) + (M.F.P.), 
and assuming a mechanical efficiency at full load, i.e, at 70 
r.p.m., of 90 per cent., hence, at full load, 

M.B.P. = 0-9 (M.I.P.), and M.F.P. = o*i (M.I.P.). 

At the sixth order critical speed, i.e. at 35 r.p.m., therefore, 
(M.B.P.)' = 0-9 (M.I.P.)(35/70) 2 = 0*225 (M.I.P.), 
i.e. (M.I.P.)' = 0*225 (M.I.P.) + o*i (M.I.P.) = 0*325 (M.I.P.). 

The magnitude of the harmonic component is approximately 
proportional to the M.I.P. 

Hence, if |T„] = 6th order tangential effort at 70 r.p.m. 

(i.e. the value assumed in the fore¬ 
going calculations), 

|T n '| = 6th order tangential effort at 35 r.p.m. 
(i.e. at the 6th order critical speed), 
then |T„'|/|T„| = (M.I.P.)V(M.I.P.) - 0*325. 
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The equilibrium amplitude and stress is directly propor¬ 
tional to the magnitude of the harmonic component. 

Hence, at the 6th order critical speed, i.e. at 35 r.p.m., 

| 0 a | = 0-325 X 0-00317 = ± 0-00103 for 6th order, 
f g0 = 0-325 X 131 = ± 42-5 lbs. per sq. in. 

An excellent analysis of the tangential effort diagrams for 
reciprocating steam engines is given in a paper by F. P. Porter, 
Trans. American Soc. of Meek Engs., APM-51-22. 

Example 49. — Assuming that the system shown in Fig. 100 
employs a 3-bladed propeller giving a propeller torque 
variation of ± 10 per cent, of the mean torque, calculate 
the equilibrium amplitude and stress at the 3rd order 
critical speed, i.e. at 70 r.p.m. (a) when the propeller is 
correctly phased relative to the engine cranks; and 
(b) when the propeller is incorrectly phased relative to 
the engine cranks. 

Propeller Torque Variation. —The engine shown in Fig. 100 
develops 3000 I.H.P. at 70 r.p.m. 

Assuming a mechanical efficiency of 90 per cent, and a 
propeller torque variation of ± 10 per cent., the maximum 
amplitude of the propeller torque variation is 
Ajr , o*i(B.H.P. x 33000) , o-x x 0-9 x 3000 x 33000 

* W ~ ± 2 . 7T . N ~ ± 2"X 3-1416 X 70 

= ± 20,250 lbs.-ft. 

_ -p 9-04 tons-ft. 

The 3rd order harmonic torque due to the engine is 

M en = ± |T fl | . R, where |TJ = ± 18,802 lbs. and 
R = 2'25 ft., from Example 48, 
i.e. M ew = ± 18,802 X 2-25 = ± 42,300 lbs.-ft. 

= ± 18-9 tons-ft. 

Equilibrium Amplitude . 

From Equation (292) 

\Q I _ (M-e» . J 9 iF Mp„ . Jg) 

lol ~ C(J. + J,) 1 
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where, in this example, 

Ja, = 7-0 tons-ft. sec. 2 \ 

J« = 3‘0 tons-ft. sec. 2 I from Example 48. 

C = 1020 tons-ft./radianj 

Hence, \d 0 \ = ^ * 3 = (132-3 ± 27-i2)/i0200 

' = 0-0156 or 0*0103 radian. 

The equilibrium amplitude is therefore ± 0-0103 radian with 
correct phasing and ± 0-0156 radian with incorrect phasing. 

Equilibrium Stress.-—f t0 = C . | 0 o j/Z. 

The stress will be expressed in lbs. per sq. in. if C is expressed 
in lbs.-in. per radian, and Z in ins. 8 , 

i.e. C = 1020 tons-ft./radian = 27,400,000 lbs.-ins./radian. 

The shaft diameter is 15 ins. at the node. 

Hence Z = 7 t . d ?/16 = 663 ins. 3 , 

i-e- fso = ± 27,400,000 x |0 o |/663 = db 4 I >3 00 |0 O I 

= ± 41,300 x 0-0103 = ± 426 lbs. per sq. in. with 
correct phasing 

= ± 41,300 X 0-0156 = ± 645 lbs. per sq. in. with 
incorrect phasing. 

These values compare with the value of ± 538 lbs. per 
sq. in. for the 3rd order engine torque variation acting alone, 
and show that the forced vibration stresses with the propeller 
correctly phased are over 30 per cent, less than those which 
occur when the propeller is incorrectly phased. 

Forced Vibration Amplitudes.—The amplitudes of forced 
vibration at any point in a complex system at speeds above 
or below a critical speed, where damping can be neglected, may 
be obtained by the tabulation method described in Chapter 2, 
for it can be shown that the system as a whole vibrates with 
the same frequency as the forcing torque, and that as for free 
or natural vibration each mass is at one of its extreme positions 
of displacement at the same instant as the remaining masses. 

The method is best described with the aid of one or two 
simple examples. 
vol. 1.—40 
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Two-Mass Systems.—A simple two-mass system is shown 
at (I) in Fig. ioi. In this system the two masses have the 




same polar moments of inertia, so that there is only one 
principal mode of free vibration, the node being situated 
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midway between the masses. Assuming that a periodic 
torque of magnitude ± 50,000 lbs.-ins. is applied to the left- 
hand mass Jj, at a frequency of 370 cycles per minute, determine 
the forced vibration amplitudes. 

Natural Frequency. —The natural frequency of the system 
is given by Equation 17, viz., 

F c — 9*55 V2. C/J = 9'55 a/2 x 2,000,000/2000 

= 427 vibs./min., 

or oj c 2 — 2000. 

Tabulation Method. —The forced vibration tabulation is 
given at (i) in Table 70 (pp. 628-9), which is built-up as follows:— 

Column A. —Corresponds to column A of Table 1, and con¬ 
tains a description of the various masses in the oscillating 
system. 

Column B. —Corresponds to column D of Table 1, and con¬ 
tains the polar moments of inertia of the masses. 

Column C. —Corresponds to column E of Table 1, and 
contains the maximum acceleration torques due to vibration 
of the masses with unit amplitude, at the frequency of the 
forcing impulses. 

The frequency of the forcing impulses in this example is 
370 per minute. 

Hence, w 2 = (2 . n . F/60) 2 = 1500, 

and the torque per radian deflection is M = J . w a , 

i.e. for mass J x , M = 2000 X 1500 = 3,000,000 lbs.-ins. 

Column D .—Corresponds to column F of Table 1. Since, 
however, there is an external torque acting on the system the 
amplitude at the first mass cannot be assumed to be unity as 
in a natural frequency tabulation. Instead, the symbol x 
is inserted to denote the unknown forced vibration amplitude 
at the first mass J x . The remaining amplitudes are then 
obtained in terms of x as the tabulation proceeds. 

Column E .—Corresponds to column G of Table 1, and con¬ 
tains the torques due to acceleration of the various masses, 
i.e. the products of columns C and D. 
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Column F .—This column does not occur in Table 1. It 
contains the values of the externally applied forcing torques 
at the various masses. In the present example there is only 
one external forcing torque and this is applied at mass J x . 
It is therefore entered in column F opposite mass J x . 

Column G .—Corresponds to column H of Table 1, and 
contains the total torque, including the externally applied 
torque. 

Column H .—Corresponds to column I of Table 1, and con¬ 
tains the torsional rigidities of the respective sections of the 
shaft system. In the present example there is only one shaft 
section. 

Column I .—Corresponds to column J of Table 1, and 
contains the change in deflection up to the next following 
mass, i.e. column G divided by column H. 

In general the tabulation proceeds in the same manner 
as for the natural frequency tabulations described in Chapter 2, 
except for the introduction of the externally applied forcing 
torque and the insertion of the symbol x to denote the unknown 
forced vibration amplitude at the first mass. 

The value of x is obtained by equating the last torque 
summation in column G to zero, since the torque beyond 
the last mass is zero. 

In this example 

x = 25,000/1,500,000 — 0-0167 radian. 

Finally, the forced vibration tabulation is completed by 
inserting this value of x in the table, as shown by the lower 
part of Table 70 (i). 

It is of the utmost importance to observe all changes of 
sign carefully. 

Diagram (II) in Fig. 101 shows the forced vibration ampli¬ 
tudes for this system when a forcing torque of ± 50,000 lbs.-ins. 
is applied to mass J x at a frequency of 370 per minute. The 
apparent shift of the node towards mass J x should be noted. 

Alternative Method .—The forced vibration amplitudes may 
also be determined by the following analytical method. 
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Referring to Diagrams (X) and (II) of Fig. ioi, 

let a B . i — amplitude of forced vibration at mass J X) 
a Pa = amplitude of forced vibration at mass J 2 , 
a B = amplitude of oscillation assuming rigid shafting, 
a Vl — amplitude at mass J x due to twisting of the shaft, 
ocy 2 = amplitude at mass J 2 due to twisting of the shaft. 

,a R will be referred to as the rolling amplitude, since it is 
calculated on the assumption of rigid shafting, under which 
condition the whole system would simply be rolled back and 
forth by the action of an externally applied periodic torque. 
It should be noted that this amplitude corresponds to the speed 
fluctuation obtained from calculations which neglect the 
elasticity of the shafting. a R is constant throughout the 
system, and this gives the misleading impression that the speed 
fluctuation is also constant throughout the system, a subject 
which will be discussed later. Since a R is constant throughout 
the system, it does not induce any stress in the shafting. 

« v is the amplitude of the twist in the shaft and therefore 
the magnitude of the stress induced in the shaft is proportional 

to OCy. 

a R may be calculated by equating the maximum value of 
the externally applied torque to the maximum value of the 
acceleration torque when the masses are oscillating at the 
impulse frequency, assuming rigid shafting, 

i.e. (max. amp. of applied torque)=(max. ang. accn. of masses) 
X (total moment of inertia of masses), 

or M = — to 2 . a R (i 7 J). 

In this example, when ca 2 = 1500, M = — 1500 X 4000 X a R 
— — 6,000,000 . « B , 

and, since M = 50,000, « R = — 50,000/6,000,000 

= — 0-0083 radian. 

a Vi may be obtained by multiplying the equilibrium ampli¬ 
tude corresponding to the mode of free vibration under con¬ 
sideration by the appropriate dynamic magnifier. 
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The equilibrium amplitude is given by Equation 
namely. 


T n . A . R. 2 a 
<o e 2 .E(J.a 2 ) ' 


(246), 


In this example the forcing torque of ± 50,000 lbs.-ins. is 
applied at mass J a , where, as shown at Diagram (I) in Fig. 101, 
the amplitude on the normal elastic curve is unity. 


Hence, T n . A. R . Za = Z(M . a v ) = 50,000, 
also o) e 2 = 2000, 

and E{J . a 2 ) = (2000 + 2000) = 4000 lbs.-ins. sec. 2 , 

since the amplitude on the normal 
elastic curve is unity at both masses, 

i.e. 0 — 50 > 000 __ 0 . 00 625 radian. 

2000 x 4000 ^ 


The dynamic magnifier is given by Equation (234), namely. 


Dynamic magnifier = 

1 — 

0J a 

In this example to 2 = 1500 ; and o > 2 — 2000. 

Hence, Dynamic magnifier - — —, — — 4, 

J ^ 1 —1500/2000 

and oc Tl = 0 o x dynamic magnifier = 0-00625 X 4 
= 0-0250 radian. 

This is the twist amplitude at mass J x . The twist amplitude 
a Yt at mass J 2 is determined from that at Jx by the respective 
ordinates on the normal elastic curve, 


i.e. a Vj = — a Vl = — 0-0250 radian. 

The forced vibration amplitudes can now be evaluated 
by simple algebraical' summation of the rolling and twist 
amplitudes, 

i.e. 


a F = (<*£ + a v)- 
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In this example, therefore, 

a Fl = — 0*0083 + 0*0250 = 4- 0*0167 radian, 
and a Fs = — 0*0083 — 0*0250 = — 0*0333 radian. 

These values agree with the values obtained by the tabula¬ 
tion method, see Table 70. 

The dotted line in Diagram (II) of Fig. iox represents the 
rolling amplitude a B , which is constant throughout the system. 
It is of interest to note that the rolling amplitude line cuts the 
vibration amplitude line at the true nodal point. Thus the 
total motion of the shaft can be regarded as compounded of 
a periodic twisting motion superimposed on a periodic rolling 
motion of the same frequency, and phased as shown in Fig. 101. 

It should also be observed that the virtual node divides the 
shaft into two lengths, such that the torsional rigidity of the 
portion between the virtual node and the right-hand mass 
is 3,000,000 lbs.-ins. per radian. The frequency of the right- 
hand mass J 2 about the virtual node is therefore 370 vibs./min., 
which is the frequency of the forcing torque applied to mass J x . 

Coefficient of Speed Fluctuation. —This is obtained from 
Equation (421), viz., 

C = 2 . <x F .«, 

where n — order number of oscillations, i.e. the number 
of complete oscillations per revolution. 

Assuming 1 oscillation per rev. in this example, then, 

At mass J x : C =2 x 0*0167 x 1 = 0*0334 = 1/30. 

At mass J 2 : C = 2 x 0*0333 xi = 0*0666 = 1/15. 

Thus the cyclic irregularity at mass J x is only half that at 
mass J 2 . 

If rigid shafting is. assumed the cyclic irregularity at both 

Ji and J 2 is 

C = 2 . a B . » = 2 X 0*0083 X I = 0*0167 = I / 6 °- 

It is therefore apparent that large errors can be introduced 
if the elasticity of the shafting is neglected when calculating 
cyclic speed fluctuation. 
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Diagram (III) in Fig. ioi shows the forced vibration ampli¬ 
tude curve when the forced vibration frequency is greater 
than the natural frequency of the system. In this diagram 
co 2 = 2500, and the forced vibration amplitudes are calculated 
as follows:— 

Rolling Amplitude. 

M = — 2500 X 4000 X a E , 

i.e. a E = — 50,000/10,000,000 =■ — 0-0050 radian. 

Twist Amplitude. 

6 0 = 0-00625 radian, as before (this assumes that there 
is no change in the magnitude of the forcing 
torque due to the change of speed). 

Dynamic magnifier = ——L-j— = - 4. 

The negative sign should be carefully observed. It is 
important in these calculations, although it is usually neglected 
when plotting resonance curves (see Fig. 75), 

i.e. cc Vl — — 4 X 0-00625 = — 0-0250 radian, 

and, from the normal elastic curve, 

ccy 2 — — a Vl = 0-0250 radian. 

Hence, finally, 

ajij = — 0-0050 — 0-0250 = — 0-0300 radian, 

= — 0-0050 + 0-0250 = 0-0200 radian. 

These values would also be obtained by applying the 
tabulation method. 

Forced Vibration Amplitudes with Forcing Torques Applied 
to both Masses. —If the forcing torque at J 2 is exactly in phase 
with the forcing torque at J x the forced vibration amplitudes 
can be determined by the tabulation method already described. 
The final tabulation is given at (iii) in Table 70 and the forced 
vibration amplitudes .are shown graphically at (V) in Fig. 101. 

It should be noticed that since the forcing torques are in 
phase they have the same sign in the forced vibration tabulation. 



DETERMINATION OF STRESSES 635 

The forced vibration amplitudes may also be determined 
from the rolling and twisting amplitudes as follows :— 

Rolling Amplitude .—Since the forcing torques are equal 
in magnitude and phase the total torque acting when the 
system is assumed to be rigid is the sum of the two forcing 
torques. 

Hence, {M ± + M 2 ) = - w 2 . . (TJ), 

i.e. (50,000 + 50,000) = — 1500 X 4000 X a B , 

or a E = ~ 100,000/6,000,000 =— 0-0167 radian. 

Twist Amplitude .—The phase and vector diagrams are shown 
at (V) in Fig. 101, from which the value of T n . A. R. Ha 
in the expression for the equilibrium amplitude is found to 
be zero. Hence the equilibrium amplitude and therefore the 
twist amplitude is zero at all points in the system. This 
result can also be deduced from the fact that the forcing torques 
are of equal magnitude and of the same phase, whereas the 
specific deflections on the normal elastic curve. Diagram I of 
Fig. 101, are of equal amplitude but opposite phase. Thus 
the energy imparted to the system by the forcing torque at 
mass Jj is neutralised by the energy imparted to the system 
by the forcing torque at mass J 2 . 

In this case, therefore, the forced vibration amplitude has 
a constant value — 0-0167 radian throughout the system, i.e. 
both masses vibrate in phase through an amplitude ± 0-0167 
radian at a frequency of 370 vibrations per minute, and there 
is no twist and therefore no stress in the connecting shaft due 
to this vibratory motion. The speed fluctuation, assuming 
that there is one complete oscillation per revolution, is 
C = 2 . a F . « = 2 X 0-0167 X 1 = 0-0333 = 1/30. 

These results agree with the tabulation method. 

An alternative method of obtaining the forced vibration 
amplitudes, where there are several masses and several forcing 
torques applied at different points in the system, is to prepare 
separate tabulations for each forcing torque and then combine 
the results of the various tabulations vectorally. This method 
must be employed when the various forcing torques are not 
in phase. 
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In the present example, Table 70 © is the tabulation for 
the forcing torque at mass J„ whilst Table 70 (n) « the tabula¬ 
tion for the forcing torque at mass J 2 . Since the forcmg 
torques are in phase the resultant motions when the two 
forcing torques act together are obtained by adding, alge- 
braically, the motions given by the separate tables, 
he. oc F = 0-0167 - 0-0333 = - 0-0167 radian at mass J x , 
aj = _ 0-0333 + 0-0167 0-0167 radian at mass J 2 . 

This result agrees with the previous results. 

The special case when the forcing torques are m exact 
anti-phase can also be solved by a single forced vibration 
tabulation. The final result in the present example is given 
at Table 70 (iv). In this case the forcing torque at mass J 2 
must be entered in its appropriate position m the forced 
vibration table with a negative sign, indicating that it is of 
opposite phase to the forcing torque at mass J\. 

The forced vibration amplitudes in this case are shown at 

(VI) in Fig. 101. 

The forced vibration amplitudes can also be determined 
from the robing and twisting amplitudes, as follows 

Rolling Amplitude.— Since the forcing torques are equal m 
magnitude but opposite in phase, the total torque acting when 
the system is assumed to be rigid is zero. Hence there is no 
rolling amplitude in this case. 

Twist Amplitude.— The phase and vector diagrams are shown 
at (VI) in Fig. 101, from which it is seen that the value of 
T n . A . R . Za in the expression for the equilibrium amplitude 
is 27 M . « Y = 100,000 lbs.-ins. 

TTp^p a _ T w . A . R . Ta _ — 10000 0 — __ 0 . 012 ^ radian. 

Hence, v 0 — ^ # ^(J . a 2 ) 2000 X 4000 

The dynamic magnifier is 

- - -= 4. 

i _£ 5£0 

2000 

i. e . a Vl = 4 X 0-0125 = 0-0500 radian, 

and a Yl = - a Vl ==- 0-0500 radian. 

This agrees with the values obtained by tabulation. 
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Alternatively, the forced vibration amplitudes may be ob¬ 
tained by combining the separate tabulations at (i) and (ii) 
in Table 70. Since the forcing torque at mass J 2 is in anti¬ 
phase to the forcing torque at J x , the values in Table 70 (ii) 
must be subtracted, algebraically, from the values in Table 70 (i), 

i.e. a Pl = 0-0167 + °*°333 = 0-0500 radian, 

a l!S = _ 0-0333 — 0*0167 — — 0-0500 radian. 

This result also agrees with the previous results, and shows 
that when the forcing torques are of equal magnitude and 
opposite phase the shaft connecting the masses is subjected 
to a pure twist and there is no rolling motion. 

The cases discussed so far are all fairly simple and easy to 
interpret. It should be noted that although the examples are 
based on a symmetrical system with two equal masses and 
forcing torques of equal magnitude, the same methods can be 
applied in cases where the system is not symmetrical and where 
the forcing torques are not of equal magnitude. 

The case where the forcing torques are not in phase (ex¬ 
cluding the simple special arrangement where the forcing tor¬ 
ques are in anti-phase) will now be discussed. 

Diagram VII in Fig. 101 refers to the case when the forcing 
torque at mass J 2 is 90° out of phase with the forcing torque 
at mass J x . As already mentioned the resultant forced vibra¬ 
tion amplitudes can he obtained by combining amplitudes 
produced by applying each torque separately. The separate 
tabulations are given at (i) and (ii) in Table 70, and since the 
forcing torques are phased at 90° the separate amplitudes must 
also be combined vectorally with this phase difference. The 
phase diagram is shown at the top of Fig. 101 (VII), and from 
this the following resultant forced vibration amplitudes are 
obtained:— 

a Pi = a/o-oi 67 s * + 0-0333 2 = 0-0373 radian. 
a Pj = Vo-0333 2 + o*oi 67 2 — 0-0373 radian. 

There is a phase relationship between a Pl and a Fa which is 
determined by the signs of the displacements in the separate 
tabulations. 
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The resultant forced vibration amplitudes can also be 
calculated from the rolling and twist amplitudes, as follows 
Rolling Amplitude .—The vector diagram when the system is 
assumed to be rigid is shown at the top of Fig. ioi (VII), the 
resultant forcing torque being 70,710 lbs.-ins. 

Hence, the rolling amplitude when a> 2 == 1500 is 

a E = — 70,710/6,000,000 = — 0-0118 radian. 


Twist Amplitude .—The vector diagram for obtaining the 
resultant specific input energy is shown at the top of Fig. 
101 (VII). In this case the vector for M a must be drawn in 
the opposite direction to the corresponding crank in the phase 
diagram, because the normal elastic curve at (I) in Fig. 101 
shows that the specific amplitude at mass J 2 is — 1. 

Hence, in the expression for the equilibrium amplitude, 
T„ . A . R . Ha = 70,710 lbs.-ins. per radian deflection at 
mass J x , 


T n . A . R . Ea __ 70710 
ct> c 2 . 27 (J . « 8 ) — 8000000 


The dynamic magnifier is 


1500 


= o*oo88 radian. 
— 4 > 


so that a Vl = 4 X 0-0088 = 0-0354 radian, 
and ay s = — a Vl = — 0-0354 radian. 


It is now necessary to bear in mind that the rolling amplitude 
is in anti-phase to the resultant forcing torque, whereas the 
twist amplitude is in phase with the torque when the applied 
frequency is less than the natural frequency, and is in anti¬ 
phase to the torque when the applied frequency is greater 
than the natural frequency, assuming, of course, that damping 
is negligible at non-resonant speeds. 

In the present case the applied frequency is less than the 
natural frequency, so that the twist amplitude is in phase with 
the torque. 

Thus there is a 90° phase relationship between the rolling 
and twist amplitudes, so that the resultant motion must be 
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obtained by means of the vector diagram shown at the top of 
Fig. 101 (VII), 

i.e. oc Fl — 0-0373 radian, 

similarly, oc Fs = 0-0373 radian, 

and there is a phase relationship between a Fl and which 
can be determined by means of vector diagrams. 

These results agree with those previously obtained. 

The motion cannot be portrayed in a simple co-planar 
diagram because of the 90° phase relationship between the 
rolling and twist diagrams, but the three-dimensional sketch 
in the middle of Fig. 101 (VII) may help to enable the motion 
to be visualised. 

The lower diagram in Fig. 101 (VII) gives an end view of 
the various motions at each end of the shaft from which the 
rolling and twisting motions have been projected. 

As in the simple cases previously described, the resultant 
motion is composed of rolling and twisting, the former causing 
merely a cyclic variation of speed, and the latter stressing the 
connecting shaft. As before, the node for the twisting motion 
is at the same position in the shaft as the node formed by the 
normal elastic curve for natural vibration. 

Two-Mass System with Forcing Torque Applied at Node .— 
This interesting special case is illustrated in Fig. 102, the system 
being the same as before. Since this system is symmetrical the 
node is located at the middle of the shaft and the stiffness of 
the sections of shafting between each mass and the node is 
therefore C •= 4,000,000 lbs.-ins. per radian, as shown at (I) 
in Fig. 102. 

The forced vibration amplitudes can be determined by the 
tabulation method already described, a third line being intro¬ 
duced between the lines for and J 2 in which the forcing 
torque is entered in column F. Since there is no mass at 
the point of application of the forcing torque the value of J 
in column B is zero, as shown in Table 71. The tabulation 
is carried out precisely as before, and the forced vibration 
amplitudes for the case where a j 2 = 1500 are shown graphically 
at (II) in Fig. 71. 
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These amplitudes can also be determined by calculation, 
as follows:— 


UJr «* 2000 

Jj - 2000 


T 

+t-oooo 


j 2 = zooo Lbs. Ins. Sec* 


M=±S0,000 Lbs. Ins® 


T 

■ 1.-0000 


JC[ U ) 2 - 1500 


C;”4000,000 C2-4poO t OOO Lbs. Ins/HadJan 


®cf 2 — o-o 


o( m «+Q- 0063 ~f^-0*00S3 


jc] UJ 2 = 2000 


0C«-+0-0003 


K| to 2 ° 2500 



(Xf+0-0013 


m _ 1 

Stt 

j 

o^«oqr« - 0-005 1 

<X M -+0 0063 


Fig. 102.— Forced vibration amplitudes. Two-mass system. 

Rolling Amplitude .—Since the forcing torque and the mass 
system are the same as at (II) in Fig. 101, the rolling amplitude 
is also the same, namely, — 0-0083 radian. 
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Twist Amplitude. —Since the forcing torque is applied at 
the node where the specific amplitude is zero, the value of 
T n . A . R. 2 a is also zero. Hence in this case there is no 
dynamic magnification of the applied torque, even at resonance. 

There is, however, a definite amount of twist in the sections 
of shafting at either side of the point where the forcing torque 
is applied, due to the transmission of this torque teethe masses. 
Let C 1 and C 2 = the torsional rigidities of the sections of 
shafting between the node and masses 
J x and J 2 respectively, 

m 1 and m z = the corresponding proportions of the 
forcing torque, 

oc M = the twist amplitude at the node due to 
the transmission of m x and m z . 

Then, if C = the torsional rigidity of the total length 
of shafting, 

C 1 = C.(J 1 + J 2 )/J 2 ; and C 2 = C. (J\ -f- J2)/Jx 1 
also «i = M. Ji/CJx + D; andm a = M.J^-f-J 2 ), 

where M = the total forcing torque, 

but ; and m z — C 2 . cc M . 

Hence, a M = mJC x = m 2 jC z = 

Now, the frequency equation for a two-mass system is 

U* _ C(Ji + J,) 

Jl • J2 

so that, finally, a M = — 2 - M 

^ e 2 (Ji + J 2 ) 

In the present example <w c 2 = 2000 ; C = 2,000,000 ; 
Ji — J2 = 2000 ; and M = 50,000. 


Hence, «* - 200Q 2000 - »-oo6 3 radian. 

The forced vibration amplitudes are therefore as follows :— 
At mass J 1} a Fi = — 0-0083. 

At point of application of forcing torque, 

= — 0-0083 + 0-0063 
= — 0-0020 radian. 

2 , a Fs = — 0-0083 radian. 


At mass J. 



DETERMINATION OF STRESSES 643 

These values agree with the values obtained by tabulation, 
as shown at (II) in Fig. 102. 

The forced vibration amplitudes at other frequencies of 
application of the forcing torque are determined in precisely 
the same way. Fig. 102 (III) shows the forced vibration 
amplitudes when the applied frequency is equal to the natural 
frequency, i.e. o> 2 = a> e 2 = 2000. In this case the rolling 
amplitude is the same as the twist amplitude, so that the 
resultant forced vibration amplitude is — 0*0063 at each mass 
and zero at the node. Fig. 102 (IV) shows the forced vibra¬ 
tion amplitudes when the applied frequency is greater than 
the natural frequency. In this case the rolling amplitude is 
smaller than the twist amplitude, so that the resultant forced 
vibration amplitude is — 0*0050 at each mass and -j- 0*0013 
at the node. 

At very low applied frequencies the twist amplitude is 
very much smaller than the rolling amplitude, so that the 
resultant forced vibration is very nearly constant and equal 
in magnitude to the rolling amplitude throughout the system. 
At -resonance the two masses simply swing through a sufficient 
amplitude to balance the applied torque and there is no 
dynamical magnification, the amplitude at the node being 
zero. At very high applied frequencies the rolling ampli¬ 
tude becomes very nearly zero, so that the amplitude at the 
masses also becomes very nearly zero, whilst the point of 
application of the forcing torque, i.e. the node, vibrates with 
the same amplitude that the masses would have to swing 
through to balance the applied torque without any dynamical 
magnification. 

Three-Mass Systems. —A simple three-mass system is 
shown in Fig.‘ 103, A symmetrical system has been chosen 
as an example purely for the purpose of simplifying the cal¬ 
culations. The methods are, of course, equally valid for 
unsymmetrical systems. 

Natural Frequencies .—There are two principal modes of 
vibration in the case of a three-mass system, the natural fre¬ 
quencies for the symmetrical system shown in Fig. 103 being 

F = 9*55VC/J or 9-55V3 . C/J (see Chapter 1). 







DETERMINATION OF STRESSES 


645 


In the present example 

C = 4,000,000 and J = 2000, 
i.e. One-node frequency 

— F 1 = 9*55 V4,000,000/2000 = 427 vibs./min., 
and a> 2 ol — 2000. 

Two-node frequency 

= F 2 = 9-551/3 X 4,000,000/2000 = 740 vibs./min., 
and oj 2 c2 = 6000. 

Tabulation Method. —The forced vibration tabulation when 
the applied frequency is 370 vibs./min. (o> 2 = 1500) and an 
external torque of ± 50,000 lbs.-ins. is applied at is given 
in Table 72. This table is built-up in precisely the same 
way as already described for two-mass systems, an additional 
line being inserted for the third mass. 

The forced vibration amplitudes are shown graphically in 
the bottom diagram at (I) in Fig. 103. 

The forced vibration amplitudes can also be determined 
from the rolling and twist amplitudes in the manner already 
described for two-mass systems, but modified to take account 
of the fact that with three masses there are two principal modes 
of natural vibration. 

Rolling Amplitude. —As before, M = — w 2 . a R . (TJ) v 

In this example 

co a = 1500 ; M = 50,000; and (J) = (Ji + J 2 + J 8 ) = 6000. 

Hence, a a = — 5 00Cl ?_ _ _ 0 . 00 *6 radian. 

’ B 1500 X 6000 3 

The rolling amplitude diagram is shown separately at (I) 
in Fig. 103. 

Twist Amplitudes (1 -Node Mode). 

As before; equilibrium amplitude, 6 0 = ^J 2 ' 

In this example the forcing torque is ±50,000 lbs.-ins. 
applied at mass J x , where the specific amplitude on the one- 
node normal, elastic curve is + 1 (see diagram of oscillating 
system in Fig. 103). 

The value of (T n . A . R . Za) is, therefore, 50,000. 
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0-00741 —22,222 o 88,888 

-0-02963 —88,888 o o 
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Also, co cl 2 — 2000, and 2 (J . a 2 ) = 4000, since the specific 
amplitudes on the one-node normal elastic curve are + 1 at 
mass J 1( — 1 at mass J 3 , and zero at mass J 2 . 

Hence, 8 0 = 5°o°° _ 0-0063 radian. 

2000 x 4000 J 

The dynamic magnifier when 

co 2 — 1500 is 1 = 4, 

j _ 1 5 00 * 

2000 

i.e. a Vl = 4 x 0-0063 = 0*0250 radian, 
a Vs = — a Vl = — 0*0250 radian, 

a Vj = 0 (since J 2 is at the node for this mode of vibration). 
Twist Amplitudes {2-Node Mode). 

For this mode of vibration m 2 = 6000. 

The value of (T„. A. R. 2 a) is the same as for the one- 
node mode, viz. 50,000, since the specific amplitude on the 
two-node normal elastic curve is also -f 1 at the point of applica¬ 
tion of the forcing torque, i.e. at mass J v The value of T(J . a 2 ) 
for the two-node mode is 


Mass. 

J- 

Specific Amplitude. 
a . 

J . a *. 

2000 

1-0000 

2000 

2000 

-2-0000 

8000 

2000 

I-0000 

2000 


zc 

J. a 2 ) = 12,000 
! 


Hence, 


V = 


50000 

6000 X 12000 


= 0*00069 radian. 


The dynamic magnifier is = 1*3333, 

! _ I 5°° 

6000 

i.e. a' Vx = 1*3333 X 0*00069 = 0*0009 radian at mass J x , 

a' y , — _ 2 . a' Vl — — 2 X 0*0009 = — 0*0018 radian at 
mass J 2 , 

a' v , = «Vi = 0*0009 radian at mass J 3 . 

These amplitudes are shown separately at (I) in Fig. 103. 
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Forced Vibration Amplitudes. —The forced vibration ampli¬ 
tudes are now simply obtained by adding the rolling and twist 
amplitudes, algebraically, thus— 

a Fl = forced vibration amplitude at mass J x 

= (a» + «Vi + a' Vl ) 

= (— 0-0056 -f- 0-0250 -j- 0-0009) 

= + 0-0203 radian, at J x , 
a, = (— 0-0056 -j- 0 — 0-0018) = — 0-0074 radian, at J 2 , 
a Fa = (— 0-0056 — 0-0250 + 0*0009) 

= — 0-0297 radian, at J 3 . 

These values agree with the values obtained by tabulation. 

The curve of forced vibration amplitudes, given at the 
bottom of Fig. 103 (I), shows that when the impulse frequency 
is 370 vibs./min. the one-node twist amplitudes predominate. 
This is because the impulse frequency is much closer to the 
one-node than to the two-node natural frequency, so that the 
dynamical magnification of the one-node amplitudes is greater. 

It is also of interest to note that the true coefficients of 
speed, assuming 1 oscillation per revolution in this example, 
are as follows :— 

At mass J x , C = 2 . a Pl . n = 2 X 0-0203 X 1 

= 0-0406 = 1/25. 

At mass J 2 ,C = 2.a Fl .« = 2 X 0-0074 X 1 

= 0-0148 = 1/68. 

At mass J 3 , C = 2 . a Fa . n = 2 X 0-0297 X 1 

= 0-0594 = 1/17. 

If rigid shafting is assumed, 

C = 2.oc r .» — 2 X 0-0056 Xi - 0-0112 = 1/89. 

The importance of taking into account the elasticity of 
the shafting when calculating speed fluctuation is therefore 
apparent. 

Fig. 103 (II) shows the rolling and twist amplitude diagrams 
and the resultant forced vibration amplitude diagram when the 
forcing torque is applied at mass J t with an impulse frequency 
of 640 vibs./min., i.e. cu a — 4500. 
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These amplitudes are obtained exactly as in the previous 
case. 

In the present case the impulse frequency is greater than 
the one-node natural frequency, so that the twist amplitude at 
mass J x for one-node vibration is in anti-phase to the applied 
torque. The impulse frequency is less than the two-node 
natural frequency, so that the twist amplitude at mass J x for 
two-node vibrations is in phase with the applied torque. 
Neither mode of vibration dominates the resultant forced 
vibration curve. These relationships are automatically ob¬ 
tained when the tabulation method is employed, whilst the 
analytical method enables the twist amplitudes due to one- 
node vibration to be determined independently of those due 
to two-mode vibration. 

The analytical method is carried out precisely as before, 
thus— 


Rolling Amplitude. —In this case o> 2 — 4500 and, as before, 
M == 50,000 and J = 6000. 

Hence, a B =- ^ 000 ° -= — 0-0018 radian. 

4500 x 6000 


Twist Amplitudes {One-Node Mode). 

Q o = 0-0063 radian, as before. 

In this case, however, the dynamic magnifier is 


4500 _ 


Hence, a Tl = — o-8 x 0-0063 = — 0-0050, 
a v s = — a Vl = 0-0050. 


Twist Amplitudes ( Two-Node Mode). 

Q ' 0 = 0-00069, as before. 

In this case, however, the dynamic magnifier is 


1 
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Hence, a' Vl = 0-00069 X 4 : : 0-0028, 

«V, = ~2 X a' Vl = — 0-0056, 
a / y J = == 0*0028 

Forced Vibration Amplitudes. 

a Fl = (a B + a Vl + «Vi) 

=(— 0*0018 — 0-0050 -f- 0-0028) = — 0-0040 radian. 

a* = (— 0-0018 + o — 0-0056) = — 0-0074 radian. 

a*, = (— 0-0018 + 0-0050 -f- 0-0028) = + 0*0060 radian. 

These results will be found to agree with the results obtained 
by the tabulation method. 

Fig. 103 (III) shows the rolling and twist amplitude diagrams 
and the resultant forced vibration amplitude diagram when the 
forcing torque is applied at mass J 2 with an impulse frequency 
of 640 vibs./min., i.e. a> 2 = 4500. 

In this case, since the forcing torque is applied at the node 
of the one-nOde normal elastic curve, the one-node twist ampli¬ 
tudes are zero at all points in the system, i.e. the applied torque 
cannot excite one-node vibration. 

The resultant forced vibration amplitude curve is therefore 
composed of the two-node twist amplitude curve superimposed 
on the rolling amplitude curve. It should also be noted that 
the rolling amplitude line crosses the twist amplitude lines at 
the true nodal positions, as determined by the normal elastic 
curve for the two-node mode of natural vibration. As in the 
previous cases these relationships are automatically obtained 
by applying the tabulation method, whilst the rolling and twist 
amplitudes can be obtained independently by applying the 
analytical method. 

Fig. 104 shows a three-mass system which is of interest 
because it serves to illustrate the principle of the dynamic 
vibration absorber. 

If masses J 2 and J 3 are regarded as forming a separate two- 
mass system, the natural frequency of this separate system is 
given by 

0)2 — C2Q2 + Js)/(J2 • Ja) = 4 000 - 
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Assuming that the forcing torque acts at mass J 2 , if a third 
mass, J 1( is attached to J 2 by a shaft of torsional rigidity 
such that the natural frequency of this added mass on its 
shaft, regarded as fixed at mass J 2 , is equal to the natural 
frequency of the original system, then it will be found that 
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Fig. 104.—Forced vibration amplitudes. Three-mass system. 


when the system vibrates at the original natural frequency the 
forcing torque is completely absorbed by the added mass, so 
that the original system remains quiet. The mass J x on its 
shaft C x forms an undamped vibration absorber for the system 
composed of masses J 2 and J 3 on shaft C 2 , with the forcing 
torque M acting at mass J 2 . 
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This action can be investigated by the methods already 
discussed, as follows :— 

The natural frequencies of the three-mass system shown in 
Fig. 104 can be obtained from Equation (19) and are as 
follows :— 

For the one-node mode, w el 2 — 2536. 

For the two-node mode, o ) o2 2 = 9464. 

The corresponding normal elastic curves, assuming unit 
amplitude at mass J l5 are shown in the topmost diagram of 
Fig. 104. 

Assuming that the forcing torque is applied to mass J 2 
with a frequency corresponding to co 2 — 4000, the forced vibra¬ 
tion amplitudes are obtained by the analytical method as 
follows:— 


Rolling Amplitude: M = — a) 2 . a R . ( 27 J), 

i.e. a R = — 5 0000 __ _ 0*00208 radian. 

4000 x 6000 


One-Node Twist Amplitudes. 

Equilibrium amplitude = 6 0 = ^” 2 ‘ Jjj*. 

In this case, T n . A. R = 50,000, whilst 2 a is 0*366 at 
mass J 2 , where the forcing torque is applied. The one-node 
phase velocity is a > cl 2 = 2536, and the value of 2 (J . a 2 ) is 
6000, 


i.e. 6 0 = 


500 00 x 0-366 
2536 x 6000 


= 0*0012 radian. 


The dynamic magnifier is — = — 173. 

1 ”2536 

Hence the twist amplitudes are 

oc yi = — I *73 X 0*00X2 = — 0*00208 radian, 
a v 2 — 0366 a Vl = — 0*00076 radian, 
a Ta = —- x*366oc Vi = 0*00284 radian. 
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Two-Node Twist Amplitudes .—For this mode, 

Ta = — 1-366 ; w e 2 = 9464 ; and 27(J . a?) — 6000, 
which happens to be the same as for the one-node mode, 

ie 6 = 5 oooo X 1-366 

9464 x 6000 


■ = — 0-0012 radian. 


The dynamic magnifier is = 1-73. 

1 ”9464 

Hence the twist amplitudes are 

a' Vl = — 1-73 x 0-0012 = — 0-00208 radian, 
a' Vj = — 1-366 <x' Vl = 0-00284 radian, 
a' Vs = o-366a' Vl = — 0-00076 radian. 

Forced Vibration Amplitudes .—By algebraical addition of 
the rolling and twist amplitudes the following values are 
obtained :— 


a Ei = (— 0-00208 — 0-00208 — 0-00208) 

= — 0-00624 radian at Jj, 
a Pj = (— 0-00208 — 0*00076 + 0-00284) = 0 at J 2 , 
a P| = (— 0-00208 -f 0-00284 — 0-00076) = 0 at J 3 . 

The curves of twist, rolling and forced vibration amplitude 
are shown in Fig. 104, together with the values of the forced 
vibration amplitude obtained by applying the tabulation 
method. It is seen that the two methods are in complete 
agreement. 

Multi-Mass Systems. —The tabulation method can be 
used for obtaining the resultant forced vibration amplitudes 
for a given speed at all points in a multi-mass system. If there 
are several forcing torques applied at different points in the 
system and all these torques have the same phase and frequency, 
a single tabulation will suffice. In such cases it is only neces¬ 
sary to add the values of the forcing torques into the table at 
the correct points to complete the tabulation. 

If some of the forcing torques are in anti-phase to others 
a single tabulation still suffices. In. this case, however, it is 
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necessary to regard the forcing torques which are in anti-phase 
as negative when inserting their values in the table. 

If there is a phase relationship between the forcing torques 
(other than the anti-phase relationship just mentioned) a 
single table will not suffice. In such cases it is necessary to 
prepare separate tables for each forcing torque as though it 
were acting on the system alone, the separate forcing torque 
being added at the appropriate point in each table. The 
resultant forced vibration amplitudes are then obtained by 
combining the.results of the separate tables vectorally, i.e. 
in their correct phase relationships. 

The detailed explanations already given in connection with 
the simple two- and three-mass systems indicate the methods 
which must be employed. 

If each of the several forcing torques is composed of a 
number of component harmonics, then the resultant forced 
vibration amplitudes for each harmonic must be determined 
separately. This will yield a resultant forced vibration tabula¬ 
tion for each separate harmonic, and the maximum torques 
and stresses in the system due to each component harmonic 
can be determined from the total torque summations in column 
G of the tables. 

These maximum values can then be plotted in the form of 
separate sinusoidal curves of the type shown at the right-hand 
side of Fig. 105, taking care to preserve the correct phase 
relationships between the several component curves. Finally, 
these component curves can be combined to give the total 
forced vibration torques and stresses. If the magnitudes of 
the total forced vibration torques and stresses are required 
at several different points in the oscillating system, the corre¬ 
sponding values for each separate component must be deter¬ 
mined from the appropriate position in column G of the separate 
tables, and these values must then be combined by drawing 
the sinusoidal wave forms and adding their ordinates 
algebraically. 

If the magnitudes of the total forced vibration torques and 
stresses are required at several different operating speeds the 
whole of the above work must be repeated for each speed. 
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It should also be observed that if one of the harmonic com¬ 
ponents comes into resonance at one of the selected speeds then 



the forced vibration tabulations for this harmonic must be 
omitted, the summation being confined to the non-resonating 
harmonics. The amplitude of the resonating harmonic is 
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then estimated by the method to be described in the next 
chapter and added to the summation of the non-resonating 
harmonics, bearing in mind that at resonance the forcing torque 
leads the vibration torque by a quarter of a cycle. 

A detailed investigation of this type is given by Carter and 
Muir in R. and M., 1304, “ Torsional Resonance Characteristics 
of a Twelve Vee Aero Engine," H.M. Stationery Office. 

Table 73 shows the application of the tabulation method 
to the determination of the forced vibration amplitudes ori¬ 
ginated by the 6th order harmonic component of the engine 
torque for the system shown in Fig. 13, at the normal operating 
speed of 310 r.p.m. Since the engine is a 6-cylinder, 4-stroke 
cycle, single-acting engine the 6th order is a major order, so 
that the forcing torques at the six cylinders are all in phase. 
A single tabulation will therefore be sufficient in this example. 

The forced vibration tabulation is given in Table 73, and 
since this is built up in exactly the same way as Table 70 there 
should be no difficulty in following the procedure. 

The frequency of the forcing impulses for the 6th order 
torque variation at 310 r.p.m. is 

F = 6 x 310 = i860 vibs./min., 
i.e. oj — 2 . tt . F/60 = 194-5 radians/sec., 

or to 2 — 37,900. 

Also, in the present example the 6th order forced vibration 
is being investigated, so that the values to be inserted in 
column F are the 6th order harmonic components of the engine 
torque for each cylinder, 

i.e. M b = T n . A . R. lbs.-ins. per cylinder, 
where T„ = 6th order harmonic component of the tangential 
effort curve for one cylinder in lbs. per sq. in. 
of piston area, 

A = area of piston in sq. ins., 

R = crank radius in ins. 

In this example the cylinders are i3*5-in. bore X 18-in. 
stroke, 4-S.C., S.A. engine, and the mean indicated pressure 
at 310 r.p.m. is 100 lb. per sq. in. 



TABLE 73.—Forced Vibration Amplitudes. 
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The value of T„ for the 6th order at 100 lbs. per sq. in. M.I.P. 
is 4*5 lbs. per sq. in., from Fig. 83A, and Table 54 shows that the 
6th order inertia component is small and may be neglected. 

Hence, M n = 4*5 X 143 X 9 = 5795 lbs.-ins. per cylinder. 

Assuming identical indicator diagrams, this value is the 
same for all cylinders, and since the 6th order is a major order 
all the forcing torques are in phase. 

In multi-mass systems the alternative method of obtaining 
the forced vibration amplitudes by algebraical summation of 
the rolling and twist amplitudes at each point in the system is 
not always easy to apply. This is because the number of dif¬ 
ferent modes of free vibration increases in proportion to the 
number of shafts. In the present example, since there are 
seven masses connected together by six shafts, there are six 
principal modes of free vibration. Theoretically, therefore, 
the twist amplitudes corresponding to all six modes of vibration 
must be determined before the forced vibration amplitude 
summation can be carried out. The method, however, is 
precisely the same as for the simple two- and three-mass systems 
already discussed. 

In a great many practical cases there is not much error in 
neglecting the higher modes of vibration. For example, in 
the case of marine installations of the type shown at ( c ) and (d) 
in Fig. 18, the one- and two-node modes of free vibration are 
usually the only modes which need be considered when 
evaluating both forced and resonant vibration amplitudes. 
In the case of closely coupled installations of the type shown, at 
ip) in Fig. 18, the one-node mode of free vibration is usually 
the only mode which need be considered when evaluating both 
forced and resonant vibration amplitudes. In the majority 
of normal practical cases it is rarely necessary to consider 
modes of free vibration with three or more nodes. 

The example on which Table 73 is based is a closely coupled 
system (see Fig. 13). Hence it is of interest to determine the 
error in the forced vibration amplitudes when these are ob¬ 
tained by algebraical summation of the rolling and one-node 
twist amplitudes instead of by tabulation. 
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Rolling Amplitude. —The applied torque, assuming rigid 
shafting, is six times the 6th order harmonic torque for one- 
cylinder, since the engine under consideration is a six-cylinder 
unit, 

i.e. applied torque = £M W = 5795 x6 = 34,770 lbs.-ins. 

The total polar moment of inertia of the oscillating masses 
is the sum of the quantities in column B of Table 73, n am ely, 
24,490 lbs.-ins. sec. 2 . 

The phase velocity of the 6th order forced vibration at 310 
r.p.m. is a) = 194-5 radians per sec., i.e. oA = 37,900. 

Now, for a rigid system, 

-£M n = — oj 2 . a R . ( 27 J). 

Hence, 

«b —rolling amplitude;—=-0-0000375 radian. 

Twist Amplitudes {One-Node Mode). —The value of the 
equilibrium amplitude, d 0 , for the 6th order harmonic com¬ 
ponent of the engine torque is 0-035°, or 0-00061 radian (from 
Table 66, since the magnitude of the resultant 6th order har¬ 
monic component per cylinder is 4-5 lbs. per sq. in. in Table 66 
and in this example). 

The one-node natural frequency for this installation is 2520 
vibs./min., i.e. a > 2 = 69,750 (from Table 1), so that the dynamic 
magnifier at 310 r.p.m., where co 2 = 37,900 for the 6th order 
impulse, is 

Dynamic magnifier =---= 2-19. 

x 37900 

Hence, a Vl = 0-00061 x 2-19 = 0-00134 radian. 

This is the twist amplitude at No. 1 cylinder, i.e. at the free 
end of the crankshaft, since the equilibrium amplitude applies 
to this point in. the oscillating system. 

The twist amplitudes at the other points in the system are 
directly proportional to the amplitudes given in column F of 
the natural frequency tabulation (Table 1). 
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Thus 

Ky 2 =: twist amplitude at No. 2 cylinder — 00^(0*9430/1*0000) 

: 0*00134 x 0-943 = 0-00126 radian, 

and so on. 

The foEowing table shows the forced vibration amplitudes 
obtained by algebraical summation of the rolling and one-node 
twist amplitudes compared with the values obtained by tabula¬ 
tion, to the fifth decimal place:— 


Mass. 

(Rolling). 

oc v 

(Twist). 

(«E + «v)- 

Ot-g 

(From Col. D of 
Table 73 ). 

No. I cyl. 

—0-00004 

0-00134 

0-0OI3O 

0-00128 

No. 2 cyl. 

-0-00004 

0-00126 

0-00122 

0-00121 

No. 3 cyl. 

—0^00004 

0*00112 

0-00X08 

0-00X07 

No. 4 cyl. 

—0-00004 

0-00090 

0-00086 

0-00088 

No. 5 cyl. 

-0-00004 

0-00064 

0-00060 

0-00063 

No. 6 cyl. 

—0-00004 

0-00034 

0-00030 

0-00033 

Generator 

-0-00004 

—0-00004 

—0-00008 

-0-00008 


The above table shows that the amplitudes obtained by 
algebraical summation of the rolling and one-node twist ampli¬ 
tudes are very nearly the same as the forced vibration 
amplitudes obtained by tabulation. The error would be even 
smaller if the twist amplitudes corresponding to the two-node 
mode of free vibration were also taken into account, but even 
without this refinement the error is not large. It should be 
observed that since the rolling amplitude is smaE the swinging 
form for the forced vibration is very nearly the same as the 
swinging form for one-node natural vibration. 

Forced Vibration Torque and Stress. —The resultant 
forced vibration torque in any section of shafting due to a 
given harmonic of the forcing torque is given in column G of 
the forced vibration tabulation, and the corresponding stress in 
the shaft is easEy determined from the relationship 

/ = T/Z lbs. per sq. in.. 
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where / = maximum value of the shear stress in the shaft 
at the section under consideration, 

T = resultant forced vibration torque in the section of 
shaft under consideration, from column G of the 
forced vibration tabulation, in lbs.-ins., 

Z = torsional modulus of the shaft section under con¬ 
sideration in in. 3 units 

= 77. d s l 16 for a solid shaft of diameter d inches. 

In multi-cylinder internal combustion engines, where there 
are several forcing torques, each containing a great many 
component harmonics, applied at different points in the oscil¬ 
lating system, the exact determination of the resultant forced 
vibration amplitudes, torques, and stresses is exceedingly 
complex, especially if the engine operates over a wide speed 
range with a load characteristic which changes with speed 
and if there is more than one mode of vibration to be con¬ 
sidered. 

Fortunately, in practice, only those harmonics of the forcing 
torques which excite strong resonant vibrations at the appro¬ 
priate critical speeds within or near to either end of the operating 
speed range need, in general, be considered. In most cases, 
therefore, it suffices to determine the positions of the various 
critical speeds corresponding to those modes of vibration which 
experience has shown to be a likely cause of trouble, and 
then to estimate the relative magnitudes of the forcing torques 
at those speeds in accordance with the methods already 
discussed. 

The equilibrium amplitudes for each mode and for each 
component harmonic can then be determined as already ex¬ 
plained, and the hanks of the various resonance curves can 
be drawn at their appropriate positions in the speed range. 
Finally, the resonance curves can be completed by estimating 
the amplitude at resonance, using the methods to be described 
in the next chapter. These calculations yield diagrams of the 
type shown at the top of Figs. 122 and 123, each resonance 
curve being plotted separately and no attempt being made to 
obtain a combined diagram. 
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Cases do arise in practice, however, where it is desirable 
to obtain at least an approximation to the combined forced 
vibration diagram. For example, Diagram I in Fig. 105 shows 
the separate resonance curves for the 3rd and 6th order forced 
vibration stresses occurring at the most highly stressed section 
in the oscillating system. It is desired to determine the 
resultant stress when the engine is operating in the gap between 
these two criticals, say at 300 r.p.m. 

The usual approximation made in practice is simply to add 
the separate stresses arithmetically, the resultant curve being 
shown at III in Fig. 105. The steady stress due to transmission 
of the mean torque is usually included in this summation, so 
that the resultant diagram gives an indication of the stress 
ranges at each speed. 

Thus in Diagrams I and III of lug. 105 the resultant stress 
at 300 r.p.m. is obtained as follows :— 

If a = 3rd order forced vibration stress at 300 r.p.m. 

= ± 2250 lbs. per sq. in., 

b — 6th order forced vibration stress at 300 r.p.m. 

= ± 1550 lbs. per sq. in., 

then c = resultant forced vibration stress at 300 r.p.m. 

= (a+ b) = ± (2250 + 1550) = ± 3800 lbs. per sq. in. 

The steady stress due to the transmission of the mean torque 
is 2000 lbs. per sq. in. at 300 r.p.m. 

Hence, total stress at 300 r.p.m. = 2000 ± 380a = + 5800 
and — 1800 lbs. per sq. in. 

The above approximate method is equivalent to assuming 
that the vibration stresses are in phase at some point in the 
cycle. Diagram II of Fig. 105 shows the summation of the 
3rd and 6th order vibration stresses at 300 r.p.m., assuming 
that they are in phase at the commencement of the cycle. 

This diagram shows that the resultant stress varies from 
+ 3600 to — i960 lbs. per sq. in., so that in this case the 
approximate method is correct so far as the positive value of 
the resultant vibration stress is concerned, but over-estimates 
the magnitude of the negative value. 



DETERMINATION OF STRESSES 663 

Diagram IV of Fig. 105' shows the summation when the 
components are in anti-phase at the commencement of the cycle. 
In this case the negative value of the resultant vibration stress 
agrees with the approximate method, but the positive value is 
over-estimated. In general, the approximate method tends 
to over-estimate the magnitudes of the resultant vibration 
stresses, but this error is not usually very serious. Moreover, 
it provides a useful factor of safety against the possibility of 
phase changes occurring in operation, due to any small changes 
in operating conditions which are liable to occur from time 
to time. 

For this reason it is doubtful whether a more elaborate 
method of calculating the resultant stresses would really provide 
a truer picture. 

The foregoing method applies to cases where the component 
resonance curves are all for the same mode of vibration, so that 
the component harmonics have different frequencies at any 
selected speed. For example, in Diagram I of Fig. 105 the 
frequency of the 6th order component is 1800 cycles per minute 
at 300 r.p.m., whereas the frequency of the 3rd order component 
is only 900 cycles per minute at the same r.p.m. The natural 
frequency is, of course, the same for both harmonics since 
they both correspond to the same mode of vibration, i.e. 
3rd order resonance occurs at 400 r.p.m. and 6th order re¬ 
sonance at 200 r.p.m., the natural frequency being 1200 cycles 
per minute in each case. 

The method given in Fig. 105 cannot be used for obtaining 
the resultant force vibration stresses due to the combined 
action of several harmonics which have the same frequency at 
the selected speed. For example, if the curve which peaks at 
200 r.p.m. in Diagram I of Fig. 105 is assumed to be the 3rd 
order one-node resonance curve and the curve which peaks at 
400 r.p.m. the 3rd order two-node resonance curve, the error 
in adding these together without regard to phase might be 
very serious. Diagram V in Fig. 105 illustrates this point. It 
is evident that the resultant may have any value from the 
sum to the difference of the component values depending on 
the phasing. 
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In this example both curves are excited by the 3rd order 
component harmonic of the forcing torque, so that the forced 
vibration frequencies at any selected speed are the same; for 
example, at 300 r.p.m. the forced frequency is 900 cycles per 
minute in each case. The natural frequency for one curve, of 
course, differs from that for the other, i.e. 3rd order one-node 
resonance occurs at 200 r.p.m., the corresponding one-node 
natural frequency being 600 vibs./min., whilst the 3rd order 
two-node resonance occurs at 400 r.p.m., the corresponding 
natural frequency being 1200 vibs./min. 

So far as the evaluation of forced vibration stresses is con¬ 
cerned it is not necessary to combine the stresses caused by 
different modes of vibration, because in all normal practical 
cases the point in the shaft system at which the most severe 
stress due to one mode of vibration occurs, does not coincide 
with the point at which the stress due to another mode of 
vibration is most severe. Thus in a marine propeller drive the 
most severe one-node stress is felt in the propeller shafting, 
whilst the one-node stress in the crankshaft section is negligible. 
Similarly, the most severe two-node stress occurs in the crank¬ 
shaft section, whereas the two-node stress in the propeller 
shafting is negligible (see Diagram (c) of Fig. 18). In a great 
many other cases the two-node mode of vibration is so high 
that the two-node stresses which occur in the operating range 
are quite unimportant and can be completely neglected. It 
is rarely necessary to consider more than two modes of 
vibration. 

In the extremely rare case where severe stresses due to two 
different modes of vibration do occur at a speed within the 
operating range and at the same point in the system, the 
resultant forced vibration stress can be determined by the 
tabulation method. In such cases it is highly probable that 
the severe condition will be confined to a single component 
harmonic of the forcing torque, so that the tabulation need only 
be carried out for this particular harmonic. Such cases are 
difficult to visualise, however, and in any case it is desirable 
to design the installation so that such conditions do not arise. 
An example of poor design in this connection is the system 
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shown at (a) in Fig. 18, where the nodes for two modes of 
vibration are all closely grouped round the flywheel mass. 

In general, therefore, the calculation of forced vibration 
stresses can be reduced to the comparatively simple procedure 
given in the earlier part of this chapter, which can be sum¬ 
marised as follows:— 

(i) Determine the natural frequencies of the modes of 

vibration which experience has shown are a likely 
source of troublesome vibration. For example, the 
one- and two-node modes of marine propelling in¬ 
stallations and the one-node modes of close-coupled 
installations such as aero-engine/air-screw systems, 
electrical generator systems, and so on. 

(ii) Determine the resultant magnitudes of the harmonic 

components of the forcing torques which occur within 
or near the operating speed range, including any 
severe components which occur in the lower speed 
range and which will be negotiated when starting, 
stopping, or idling. 

(iii) Determine the equilibrium amplitudes and the corre¬ 

sponding stresses at the most severely stressed section 
of the shaft system. 

(iv) The forced vibration stresses at different speeds may 

then be obtained for each component harmonic by 
multiplying the relevant equilibrium stresses by the 
appropriate dynamic magnifiers. 

(v) The combined stress diagram may be obtained by 

arithmetical addition of the several component re¬ 
sonance curves and the curve of mean transmission 
stress. 

Forced vibration tabulations are required, however, when 
investigating the question of speed fluctuation at different 
points in the transmission system, and at a selected speed. 
The tabulation automatically shows the magnitudes of the 
forced vibration amplitudes at each mass, due to all modes of 
vibration, and including the rolling motion which does not 
appear in the equilibrium amplitude calculations. The cyclic 
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speed variation for any given harmonic can then be obtained 
from the tabulated amplitudes in the manner already described. 
As a general rule only the dominating harmonic need be con¬ 
sidered when evaluating cyclic speed variation, for example, 
the 3rd order component in the case of a 6-cylinder in-line, 
4-stroke cycle oil engine. If more than one harmonic needs to 
be considered, then separate tabulations will be required for 
each, and the motions will then require combining in correct 
phase relationship to give the overall motions at the different 
masses. 

Example 50.— Calculate the coefficient of speed fluctuation at 
the service speed of 138 r.p.m. due to the 3rd order har¬ 
monic component of the engine torque curve for the 
marine installation shown in Fig. 15. 

The engine is a 6-cylinder, 4-stroke cycle, single-acting oil 
engine, with cylinders 620 mm. bore X 1300 mm. stroke, 
developing 2750 B.H.P. or 3250 I.H.P. at 138 r.p.m. and 130 
lbs. per sq. in. M.I.P. 

Resultant 3rd Order Harmonic Component of Engine Torque 
Curve. 

T n = V(A + B) 2 -f- C 2 lbs. per sq. in. of piston area 
tangential effort acting at crank radius, 
where A = sine term of 3rd order harmonic component of 
* tangential effort curve for gas pressure alone 
— 23*5 lbs. per sq. in. of piston area at 130 lbs. per 
sq. in. M.I.P. (from Table 61), 

B = 3rd order harmonic component of inertia tan¬ 
gential effort curve (sine term only) 

= 0-0000284 W . R. N 2 . H n (see Table 54), 

W = weight of reciprocating parts per cylinder in 
lbs. per sq. in. of cylinder area 
= 11-5 lbs. per sq. in. in this example, 

R = crank radius in ins. = 25-6 ins., 

N = r.p.m. = 138, 

H„ — 3rd order multiplier (from Table 57) 

= — 0-192 for a con. rod/crank ratio of 4, 
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l.e. B = — 0-0000284 X H *5 X 25-6 X 138 2 X 0’I92I7 
= — 30*6 lbs. per sq. in. of piston area, 

C = cosine term of 3rd order harmonic component of 
tangential effort curve for gas pressure alone 
= — 9*5 lbs. per sq. in. of piston area at 130 lbs. 
per sq. in. M.I.P. (from Table 61). 

Hence, T n — V (23-5 — 30*6)2 — 9-52 = 11-85 lbs. per sq. in. 
of piston area. 

Equilibrium Amplitude .—This is-obtained from Equation 
(247), 

* _ i- 8 3 D 2 . R . T n . J _ 

p2 j£(j _ degrees, . . (247) 

where D = diameter of cylinder in ins. = 24-4 ins., 

R == crank radius in feet = 2-13 ft., 

T» = 3rd order resultant harmonic component of tan¬ 
gential effort curve for one cylinder 
= 11-85 lbs. per sq. in. of piston area, 

Ha = 3rd order vector sum — 5-781 (from Table 67), 

F = one-node natural frequency = 165-5 vibs./min. 
(from Table 3), 

£(J . a 2 ) = effective moment of inertia of system re¬ 
ferred to free end of shaft 
= 39*245 tons-ft. sec. 2 (from Table 68). 

Hence, fl, = ^ X ^ , X **3 * *** x 5'? 81 - q. i4 8° 

0 165-5 X 39-245 • ^ 

= 0-00258 radian at No. i cylinder. 

Vibration Amplitude at 138 r.p.m. at No. 1 Cylinder: 
a 

«v = (from Equation (234), 

I- W 

where N — impulse frequency == 138 X 3 = 414 impulses/ 
min., 

N„ = natural frequency = 165*5 vibs./min., 


i.e. av = 


0-00258 
_ ( 4 i 4 *o) 2 
(i 65 * 5 ) 2 


0*000492 radian at No. 1 cylinder. 
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Oscillation Amplitude, assuming Rigid Shafting: 

M„ 

where M n = total externally applied torque, assuming rigid 
shafting 

= T* . A . R = 11-85 x 468 X 3-13/2240 . 

= 5-275 tons-ft. per cylinder 
= 31-65 tons-ft. for the six cylinders, 

J = total moment of inertia of oscillating parts, 
assuming rigid shafting 

= 10-145 tons-ft. sec. 2 (i.e. the sum of the values 
in column D of Table 3), 

a = phase velocity of forced vibration = 2 . n . F/60 
= 43-3 radians/sec. for F = 414 vibs./min. 

Hence, a R —- 3* - _ _ 0 -ooi 66 radian at all 

K 10-145 X 1880 

points in the system. 

Forced Vibration Amplitudes: 

(i) At No. 1 cylinder : 

= <X V + «R = — 0-000492 — 0-00166 

= — 0-002152 radian. 

(ii) At propeller: 

this is obtained from column F of Table 3, viz., 

ay — — 0-000492 X = 0-00197 radian, 

i.e. a E = a v 4- a R = 0-00197 — 0-00166 = 0-00031 radian. 

Coefficient of Speed Fluctuation: 
this is obtained from Equation (421), viz., 

C = 2 . a F . n, 

where n — order number of the oscillations, i.e. number of 
complete oscillations per revolution 
— 3 in this example. 

Hence, C = 2 x 0-002152 X 3 = 0-0129 = 1/77-5 at No. 1 
cylinder 

= 2 x 0-00031 x 3 = 0-00x86 = 1/538 at propeller. 
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In a 6-cylinder, 4-stroke cycle, single-acting oil engine 
3rd order forced vibrations predominate, and are the main 
cause of cyclic variation of speed. The values in column F of 
Table 3 show that there is not much variation of the specific 
vibration amplitudes between No. 1 and No. 6 cylinders, so 
that for practical purposes the coefficient of speed fluctuation 
in this example may be taken as 1 /77'5 a t the engine end of the 
installation and 1/538 at the propeller. These values show 
that the propeller has comparatively small regulating effect on 
the engine, which is typical of installations where the propeller 
is separated from the engine by a long length of intermediate 
shafting. 
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APPENDIX TO VOLUME I. 

TORSIONAL VIBRATION ANALYSIS-EFFECTIVE 
INERTIA METHOD. 

(With Special Reference to Aero-Engine/Air-Screw Systems.) 

The conception underlying the method discussed in the following 
pages has already been briefly described in Chapter 3, where it was 
shown that a mass elastically connected to an oscillating system 
can be replaced by an equivalent rigidly connected mass, the polar 
moment of inertia of winch is not a constant quantity but varies 
with the frequency of the torsional oscillations [see Fig. 49, and 
Equation (92)]. 

It will now be shown that any system capable of executing 
torsional oscillation can be regarded as composed of two portions, 
one of which is regarded as an elastically connected portion which 
can be replaced by a single equivalent mass rigidly connected to the 
other portion at the point of division. This device will be found 
exceedingly useful in the case of complex systems, such as geared 
installations having several branches or installations containing 
.distributed inertias, such as heavy shafts. Furthermore, the 
method leads to a comparatively simple experimental means for 
determining the natural frequencies and other torsional vibration 
characteristics of systems containing members which have complex 
or mathematically indeterminate mass/elastic characteristics, such 
as air-screws. 

Simple Two-mass System.—Diagram («) of Fig. I shows a 
simple two-mass system comprising masses of polar moments of 
inertia, J x and J 2 , on a shaft of torsional rigidity C. 

If it is assumed that this system is divided at any arbitrary 
point Z into two portions, and if the right-hand portion, i.e. mass 
J x on shaft C x is regarded as the basic system, then the left-hand 
portion, i.e. mass J 2 on shaft C 2 , can be regarded as an elastically 
connected portion which can be replaced by a single equivalent mass 
J2 rigidly connected to the basic system at the point of division Z. 

The equivalent mass J* will be referred to as the effective inertia 
of that portion of the original system which is regarded as the 
elastically connected portion. 
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The natural frequency of the original system can be determined 
from the characteristics of the separated portions, as follows :— 



Fig. I.—Tuning curves—two-mass system. 


(i) Tuning Curve for Basic System .—The first step is to plot a 
curve showing the variation of the natural frequency of the basic 
system with variation of the effective inertia J z . 












672 


TORSIONAL VIBRATION PROBLEMS 


This curve is shown at (b) in Fig. I, and is plotted from the 
familiar expression for the natural frequency of a two-mass system, 
Equation (16), 



It should be noted that, as shown at (b) in Fig. I, the tuning 
curve must be plotted for all values of the effective inertia J s , from 
minus to plus infinity. 

The natural frequency of the basic system corresponding to any 
selected value of the effective inertia J* can thus be read directly 
from the tuning curve. 

The curve shown at (b) in Fig. I is the complete tuning curve 
for the basic system and therefore shows negative as well as positive 
roots of the frequency equation. Since, however, negative frequency 
values have no practical significance, the negative frequency 
branches of the tuning curve, i.e. the branches on the left-hand side 
of the axis of ordinates, can be disregarded, and will be omitted in 
all subsequent diagrams. 

The plotting of the tuning curve is facilitated by noting the 
following special cases:— 

Since the frequency equation can be written, 

* = 9'55 VC 1 (i/J, + i/J 1 ). 

Hence, when J* — — Jn F = 0; 

J* = inf., F = 9-55 V Ca/Jj, which is the nat¬ 
ural frequency of mass J x on shaft C x ; 

J z = 0, F = inf. 

Thus the negative branch of the tuning curve commences at a 
value J z = — J 1( and the asymptote is situated at a value 
F = 9'55 V Cj/Jp 
as shown in Diagram (J) of Fig. I. 

(ii) Effective Inertia Curve for the Elastically Connected System. 

Let J' a = polar moment of inertia of the mass, assumed to be 
rigidly connected at point Z in the elastically con¬ 
nected portion, which is necessary to tune the 
elastically connected portion to any prescribed 
frequency F, 

T' a = torsional vibration torque applied by the basic system 
at point Z in the elastically connected portion, 

Q\ — torsional vibration amplitude at point Z in the elas¬ 
tically connected portion, 

a> = phase velocity of the torsional vibration = 2 . n . F/60, 
F = frequency of torsional vibration in vibs./min. 
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Then, from the fundamental relationship. 

Torque = (polar moment of inertia) X (angular acceleration), 

t„ = y g . e \. o> 2 . 


Now let Jg — the effective inertia of the elastically connected 
portion at point Z, 

T z ~ torsional vibration torque applied by the elastically 
connected portion at point Z in the basic system, 
6 Z = torsional vibration amplitude at point Z in the 
basic system. 

Then, assuming that, as shown at (a) in Fig. I, there is no mass at 
Z in the original system, 


Tg = — T' g , and 0 Z = 6' z , 
i.e. T z = J* . 6'g . o 2 = - J \. 0 ' z . a) 2 , 

or L = ~J', 


This is an important result, since it implies that the effective 
inertia curve for any system is simply the mirror-image of the tuning 
curve about the 0 —F axis. Thus in Diagram (c) of Fig. I the full 
lines show the tuning curve, whilst the dotted lines show the corre¬ 
sponding effective inertia curve. 

In the example shown in Fig. I, the tuning curve , for the elasti¬ 
cally connected portion is plotted from the expression for the natural 
frequency of a two-mass system, namely. 


or 


F — 9’55 V C t (J. + J'*)/(Ja ■ J'*)» 
_h _ 

J * ~ F 2 ~.~ Jg ' 

91-2. C 2 


but 




i.e. J< - - P.J, • 

91-2 . c a 

This expression agrees with Equation (92). 

Note that, when F = o, J g = J 2 ; 

F = 9‘55 VC 2 /J 2 , J e — inf.; 

F = inf., J a = 0. 

(iii) Resultant Tuning Curve .—Diagram (c) in Fig. I gives the 
values of the effective inertias of the elastically connected portion 
when this portion is assumed to be replaced by a mass rigidly con¬ 
nected to the basic system at point Z, whilst Diagram (6) gives the 
values of the polar moments of inertia of the mass which must be 
vol. i—43 
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rigidly connected to the basic system at point Z to tune it to any 
prescribed frequency F, and which will be referred to as the tuning 
mass. 

It is therefore evident that if these _ two diagrams are super¬ 
imposed their points of intersection will give the true natural 
frequencies of the combined portions, i.e. the natural frequencies of 
the original system. 

The combined tuning curve is shown at (d) in Fig. I, where, at 
the point of intersection, F c is the true natural frequency of the 
original system, whilst J c is the polar moment of inertia of the mass 
which would have to be rigidly attached to the basic system at 
point Z to tune it to a frequency F c if the elastically connected portion 
were removed. 

Since in this example the original system has only one-degree 
of freedom there is only one natural frequency and therefore only 
one point of intersection in the combined tuning curve. 

Diagram {&) in Fig. I shows an alternative method of plotting 
the t unin g and effective inertia curves in which the quantity 
1 'J 6 g — J z . co 2 is plotted against F. This gives diagrams which 
are somewhat easier to read, but since the type of diagram shown 
at (d), where J z = T J( 6 g . <o 2 ) is plotted against F, is easier to 
interpret it will be used throughout the following discussion. 

Once the fundamental principles are understood, however, it will 
be found more convenient in practice to work with diagrams of 
type (e), and the function T J 9 g can be plotted directly from experi¬ 
mental determinations of T z and 6 e , as will be explained later. 

Three-Mass System.—A typical three-mass system is shown in 
Fig. II, consisting of masses J x , J 2 , and J 3 on shafts C x and C 2 . 

An arrangement of this type would normally be solved by means 
of the frequency equation for a three-mass system, i.e. Equation (19). 

In applying the Effective Inertia Method, the same procedure is 
used as already described for a two-mass system, i.e. the original 
system is assumed to be divided into two portions, one of which is 
regarded as the Basic System and the other as the Elastically 
Connected Portion. The point of division can be chosen anywhere 
in the original system, although usually the computation details are 
simplified appreciably by choosing this point judiciously. For 
example, in the case of an internal combustion engine driving a 
flywheel with flexible spokes or an air-screw with flexible blades, 
there is considerable advantage in choosing the point of division at 
the flywheel or air-screw hub and regarding the engine portion as the 
basic system, mainly because this simplifies the evaluation of the 
vibrational energy input from the engine, as will be explained later. 

For purposes of illustration two methods of dividing a three- 
mass system are shown in Fig. II, where the diagrams in column (a) 
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The tuning curve for the basic system can therefore be plotted 
from the frequency equation for a normal three-mass system, i.e. 
Equation (19), by substituting values of J 2 between minus and plus 
infinity and solving the equation for F. 

The following special points should be noted 

When J z = — (Ji + J 2 )> F = 0; _ 

J z = o, F = inf. or 9-55 V Cx(J x + J 2 )/(Ji. J a ) 

(i.e. the system reduces to a two-mass system comprising masses 
Jx and J 2 on shaft C x when is zero). 

When Jg = inf., the frequency equation reduces to Equation (18), 

i.e. 1 — (Ji/Cj + J 1 /C 2 + J 4 - Jx • Ja • w4 /(C 1 ■ C 2 ) — 0. 

The roots of this equation give the values of F at the asymptotes 
of the tuning curve for the basic system. 

The complete tuning curve shows that except between the values 
J 2 = 0 to — (J x + J 2 ) there are two positive roots of the frequency 
equation, i.e. the tuning curve has three branches. 

(ii) Effective Inertia Curve for the Elastically Connected Portion. — 
Since the elastically connected portion simply consists of mass J 3 
on shaft C 3 the effective inertia curve can be plotted from the 
frequency equation for a two-mass system, Equation (16); 

i.e. F = 9*55 V C 8 (J 3 + J'*)/(J 3 . J'*), 
whence J z = — J' z , as already explained, 

where J 2 = the effective inertia of the elastically connected 
system. 

Note that when J* = J3, F = 0 ; _ 

and when ] z = inf., F = 9*55 V C 3 /J 3 . 

(iii) Resultant Tuning Curve. —This is obtained by superimposing 
the tuning curve for the basic system (full lines) on the effective 
inertia curve for the elastically connected portion (dotted lines). 

The points of intersection of the two families of curves give the 
true natural frequencies F x and F 2 shown in Fig. II. 

The alternative method of dividing the original system shown in 
column (b) of Fig. II will now be considered. In this alternative 
method the point of division Z is at mass J 2 . Mass J 2 can thus be 
regarded as part of the basic system; or as part of the elastically 
connected portion; or as an independent mass. The latter choice 
will be assumed, since in most cases this simplifies the computations. 

(i) Tuning Curve for Basic System. —When J 2 is regarded as an 
independent mass the basic system comprises mass J x on shaft C x . 
Hence the tuning curve is plotted from the expression 

F-raVc^i + jj/CTi-J.). 

where J, is the efiective inertia oi the elastically connected system. 
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(ii) Effective Inertia Curve for the Elastically Connected Portion .—• 
When J 2 is regarded as an independent mass the elastically connected 
portion comprises mass J 3 on shaft C 2 . Hence the effective inertia 
curve is obtained from the equation 

F = 9-55 VC,(J, + J'.)/(J,.J'.), 

and $J 2 — — J',, — the effective inertia of the elastically con¬ 
nected portion. 

(iii) Resultant Tuning Curve. —This is obtained by superimposing 
the tuning curve for the basic system (full lines) on the effective 
inertia for the elastically connected portion (dotted lines), talcing 
care to make due allowance for the influence of the independent 
mass J 2) i.e. J 2 must be added to all values of SJ s when transferring 
the effective inertia curve for the elastically connected portion to 
the tuning curve for the basic system. 

Thus J z = (8J., + J 2 ), and this addition is readily carried out 
by displacing the 0 — F axis of the effective inertia curve by an 
amount J 2 , as shown in Fig. II. 

The intersections of the two families of curves, i.e. F x and F 2 , 
give the true natural frequencies of the original three-mass system. 

If the resultant tuning curve in column (ft) is compared with 
that in column [a) it will be seen that the natural frequencies, 
F x and F 2 are the same in both cases. The corresponding values 
of the effective inertias are different, however, due to the different 
locations of the point of division Z. It is evident that the method 
given in column (6) of Fig. II is simpler than that in column (a), 
mainly because the tuning curve for the basic system is plotted 
from the frequency equation for a two-mass system in column (6), 
whereas it is plotted from the' frequency equation for a three-mass 
system in column (a). 

Flywheel with Flexible Spokes.—Fig. Ill shows a system 
consisting of a single-crank engine driving a flywheel which has the 
rim connected to the hub by flexible spokes. The following treat¬ 
ment also applies where a flywheel rim is connected to its hub or 
centre-piece by bonded rubber, as described in Chapter 10. 

This system can be represented diagrammatically by a three- 
mass arrangement comprising masses J x , J 2 , and J 3 on shafts C x 
and C 2 , where 

J x = polar moment of inertia of engine masses, 

J 2 = polar moment of inertia of flywheel hub, 

J 3 — polar moment of inertia of flywheel rim, 

C x = torsional rigidity of shaft between engine and flywheel hub, 

C 2 = torsional rigidity of flywheel spokes (see Chapter 4). 
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If it is assumed that the original system consists of two portions 
with the point of division Z located at the flywheel hub, that the 
engine portion of the divided system is the basic system, and that 
the hub mass J 2 is an independent mass, then the resultant tuning 
curves shown at the bottom of Fig. Ill are readily obtained by the 
methods just described. 

The resultant tuning curve at (a) is for a normal value of the 
polar moment of inertia of the flywheel hub, J 2 . There are two 
intersections, F x and F a , and these are the true natural frequencies 
of the original system. 

The lower value F x corresponds to vibration with a node in the 
flexible spokes, whilst the upper value F 2 corresponds to vibration 
with two nodes, one in the shaft and one in the spokes. 

If the flexibility of the spokes had been neglected, i.e. if the 
flywheel and its hub had been regarded as fixed rigidly to the engine 
shaft, then the system would have become a simple two-mass 
system with only one natural frequency, which is readily obtained 
from the resultant tuning curve by drawing a line parallel to the 
0 — F axis at a value ] z = (J 2 + J s ), the combined polar moment 
of inertia of the flywheel rim and hub. This is shown in Fig. Ill, 
where F r is the natural frequency of the system when the flexibility 
of the spokes is neglected. It is evident that large errors are intro¬ 
duced when the spoke flexibility is neglected. 

The resultant tuning curve shown at (&) is for the case where the 
flywheel hub is so small relative to the rim that its polar moment of 
inertia,.can be neglected. In this case J 2 disappears and the original 
system reduces to a two-mass system with only one natural frequency, 
i.e. there is only one point of intersection F x in the tuning curve. 
The node is located, in this example, in the flexible spokes. It is 
evident that in this case also considerable error would be intro¬ 
duced by neglecting the flexibility of the spokes. 

The resultant tuning curve shown at (c) is for the case where the 
polar moment of inertia of the flywheel hub is very large. In this 
case there are two natural frequencies, the values of which tend to 
approach the asymptotic values as the hub inertia approaches 
infinity. At the same time all the nodes tend to coincide at the 
hub or, in other words, the two natural frequencies are simply the 
natural frequencies of each of the end masses on their shafts regarded 
as fixed at the hub. Thus the upper frequency tends to become the 
same as the frequency for a rigidly connected flywheel, and the 
effect of spoke flexibility is to introduce an additional mode of 
vibration which is merely the vibration of the rim on its spokes 
regarded as fixed at the hub. 

In practice it is improbable that a flywheel with a flexible con¬ 
nection between the rim and the hub would be treated as a rigidly 
connected mass so that the errors referred above are unlikely to 
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Fig. IIJ.—Timing curves for a system containing a flywheel with 
flexible spokes. 
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occur. The foregoing discussion is important, however, in relation 
to aero-engine/air-screw installations, since it indicates the possibility 
of important errors arising through using the commonly accepted 
practice of regarding the air-screw as a rigid body and neglecting 
the flexibility of its blades when investigating the torsional vibra¬ 
tion characteristics of the system. This matter will be discussed 
later. 

The resultant tuning curves shown at (a), ( b), and (c) apply to 
cases where a flywheel rim is so flexibly connected to its hub that 
the natural frequency of the elastically connected portion of the 
original system is appreciably lower than the natural frequency of 
the basic system, i.e. the asymptote for the effective inertia curve 
(dotted lines) occurs at an appreciably lower frequency than the 
asymptote for the tuning curve (full lines). 

Another case which occasionally occurs in practice is where the 
flywheel rim is overhung from the point of attachment to the shaft, 
as shown at (d) in Fig. III. In this case, since the disc connecting 
the rim to the shaft is usually very stiff torsionally the natural 
frequency of the elastically connected portion, i.e. the rim (dotted 
lines) is considerably higher than the natural frequency of the 
basic system (full lines). In most cases, therefore, the_true natural 
frequency of the complete system F x is not greatly different from 
the value, F r , obtained by assuming that the flywheel rim is rigidly 
connected to the shaft, as shown on the tuning curve at (d) in Fig. III. 
Thus the error in neglecting the overhang is negligible in the majority 
of practical cases. 

Simple Systems with Several Branches.—Fig. IV shows a 
simple branched system with four branches each comprising a single 
mass elastically connected to a common point at which a fifth mass 
is situated. The torsional vibration frequencies of this system are 
readily determined by an extension of the methods just described. 

The first step is to select one of the branches as the basic branch. 
In the case of a prime mover having a number of auxiliaries driven 
by branches geared to the main transmission shaft for example, the 
branch containing the prime mover should be selected as the basic 
system, and the common point at which the several branches join 
the main transmission shaft should be selected as the point of 
division Z between the basic and the elastically connected portions. 

If the gear ratios of the branched drives differ from unity then 
all masses and elasticities should be reduced to their equivalent 
values referred to the speed of the basic branch, using the methods 
explained in Chapter 5. 

In the system shown in Fig. IV, mass J x on shaft C x has been 
selected as the basic branch, with the point of division Z at the 
common point of intersection of the remaining branches. The 
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remaining branches therefore constitute the elastically connected 
portions, whilst mass J 5 at the point of division Z is regarded as an 
independent mass. 




Fig. IV.—Tuning curves—simple branched system. 


The tuning curve for the basic system is shown immediately 
below the diagrammatical arrangement of the system. This curve 
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is plotted from tlie frequency equation of a normal two-mass 
system, namely, 

F = 9-55 VC t (J 1 + ] z )l (] 1 . L) = 9-55 VC^r/^ + i /J z ), 
or, substituting actual values, F = 2135 V 1/5 + i/J* vibs./min. 

Note that, when F — 0, J* = — Ji = — 5 , 

' F = 955 ; J* = inf. 

The eifective inertia curves for the elastically connected portions 
are shown in the right-hand column of Fig. IV. 

A separate curve must be plotted for each of the elastically 
connected portions, so that each of these curves represents a propor¬ 
tion of the total effective inertia and the values are therefore written, 
8J zl , SJ z2 , and 

The frequency equations for the respective two-mass systems 
are used for plotting the curves. Thus for the branch containing 
mass J 2 on shaft C 2 , 

F = 9'55 VC 2 (J a -f-8r zl )/(J 2 .8J' zl ) ^ 9 - 55 V / C 2 (i/J a + I/8JT.J, 
or, inserting actual values, F = 2340 V 1/3 + 1 /8J' zl . 

Whence 8J zl = — can be evaluated for various values of F. 
Note that, when F = 0, SJ z i = 3; 

when F = 1350 vibs./min., SJ zl = inf. 

The tuning curves for the remaining elastically connected portions 
are obtained in precisely the same way, using the appropriate values 
of J and C. 

The resultant effective inertia curve for the elastically connected 
portions shown at the bottom of the right-hand column in Fig. IV 
is obtained by adding together the component curves: 
i.e. .FSJ Z — resultant effective inertia for the elastically connected 
branches 

— (8J*i + SJsa + 8J z3 ). 

Thus, when F — 0, 2 J 8 J Z = (3 + 1 + 7 ) = 11. 

Also, when UB] Z is infinite the values of F, namely, 510, 1350, 1910 
vibs./min., are the same as the values of F at the asymptotes in 
the component effective inertia curves, i.e. the resultant curve 
has as many asymptotes as there are elastically connected 
portions of the original system, and these asymptotes occur at 
frequencies corresponding to vibration of each branch about a 
node at the common point of intersection. 

The resultant tuning curve for the whole system is shown at the 
bottom of the left-hand column in Fig. IV, and is obtained by super¬ 
imposing the resultant effective inertia curve for the whole system 
(dotted lines) on the tuning curve for the basic system (full lines). 
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The resultant effective inertia curve for the whole system 
consists, in this example, of the resultant curve for the elastically 
connected portions plus the independent mass J e at the common 
point of division Z. The addition of J g is most easily accomplished 
by plotting the resultant effective inertia curve for the elastically 
connected portions on a base which is displaced a distance corre¬ 
sponding to J 5 = 6 from the O—F axis, as shown in Fig. IV. 

The resultant tuning curve for the whole system has four points 
of intersection, so that there are four possible modes of vibration of 
the complete system, and the corresponding natural frequencies are 
597, 1105, 1640, and 2220 vibs./min. respectively. 


Multi-Mass Systems.—In the preceding discussion simple 
oscillating systems, which would normally be handled by the methods 
described elsewhere in this book, have been used merely for the 
purpose of explaining fundamental principles. There is no difficulty, 
however, in extending the results to more complex systems. 

(i) Tuning Curve for Basic System .—When there are several 
masses in the basic system the tuning curve is most conveniently 
plotted by carrying out a sufficient number of frequency tabulations 
in which the tuning inertia J z is regarded as an adjustable variable. 
A separate tabulation is required for each assumed frequency F, 
and each table commences at the free end of the basic system. Each 
table is completed down to the last mass J z , and the value of J a 
which is necessary to make the last torque summation zero is the 
value of the tuning inertia corresponding to the chosen frequency. 

The following table shows a typical calculation :— 

Frequency Tabulation for F = 100 Vibs./Min., i.e. a 2 = no. 


J 

Sec.*.' 

J.»* 

Lbs.-ins./ 

Rad. 

9 

Radian. 

J .«®.9 

Lbs.-ins. 

Lbs.-ins. 

c 

Lbs.-ins./ 

Radian. 

nj.<o*.e/c 

Radian. 

165 

18,150 

1-00000 

18,150 

18,150 

202,000,000 

0-00009 

165 

18,150 

0-99991 

18,148 

36,298 

202,000,000 

0-00018 

165 

18,150 

0-99973 

18,145 

54.443 

202,000,000 

0-00027 

165 

18,150 

0-99946 

18,140 

72,583 

202,000,000 

0-00036 

165 

18,150 

0-99910 

18,134 

90,717 

202,000,000 

0-00045 

165 

18,150 

0-99865 

18,125 

108,842 

202,000-000 

0-00054 

J, 

wo.J. 

0-99811 

109*8 . J a 

0 




109-8 . J e + 108,842 = 0, 

j z = — 991 lbs.-ins. sec. 8 . 


i.e. 

or 
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Fig. V shows some typical tuning curves for multi-mass systems. 
The first column shows “the oscillating system, Z being the point at 
which the elastically connected portion is assumed to join the basic 
system, whilst J z is the effective inertia of the elastically connected 
portion and is also the inertia necessary to tune the basic system to 
the prescribed frequency. 

The second column shows the tuning curve, and the third column 
gives the frequency equation. The tuning curve can either be 
plotted from the frequency equation by inserting various values of 
cd and solving for J z , or by carrying out a sufficient number of fre¬ 
quency tabulations, as just described. The latter method will be 
found less laborious when the number of masses exceeds three, and 
the labour will be very considerably reduced and the accuracy 
increased by employing an electrically operated calculating machine 
for handling the numerical computations. When a large number of 
routine calculations of this type have to be performed, the use of a 
mechanical calculating machine will be found to be an excellent 
investment, especially bearing in mind that these machines are able 
to save many hours of time in other directions, e.g. harmonic analysis. 

The oscillating systems shown in Fig. V represent arrangements 
in which there are from one to six masses each of polar moment of 
inertia J e connected by shafts each of torsional rigidity C e . The 
right-hand mass in each case is connected to the tuning inertia J 2 by 
a shaft of torsional rigidity C f . The arrangements are thus repre¬ 
sentative of engine aggregates having from one to six equally- 
pitched cylinders. 

The tuning curves are plotted for the case where C f = C„, i.e. where 
the point of division Z between the basic system and the elastically 
connected portion is so chosen that the torsional rigidity of the 
shaft connecting the adjacent mass to Z is the same as the torsional 
rigidity of each of the shafts connecting the basic masses. 

If the location of Z cannot be chosen so that this condition is 
fulfilled the tuning curves should be used with caution. 

The following special characteristics of these tuning curves should 
be noted:— 

(a) When F = o, ] z = — UJ e> 

i.e. the tuning inertia for zero frequency is negative and 
equal in magnitude to the sum of the polar moments 
of inertia of the masses composing the basic system. 
This is true irrespective of the number of masses or 
of the magnitudes and distribution of the torsional 
rigidities of the connecting shafts. 

(b) When the basic system consists of a number of concentrated 

masses the number of branches of the tuning curve is equal 
to (n -f-1), where n is the number of basic masses, whilst the 
number of asymptotes is equal tothe number of basic masses. 
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Heavy Shaft.—Fig. V also shows the tuning curve for a heavy 
shaft, and, in this case the following interesting characteristics are 
revealed:— 

(a) When F = o, J 2 = — J 0 , where J 0 is the total polar moment 
of inertia of the heavy shaft, 

i.e. J* = L. pKs 2 x 386), lbs.-ins. sec. 2 . 

(&) When J 2 = 0, F = 9*55 . U. v/L vibs./min., 
where v — velocity of propagation of torsional impulses in 

ins./sec. 

= V "386”. G//), 

G = modulus of rigidity of shaft material in lbs./ins. 2 , 
p — specific weight of material of shaft in lbs./ins. 8 , 
L = length of shaft in inches, 

U = 7r, 27 r, etc., i.e. there is an infinite number of 
intersections of the tuning curve with the 
0 — F axis. 

These values of F correspond to vibration of the shaft with both 
ends free. The odd multiples of 77 correspond to vibration with one, 
three, five, etc., nodes in the shaft with the free ends swinging against 
one another. 

The even multiples of ir correspond to vibration with two, four, 
six, etc., nodes in the shaft with the ends swinging in phase. 

(c) When J g = infinity, F = 9-55 .U'.v/L vibs./min., 
where U' = 77/2, 377/2,577/2, etc., i.e. the tuning curve contains 
an infinite number of asymptotes. 

These values of F correspond to vibration of the shaft with one 
end free and the other end fixed, since there is a node at point Z 
when J* is infinite. 

The lowest, or fundamental, mode corresponds to vibration with 
a node at Z, whilst the remaining modes correspond to vibration 
with one node at Z and one, two, three, etc., nodes in the shaft. 

The foregoing frequency equations can be written : 

F = U. Q'/L vibs./min., when J z — 0, 

F = U'. Q'/L vibs./min., when ] z = infinity, 
where Q'= 9,400 for rubber (average value for structural 

rubber), 

= 470,000 for synthetic resin, fabric bonded materials 
(Micarta), 

= 840,000 for brass and bronze, 

= 970,000 for cast iron, 

= 1,020,000 for monel metal, 

= 1,160,000 for duralumin. 
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— 1,200,000 for magnesium alloy (elektron), 

= 1,220,000 for st eel. 

Note: Q’ — 9-55 . v = 188VG jp. 

It is of interest to note that the value of Q' is practically the 
same for steel as for light alloys, i.e. the frequencies of a uniform 
steel shaft are approximately the same as those of elektron and 
duralumin shafts of the same length. Also, inspection of the fore¬ 
going frequency equations shows that the frequency of a uniform shaft 
is independent of its cross-sectional dimensions, i.e. the frequencies 
for a shaft of given length are the same irrespective of the size or 
shape of its cross-section; round or square, solid or hollow, etc. 

The number of nodes corresponding to any selected value of the 
frequency F can also he deduced from the tuning curves. Thus the 
frequency corresponding to any point on the branch which lies 
between the origin and the first asymptote corresponds to vibration 
with no node in the oscillating system ; frequencies corresponding 
to points on the branch which lies between the first and second 
asymptotes corresponds to vibration with one node in the oscillating 
system, and so on, as shown in Fig. V. 

(ii) Effective Inertia Curve for the Elastically Connected Portion .— 
The rule already given for plotting the effective inertia curves of 
simple systems also applies in cases where the elastically connected 
system contains several masses, namely, the effective inertia 
curve is simply the mirror-image about the 0 —F axis of the 
tuning curve for the elastically connected portion. Thus the tuning 
curves in Fig. V are easily converted into the corresponding effective 
inertia curves by plotting their mirror-images about the 0 —F 
axis, as shown by the dotted lines in the two-mass arrangement. 

The truth of this rule when applied to a multi-mass system is 
illustrated by the arrangement shown in Fig. VI. The actual 
system is shown at (a) and the one-node frequency tabulation is 
given in the following table :— 


F = One-Node Frequency = 4000 Vibs./Min., i.e. tu 2 = 175,500. 


J 

J-<0 2 

0 

j.«* .0 


c 

zj.<o2.e/c 


351,000 

10000 

351,000 

351,000 

3,000,000 

0-1170 

2 1 

351,000 

0-8830 

310,000 

661,000 

3,000,000 

0-2203 

2 

351,000 

0-6627 

232,500 

893.500 

3,000,000 

0-2978 

2 

351,000 

0-3649 

128,000 

1,021,500 

3,000,000 

0-3405 

0 

O 

0-0244 

0 

1,021,500 

1,500,000 

o-68io 



! ( e j 


(T*) 



8-86 

i,555> 000 

- 0-6566 

—1,021,500 

0 


— 
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The above table, is similar to a normal frequency tabulation 
except that an additional line is included at point Z where the 
original system is assumed to be separated into two partial systems. 
This is done so that the values of the torsional vibration torque and 
amplitude, T z and 6 Z , can be determined. 



In this example, T z = 1,021,500 ; and 0 g = 0-0244. 

Now, torque = (polar moment of inertia) x (angular 

acceleration), 

i.e. T z = J g . at 2 . B z , 

or J* =TJ(a) i . 9 g ) =1,021,500/(175,500 x 0-0244) 

= 238 lbs.-ins. sec. 2 . 


Since T z and 6 e are the values of the vibration torque and ampli¬ 
tude at point Z due to oscillation of the system with unit amplitude 
at the extreme left-hand mass when the frequency is 4000 vibs./min., 
the above value of J z represents the polar moment of inertia of a 
m aw which if rigidly connected at Z will be equivalent to the actual 
mass system on the left-hand side of Z, i.e. it will tune the system 
on the right-hand side of Z to a frequency of 4000 vibs./min. The 
equivalent system when this single mass is substituted is shown at 
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(b) in Fig. VI, the natural frequency being obtained, from the 
frequency equation for a two-mass system, as follows :— 

F = 9*55 V 1,500,000 (8*86 + 238)/(8*86 x 238) 

= 4000 vibs./min., which is correct. 

Now, according to the rule previously determined, if 238 lbs.-ins. 
sec. 2 is the effective inertia of the partial system on the left-hand side 
of Z in Diagram (a) of Fig. VI, then — 238 lbs.-ins. see. 2 should be 
the value of the tuning inertia required to tune this portion of the 
system to a frequency of 4000 vibs./min. 

The following frequency table for the partial system on the left- 
hand side of Z shows that this condition is fulfilled :— 


,F = 4000 Vibs./Min.; = 175.500. 


J 

J.<0* 

0 

j . rf.e 

ZJ . rf.O 

c 

Z5 . rf.dlC 

2 

2 

2 

-238 

351,000 
35 I.OOO 
351,000 
351,000 
— 41,770,000 

1-0000 

0-8830 

0-6627 

0-3649 

0-0244 

351,000 

310,000 

232.500 
128,000 
— 1,021,500 j 

351,000 

661,000 

893,500 

1,021,500 

0 

3,000,000 

3,000,000 

3,000,000 

3,000,000 

0-1170 

0-2203 

0-2978 

0-3405 


The foregoing calculations confirm that for a frequency of 4000 
vibs./min. the effective inertia of the partial system to the left of Z is 
238 lbs.-ins. sec. 2 , and that this is also the tuning inertia for the partial 
system on the right of point Z. Conversely the effective inertia for the 
partial system to the right of Z is — 238 lbs.-ins. sec. 2 , and this is also 
the tuning inertia for the partial system to the left of point Z. 

(iii) Resultant Tuning Curve .—This is obtained in the same way 
as for the simple systems previously discussed by superimposing the 
tuning curve for the basic system on the effective inertia curve for 
the elastically connected portion. The points of intersection of the 
two families of curves then give the true natural frequencies of the 
original system. 

If the system contains several branches as shown in Fig. IV but 
with several masses on each branch, the procedure is the same as 
previously described, i.e. one branch, preferably the branch contain¬ 
ing the excitation source, is selected as the basic branch and its 
family of tuning curves is determined. The remaining branches are 
then regarded as the elastically connected portions and the families 
of effective inertia curves are separately determined for each elasti¬ 
cally connected portion. These are then added together and the 
resultant family of curves is superimposed on the tuning curve for 
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the basic system. The points of intersection of the two sets of 
curves give the true natural frequencies of the complete system. 

Fig. V will be found useful for making a preliminary sketch of 
the tuning and effective inertia curves. Thus if the salient character¬ 
istics of the curves, i.e. the locations of the asymptotes and the 
points where the several branches of the curves cross the 0 —F axis, 
are plotted with the help of Fig. V and the branches themselves are 
roughly sketched in, a useful approximate picture of the torsional 
vibration characteristics of the complete system is rapidly obtained. 
The more detailed calculations can then be confined to frequency 
values in the regions where the families of curves intersect. 
Example. —Fig. VII shows an example where the foregoing method 
can be usefully applied. The complete system consists of a 
four-cylinder engine coupled to a heavy shaft. The effective 
inertia method is applied by assuming that the system is 
divided at Z, the engine portion being regarded as the basic 
system and the heavy shaft as the elastically connected portion. 

The full lines in the resultant tuning curve show the family 
of tuning curves for the engine portion, whilst the dotted lines 
show the effective inertia curves for the heavy shaft portion. 
The method of obtaining these curves is precisely the same as 
for the simpler systems previously discussed. 

Fig. V shows that the tuning curve for a four-cylinder engine 
aggregate has five branches ; and that the tuning curve and there¬ 
fore the effective inertia curve for a heavy shaft has an infinite 
number of branches. There is thus an infinite number of inter¬ 
sections between the two families of curves for the system shown 
in Fig. VII and of these the first eight intersections are shown in 
the resultant tuning diagram. Each of these intersections repre¬ 
sents a mode of vibration of the complete system. 

The approximate locations of the nodes can also be deduced 
from Fig. VII. Thus the lowest intersection F x lies on the first 
branch of the engine tuning curve (full lines) and on the second 
branch of the effective inertia curve for the elastically connected 
portion (dotted lines). Hence F x corresponds to the one-node mode 
of vibration of the whole system, the node being located in the 
heavy shaft portion. Similarly, intersection F 2 corresponds to 
vibration with two nodes, one in the engine portion and one in the 
heavy shaft portion ; intersection F 8 corresponds to vibration with 
three nodes, one in the engine portion and two in the heavy shaft 
portion, and so on. 

In practice it is not necessary to plot these diagrams over a 
greater frequency range than that which previous experience 
indicates is likely to cover all critical zones of practical importance. 
Thus, if it is known that harmonic orders higher than the 10th order 
vol. 1. — 44 
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can be neglected as too feeble to excite appreciable vibratory dis¬ 
turbances, and if the maximum running speed is, say, 2000 r.p.m., 
then the tuning curves need not extend beyond a frequency of 



= Effective Inertia Curves 
(Heavy Shaft Portion) 



Swinging Form, neglecting 
Flexibility of Heavy Shaft. 
(One-Node Mode) 


Z \\ 


L4 4 4 


-m- 

T 


True Swinging Form. 
(On?-Mode Mode) 


Fig. VII.—Heavy shaft system. 


(10 x 2000) = 20,000 vibs./min. plus a reasonable working margin 
of, say, 20 per cent., giving a maximum practical frequency range 
of about 24,000 vibs./min. 
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The natural frequencies of the complete system when the flexibility 
of the heavy shaft J 0 is assumed to be concentrated at point Z are 
easily obtained from the resultant tuning curve by drawing a line 
parallel to the 0 —F axis at the value J z = J 0 , as shown in Fig. VII. 
The intersections of this line with the several branches of the engine 
tuning curve give the required frequencies F rl , F r2 , etc. Fig. VII 
shows that in this example there are four such frequencies, and that 
most of these are appreciably different from the true values obtained 
when the flexibility of the heavy shaft is taken into account. 

Input Energy Due to Harmonic Torque.—-Fig. VII also 
illustrates another important consideration when dealing with 
systems containing members which are not rigid and cannot there¬ 
fore be regarded as concentrated inertias. 

The left-hand diagram at the bottom of Fig. VII shows the shape 
of the normal elastic curve for the engine portion of the system when 
the heavy shaft is assumed to be a torsionally rigid body of polar 
moment of inertia J 0 concentrated at the point of division Z, whilst 
the right-hand diagram shows the true shape of the normal elastic 
curve. This is obtained for any mode of vibration by replacing the 
heavy shaft by the true equivalent inertia given by the corre¬ 
sponding point of intersection on the resultant tuning curve. Thus 
for the one-node mode of vibration of the system shown in Fig. VII 
the heavy shaft is replaced by an inertia J 4l ; for the two-node 
mode by an inertia J z2 , and so on. 

Once the value of the true equivalent inertia is known the shape 
of the normal elastic curve is readily determined by carrying out a 
normal frequency tabulation commencing at the free end of the 
engine system and terminating at the equivalent inertia. The 
frequency value to be used in this tabulation is, of course, the value 
given by the point of intersection in the resultant tuning diagram 
for the particular mode of vibration under consideration. Thus for 
the one-node mode it is F 1} for the two-node mode F 2 , and so on. 

Incidentally these frequency tabulations are an excellent check 
on the accuracy of the plotting of the tuning and effective inertia 
curves, since, if the values of Jj. and F obtained from the resultant 
tuning diagram are correct, the last torque summation in the 
frequency table should be zero. 

The two diagrams at the bottom of Fig. VII show that the shape 
of the normal elastic curve, when the flexibility of the heavy shaft 
is neglected, differs considerably from the true shape. This, in 
turn, implies that the vector summations, and therefore the magni¬ 
tudes of the input energies due to the harmonic torques originated 
by the several cylinders of a multi-cylinder engine, will differ con¬ 
siderably from the true values. Thus the relative importance of the 
various component harmonics cannot be judged correctly if the 
flexibility of the heavy shaft is neglected. 
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Caution .—Systems of the type shown in the right-hand bottom 
diagram of Fig. VII, i.e. where the flexible component is 
replaced by its .effective inertia given by the intersection on 
the resultant tuning curve, cannot be used for the purpose 
of determining equilibrium amplitudes. If it is required 
to determine amplitudes the actual specific vibratory ampli¬ 
tudes at all points in the system must be known. 

Once the true natural frequency has been determined, however, 
the specific vibratory amplitudes throughout the system can gener¬ 
ally be deter min ed by carrying out a frequency tabulation which 
includes all parts of the original system. 

In systems where the excitation is due to the component har¬ 
monics of the torque from an internal combustion engine, a useful 
indication of the relative importance of the several criticals is obtained 
from the vector summations. Thus there is a real advantage in 
choosing the engine portion of the system as the basic portion, since, 
as just explained, the true shape of the normal elastic curve for the 
engine portion is then readily obtained by carrying out a frequency 
tabulation with the appropriate effective inertia of the elastically 
connected portion added to the basic system at the point of division Z. 

Aero-Engine/Air-screw Systems.—An aero-engine/air-screw 
installation is probably the most important application of the 
Effective Inertia Method of torsional vibration analysis. Enough 
has already been said to indicate that the custom of regarding the 
air-screw as a rigid body is liable to cause quite important errors in 
the determination of critical zones and the magnitudes of the vibra¬ 
tory amplitudes occurring in those zones. This is especially the 
case with modem highly efficient, high duty air-screws fitted with 
the lightest permissible metal blades, and experience has shown 
that the flexibility of these blades does have a marked influence on 
the torsional vibration characteristics of the power plant. 

In applying the effective inertia method to an engine/air-screw 
installation the complete oscillating system comprising the engine 
and air-screw is regarded as separated at the air-screw hub, the 
engine portion being treated as the basic system and the air-screw 
complete with its hub as the elastically connected portion. 

The timing curve for the engine system is obtained by carrying 
out a sufficient number of frequency tabulations covering the 
frequency range likely to be of practical interest, as already explained. 
For example, if it is known that harmonic components of the engine 
torque curve higher than the 10th order axe unlikely to cause appreci¬ 
able vibratory disturbances, and if the maximum operating speed of 
the engine is 3000 r.p.m., then there is no real need to carry the 
frequency range of the tuning curve above about 35,000 vibs./min. 
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The diagrams and formula in Fig. V will be found useful for 
sketching down the general shape of the tuning curves for various 
engine aggregates. 

If the engine is geared to the air-screw, since the assumed point 
of division of the original system is in the air-screw shaft at the air¬ 
screw hub, it is simpler not to convert the original system to an 
equivalent system reduced to crankshaft speed, i.e. the real values 
of all masses and elasticities should be used in the frequency tabula¬ 
tions as shown, for example, in Tables 24, 25, or 36. 

In this way the influence of gear inertia is automatically and 
correctly taken into account. Furthermore, the effective inertia 
curve for the elastically connected portion, i.e. for the air-screw, 
then gives the real values of the effective inertias corresponding to 
different frequencies, which is an advantage when applying the 
experimental method to be described later. 

The plotting of the tuning curve for the engine or basic 
system presents no serious difficulties, however many masses and 
shafts compose the engine system and whether the engine is geared 
or not. The real practical difficulty arises when attempting to plot 
the effective inertia curve for the air-screw, since the mass/elasticity 
characteristics of the air-screw blades cannot be correctly represented 
by a series of concentrated masses connected by massless shafts, and 
the problem is so complex that no complete mathematical analysis 
has yet been made. 

Mathematical solutions for blades of simple form such as 
uniform laths of rectangular cross-section, and tapered laths of a 
particular form, have been worked out, however (see " Airscrew 
Blade Vibration,” B. C. Carter, Journal R.Ae.S., Sept., 1937), and 
these form a useful indication of the results to be expected from 
actual blades. 

Fig. VIII shows a portion of the effective inertia curve for an 
air-screw with blades of uniform rectangular section, from which it 
is noticeable that the form of the curve is similar to that for a heavy 
shaft of uniform cross-section shown in Fig. V, bearing in mind that 
the curve in Fig. V is the tuning curve for the heavy shaft and that 
the corresponding effective inertia curve is its mirror-image about 
the 0 —F axis. 

Just as in all the previous examples, the effective inertia of 
the air-screw at zero frequency is equal to the polar moment of 
inertia of the air-screw regarded as a rigid body, i.e. J z — J 0 when 
F = 0. 

The frequency values in Fig. VIII at the asymptotes correspond 
to infinite effective inertia, the physical meaning of which is that 
there is a node at the air-screw hub or, in other words, that the 
blades vibrate as though fixed at the hub. These modes of vibration 
will be referred to as fixed root modes, the lowest mode corresponding 
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to vibration of the blades as simple cantilevers built-in at the hub 
as shown in the diagrams at the top of Fig. VIII. 



Where: 

D, . Shaft, 

1 Blades Feathered. (oc,= 90 °) 
(Flat ms e /id?) 


f~Zero Pitch (cc~ 0 °) 
(Edgewise 11 / 6 ?) 


Pitch Angie 



oj = F/g-55 Radians/Sec. 

F - Frequency, in Vibrations/Min, 
w = Mass per Unit Length. 

£ = Modaius of Elasticity, in Lbs./Ins/ 

I = Moment of Inertia of Cross-Section 
of Beam about Neutral Axis. 

L = Length of Bean?, in Ins. (see Diagram) 
J%= Effective Polar Moment of Inertia 
about Axis of Shaft, in Lbs. Ins. Sec 5 
J 0 - Polar Moment of Inertia of Beam regard¬ 
ed as a Rigid Body, in Lbs. Ins. Sec? 

= 71.77i. iy 3 Lbs. Ins. Sec ? 
tv = Number of Beams, i.e. Number of B/ades. 


Fig. VIII. —Effective inertia curve for a uniform rectangular beam. 


The frequency values where the several branches of the tuning 
curves cross the 0 —F axis correspond to zero effective inertia at 
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the hub, the physical meaning of which is that there is no inertia 
restraint at the hub and the hub therefore simply rocks to-and-fro, 
as shown in the diagrams at the top of Fig. VIII. 

The expression for the frequencies of the fixed root and rocking 
hub modes can be written 

F = QUD/L 2 vibs./min., 
where F = frequency in vibs./min., 

D = depth of beam in inches, 

L = length of beam in inches, 

Q = a constant which depends on the material of the beam, 
= 558,000 for steel, 

= 548,000 for duralumin, 

= 540,000 for magnesium alloy (elektron), 

= 473,000 for compressed and impregnated wood, 

— 380,000 to 467,000 for wood (mahogany and walnut), 
= 373,ooo for bronze, 

Note: Q = 54-3VE/p, 

U = a constant which depends on the mode of vibration, as 
follows:— 

For the Fixed Root Modes, i.e. when J g — inf. (asymptotes), 

U = 3.52, 22*03, 617,120*9, 20 °, 2 99, 4 I 7i etc *, 
or (77-/2) 2 , (3. 7 r/ 2 ) 2 , (5. 77-/2) 2 , (7. 7 r/ 2 ) a , etc., approximately. 

For the Rocking Hub Modes, i.e. when ] z = 0, 

U = 15*42, 50*0,104*2, 178, 272, 386, etc., 

.or (5.77/4) 2 , (9. tt/4) 2 , (13.77-/4) 2 , ( I 7 • W4) 2 , etc., approximately. 

It should be noted that these frequencies are independent of the 
width of the beam, but are directly proportional to the depth D. 
It should also be noted that the frequencies are inversely propor¬ 
tional to L if the ratio D/L remains constant. 

In calculating the frequencies and equivalent inertias for a 
uniform rectangular beam care should be taken to use the correct 
value for the depth D, namely, that dimension of the rectangular 
cross-section which lies in the plane of rotation of the shaft, as shown 
in Fig. VIII. This implies that two distinct families of effective 
inertia curves exist according to whether the beam vibration is 
edgewise, i.e. with the longer side of the rectangle in the plane of 
rotation, or flatwise, i.e. with the shorter side of the rectangle in the 
plane of rotation. It is evident that both the fixed root and rocking 
hub modes of vibration occur at higher values for edgewise than for 
flatwise vibration. 

As long as the beam is set with the longer side of the rectangle 
in the plane of rotation, corresponding to zero pitch in the case of 
an actual air-screw, only edgewise vibration can be excited by the 



TORSIONAL VIBRATION PROBLEMS 


696 

component harmonics of the engine torque. Conversely, if the 
beam is set with the shorter side in the plane of rotation, corre¬ 
sponding to the feathered condition in the case of an actual air-screw, 
only flatwise vibration can be excited. 

The slightest deviation from either of these settings, however, 
implies that both edgewise and flatwise vibration must be taken 
into account, and this is the condition which must be dealt with in 
an actual air-screw. 

A little reflection will reveal, therefore, that the resultant 
effective inertia curve for an actual air-screw must contain all the 
asymptotic values corresponding to the fixed root modes of vibra¬ 
tion, both edgewise and flatwise, irrespective of the pitch setting of 
the blades. This is the only general conclusion which can be drawn 
since the shapes of the branches of the resultant effective inertia 
curve between the asymptotes and the points at which these branches 
cross the 0 —F axis do depend on the pitch angle a. 

Furthermore, the resultant effective inertia curve cannot, in 
this case, be obtained by direct summation of the effective inertia 
curves for edgewise and flatwise vibration. The resultant values 
must be determined by applying the following formula :— 

J* — [(Xf • s in 2 a) -f- (J„. cos 2 a)], 

where ] z — resultant effective inertia for air-screw with blades set 
at pitch angle a, 

J e — effective inertia when a = o° (edgewise vibration), 

J, = effective inertia when a = 90° (flatwise vibration). 

It should be noted that since J 0 , the polar moment of inertia of 
the air-screw, when it is regarded as a rigid body, is the same for 
edgewise as for flatwise vibration, then at zero frequency, 

J* = Jo (sin 2 « + cos 2 a) = J 0l 

i.e. the value of ] z at zero frequency is J 0 for the resultant effective 
inertia curve as well as for the separate effective inertia curves for 
edgewise and flatwise vibration. 

If the resultant effective inertia curve is plotted for a given value 
of a, it will be found that the flatwise zones are much more sharply 
tuned than the edgewise zones. It is therefore more difficult to 
initiate and sustain flatwise vibration, a fact which is usually found 
to agree with practical observations. It will also be found that pitch 
changes do not appreciably affect flatwise modes but do have a 
considerable influence on edgewise modes. Hence in cases where 
an edgewise vibration occurs, it shou’d be borne in mind that 
pitch changes might have an appreciable influence on the resonant 
frequency. 

So far only those modes of vibration which are excitable by the 
component harmonics of the shaft torque have been considered. In 
addition to these modes, however, an air-screw blade is capable of 
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vibration both flatwise and edgewise as a free-free beam. These 
modes of vibration are usually referred to as symmetrical modes, 
since, for example, in a two-bladed air-screw the hub oscillates 
along the shaft axis with the blade tips oscillating in the opposite 
direction. The natural frequencies of the various modes of sym¬ 
metrical vibration are given by the same expression as for the 
torsional modes, namely, 

F = QUD/L 2 vibs./min., 

where, in this case, 

When the effective inertia of the air-screw is zero, 

U = 5 - 54 . 30*2, 74-5, etc., 

or (3 . tt/4) 2 , (7.71/4) 2 , (11. tt/ 4) 2 , etc., approximately; 

When the effective inertia of the air-screw is infinite, 

U == 3*52, 22*03, 617, etc., 

or (I), (rrf, a PP roximatel y* 

It should be noted that the values of U for the symmetrical 
modes when the effective inertia of the air-screw is infinite are the 
same as for the fixed root modes previously discussed. 

Also, as before, Q = a constant which depends on the material 
of the blades, as previously given, 

D = depth of blade in inches 

= width of blade for edgewise vibration 
= thickness of blade for flatwise vibration, 

L = length of blade in inches, see Fig. VIII. 

In normal cases the symmetrical modes occur independently of 
the torsionally excited modes, since there is no appreciable coupling 
whereby the component harmonics of the shaft torque are able to 
excite symmetrical blade vibration. 

It should be mentioned, however, that under certain circum¬ 
stances a strong coupling action can occur. For example, in the 
case of an engine directly coupled to an air-screw the torque impulses 
are capable of exciting axial vibration of the crankshaft. If, there¬ 
fore, the thrust bearing between the air-screw and the crankshaft 
is slack these axial motions can be transmitted to the air-screw hub 
and so excite symmetrical blade vibration. 

The foregoing discussion indicates that even in the case of a 
simple non-rotating blade of uniform rectangular cross-section the 
mathematical problem is difficult. In an actual air-screw this 
difficulty is greatly increased and no complete mathematical treat¬ 
ment has yet been achieved, even for the case of a non-rotating 
blade. 
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Furthermore, even if a mathematically correct solution could be 
obtained there would still remain some doubt as to the exact degree 
of blade root fixation, particularly in the case of variable pitch 
air-screws. 

Fortunately, however, the effective inertia method of attacking 
the problem leads to a comparatively simple experimental arrange¬ 
ment for determining the resultant effective inertia curve for an 
air-screw. 

Experimental Method of Determining the Resultant 
Effective Inertia.—Fig. IX shows the experimental apparatus. 
The upper diagram shows a non-rotating testing arrangement in 
which torsional impulses of known frequency are applied to the 
hub of a stationary air-screw. The impulses are generated by a 
suitable exciter, consisting, for example, of a series of unbalanced 
masses evenly disposed round a housing which is connected by a 
more or less flexible shaft to the air-screw hub, the housing being 
held from rotating by light springs. 

The masses are driven by a central sun wheel which, in turn, is 
driven by a variable speed electrical motor. The unbalanced masses 
thus transmit a sinusoidal torque T z , of known frequency F, through 
the connecting shaft to the air-screw. 

For any given value of the applied frequency F, the torque T z , 
at the air-screw hub, is measured by an electrical or mechanical 
torsional strain gauge, whilst simultaneously the hub amplitude 6 Z 
is measured by a torsiograph of the inertia-flywheel type. Descrip¬ 
tions of suitable instruments are given in Chapter 8. 

Now, torque == (polar moment of inertia) x (angular accelera¬ 
tion), 

i.e. % = J z . d ,. <o 2 , 

or J, = T 

Thus for any given value of to the value of the effective inertia 
at the point of attachment of the hub can be determined from the 
above expression, since T z and 6 Z are known. 

In carrying out a test the applied frequency is increased in 
small steps from zero, and values of to = F/9-55 and of T z and’ 6 e 
are obtained for each step. 

The plotting of the complete resultant effective inertia curve 
for the air-screw is then merely a question of obtaining a sufficient 
number of values of J z . 

The curve will be of the general form shown in Fig. VIII and 
by starting at zero frequency and gradually working up the frequency 
range the correct sign for J z is automatically determined. As 
previously explained, there is some advantage in plotting the 
function TJd g against F instead of J 2 = TJ(B Z . w a ). 
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In the case of variable pitch air-screws, at any rate until further 
light is shed, on this complex subject, it is desirable to carry out 
separate tests with a number of different pitch settings, including the 
zero pitch and feathered conditions. In most cases it will be found 
that there are comparatively small changes of J z when the pitch is 
varied over the normal range encountered in practice, excluding, of 




Frequency Control 
Motor 

Rotating Airscrew 

Fig. IX.—Air-screw vibration testing 'equipment. 


course, the zero pitch condition when only edgewise modes are excited 
and the feathered condition when only flatwise modes are excited. 

A fundamental defect of the static method just described is the 
necessity for applying correcting factors to take into account the 
influence of centrifugal force on a rotating air-screw. This influence 
is twofold, firstly there is a virtual stiffening action on the blades 
which tends to raise the frequencies, and secondly the degree of 
blade root fixation is liable to change. 
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This defect is overcome in the apparatus shown at the bottom 
of Fig. IX, where the pulsating torque is applied to the air-screw 
hub through a torque tube whilst the air-screw is rotating. The 
air-screw is driven through a very flexible shaft which serves to 
isolate the main driving motor, N, from the pulsating system. 
The torque impulses are generated by an exciter which consists of 
a series of -unbalanced planetary masses driven by an annular wheel, 
which, in turn, is driven by a separate variable speed electrical motor. 

The apparatus should be designed so that the applied frequency 
can be varied independently of the r.p.m. of the air-screw to enable 
the influence of rotation on blade frequency to be studied. 

A description of some practical apparatus of the types shown dia- 
grammatically in Fig. IX is contained in a paper entitled " Airscrew 
Blade Vibration," by Major B. C. Carter (Journal R.Ae.S., 1937). 

If the simpler arrangement shown at the top in Fig. IX is used, 
the resultant effective inertia curve must be corrected for the effect 
of rotation before applying the results to an actual example. The 
general effect of rotation is to stiffen the air-screw and so raise the 
natural frequencies. 

A stationary air-screw blade vibrates by virtue of the elastic 
restraint due to the bending stiffness of the material, and in the 
absence of this property the frequency would be zero. Imagine, 
however, a rotating body without bending stiffness, e.g. a cord or 
chain, then the effect of centrifugal force on the particles composing 
the body is to cause the chain to rotate stiffly about the axis of 
rotation with its particles lying along a straight line originating at 
the centre of rotation. If the chain is disturbed during rotation the 
centrifugal force tends to restore all particles to the equilibrium 
position, thus initiating vibrations of a definite frequency. 

Let 8 m = the mass of a particle, 

(o — angular velocity of rotation, 
r = radius at which particle is situated. 

Then, centrifugal force = 8 m . a> 2 . r. 

Now assume that the particle is displaced through a small angle 6 
from the equilibrium position, then the circumferential displacement 
is r . 6 and there is a restoring force acting circumferentially and of 
magnitude 8 m . a? . r . sin 8 tending to restore the particle to its 
equilibrium position. For small angles this restoring force is very 
nearly 8 m . tu 2 . r . 6 . 

Hence, F = natural frequency of particle = 9*55 / restoring force 

_ ' _" V dispt. X mass 

= 9*55 V 8 m . co a . r . 9 f(r . 9 . 8 m) 

= 9*55 

= N, where N is the r.p.m. of the chain 
about its axis of rotation. 
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And, since this result holds for all particles of the chain, irrespective 
of the mass distribution along the chain, it follows that the natural 
frequency of a rotating chain, i.e. of a body without bending stiffness, 
is equal to the r.p.m. of the body about its axis of rotation. 

In a rotating air-screw blade the restraint due to the action of 
centrifugal force is supplementary to the elastic restraint of the 
material. 

Now when a mass M is controlled by two springs of inch rates 
K x and K 2 arranged in parallel, then the total elastic restraint is 
(Kjl -f K 2 ) and the natural frequency of the system is 

F = 9-55 VlKi + K 2 )/M, i.e., F 2 = 91-2 (K a /M + K 2 /M). 

Now 9-55 V K-t/M is the natura l freq uency of the mass with 
spring K x acting alone, whilst 9*55 V K^M is the natural frequency 
of the mass with spring K 2 acting alone. 

Hence, F 2 = Fj 2 + F 2 2 . 

Thus, in the case of an air-screw blade, if F 8 is the natural fre¬ 
quency of the non-rotating blade and F 2 is the frequency when the 
bending stiffness of the rotating blade is neglected, then, remembering 
that F 2 = N, 

F 2 = F, 2 + N 2 . 

This expression, however, is only an approximation to the true 
value of the natural frequency of the blade, since the configuration 
of a rotating and vibrating blade differs from that of a non-rotating 
vibrating blade, and also from that of a rotating and vibrating chain. 

It is customary, therefore, to employ the following semi-empirical 
expression :— 

F 2 = + S . N 2 , 

where S is a factor to be determined by experiment. 

Unfortunately there is considerable inconsistency between the 
values of S determined by different investigators even for the same 
mode of vibration. 

This is probably due to certain fundamental differences between 
the conditions under which the individual experiments were carried 
out. For example, it seems reasonable to assume that the form of 
the air-screw blade itself will have an appreciable influence on the 
value of S, since the effect of centrifugal loading is likely to be 
different for, say, a circular root section than for a rectangular or 
aerofoil root section. 

It is not surprising, therefore, to find published values of S 
varying from 1*4 to 17 for the fundamental fixed root mode ; from 
4-0 to 6-o for the second fixed root mode ; 12-0 to 12-3 for the third 
fixed root mode; and 21 to 24 for the fourth fixed root mode. In 
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the absence of specific data the average of these values should be 
used but the results obtained should be regarded with caution. 

These values apply to the fixed root modes, the values for the 
rocking hub modes being obtained as follows :— 

S' — S(F' s /F s ), 

where S' = factor for rocking hub mode, 

F' a = rocking hub frequency for non-rotating air-screw, 

S = factor for fixed root mode, 

F s = fixed root frequency for non-rotating air-screw. 

There is one more complication to be considered before the centri¬ 
fugal correction can be applied to the resultant effective inertia 
curve for the non-rotating air-screw. This is due to the fact that 
the correcting factor is a function of the rotational speed of the 
air-screw. 


Let N e = r.p.m. of engine crankshaft, 

n = order number of the component harmonic of the engine 
torque which is exciting the blade vibration under 
consideration, 

p = gear ratio = (air-screw r.p.m.)/(engine r.p.m.), 

F s = fixed root frequency for non-rotating air-scretf, in 
vibs./min., 

F = fixed root frequency for rotating air-screw, in vibs./min. 
Then, N = r.p.m. of air-screw = N c . p, 
also N c = F jn, 


i.e. 

Hence, 

or 


N = F. pjn. 

F 2 = F s 2 -f S(F. pjn) 2 , 
F a 

F 2 =_£_*_ 

I s. p*K 


This expression enables the corrected values of the fixed root 
frequencies to be determined and also, by replacing S by S' and 
F s by F'j, the corrected values of the rocking hub frequencies. 

These corrected values enable the corrected positions of the 
asymptotes and of the points at which the branches of the resultant 
effective inertia curve cross the 0 —F axis to be plotted. The 
branches themselves can then be sketched in by assuming that each 
point on a branch shifts an amount proportional to the shift of the 
corresponding asymptote and zero point. It should be clearly 
understood that this procedure is merely an approximation, and 
that the true shape of the corrected branches can only be obtained 
from actual tests. 

An important characteristic of the foregoing expression for the 
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blade frequencies of a rotating air-screw is that for real values of F 
the denominator must be positive, 

i.e. for real values of F, S . p 2 Jn 2 < i, 

also, if S , p 2 jn 2 = i, or n—p V~S, the value of F is infinite, or, 
in other words, blade vibration of the mode for which S is the centri¬ 
fugal correcting factor cannot be excited by harmonic components of 
order number equal to or less than p V S. 

Thus for the fixed root modes the following order numbers 
cannot excite blade vibration :— 

1st mode : S = 1*5, n = 1*22 . p or less. 

2nd mode: S = 5-0, n — 2-23 . p „ 

3rd mode : S = 12*15, n — 3*48 . p „ 

4th mode : S = 22*5, n = 4*74. p 

Similarly, the non-effective order numbers for the rocking hub 
modes can be obtained by substituting S' for S in the above expres¬ 
sion. 

In the case of directly coupled installations, where p = 1, 
assuming that the engine is of the four-stroke cycle type, orders 0*5 
and 1 are non-effective for the 1st fixed root mode; orders 0*5 to 
2*o f01; the 2nd fixed root mode, and so on. For these non-effective 
orders the air-screw is assumed to be a rigid body for the purpose 
of evaluating the natural frequencies of the installation, i.e. the 
resultant effective inertia curve consists of a line drawn parallel to 
the 0 — F axis from the value J a = J 0 , since all blade frequencies 
have moved to infinity. It is evident that geared engines have 
fewer non-effective orders than directly coupled engines. 

Strictly speaking, a separate resultant effective inertia curve 
should be plotted for all order numbers likely to cause trouble in 
the operating speed range, and in most cases this implies plotting 
curves for each order up to the 10th or 12th, excluding, of course, 
the non-effective orders. In the case of the higher order numbers, 
however, and especially where the engine is geared to the air-screw, 
the corresponding air-screw r.p.m. are so low that the centrifugal 
correction is negligible. In any case much labour can be saved by 
determining the approximate values of the frequencies and effective 
inertias by using the effective inertia curve for the non-rotating air¬ 
screw. This will enable the approximate relative magnitudes of the 
torque input energies for different harmonic orders to be determined, 
as previously explained, and from these values it will be possible to 
decide which of them should be investigated more completely. 

Example.—C alculate the natural frequencies of the first fixed root 
and rocking hub modes of vibration when the non-rotating 
frequencies are 3000 and 5000 vibs./min. respectively, assuming 
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that the 4th order excitation is being investigated and that the 
gear ratio between the engine and the air-screw is 0*5. State 
also the non-effective orders, assuming that the engine is of the 
four-stroke cycle type. 

(i) Fixed Root Mode. F s = 3000 vibs./min.; p = 0-5 ; n — 4, 

S = i*5 for the 1st fixed root mode. 


Hence, 


3000 

' V 1 — i*5 X 0*25/16 


= 3035 vibs./min., 


and F = infinity when n — j> V S = 0*5 VT-5 = o-6i, 
i.e. the o*5th order is non-effective in this case. 

(ii) Rocking Hub Mode. F' s = 5000 ; j> = 0-5 ; n == 4, 

S' = S(F' s /F s ) = i*5 x 5000/3000 = 


2 ’ 5 - 


Hence, 

and 


5000 


= = 5100 vibs./min. 


V 1 — 2*5 X 0-25/16 
F = infinity when n = 0*5 = 079, 


i.e. in this case also the only non-effective order is the o*5th order. 

Resultant Tuning Curve .—This is obtained by superimposing the 
tuning curve for the basic system, i.e. the engine system, on the 
resultant effective inertia curve for the air-screw, the points of 
intersection of the two families of curves giving the natural fre¬ 
quencies of the complete installation and also the values of the 
resultant effective inertias of the air-screw. This procedure is 
similar to that previously described for simpler systems, except that 
the following points need special consideration due to the influence 
of rotation on the vibrational characteristics of the air-screw blades. 


(а) For certain order numbers air-screw blade vibration is non- 

excitable. In these cases the air-screw is treated as a 
rigid body, and there is no need to employ the effective 
inertia method for evaluating frequencies and amplitudes. 

(б) A separate resultant effective inertia curve must be plotted 

for the air-screw for all orders where rotation has an 
appreciable effect on the vibrational characteristics of the 
air-screw blades. 

(c) The resultant effective inertia curve for the non-rotating air¬ 
screw can be used for all orders where the influence of 
rotation is negligible. In this connection it is always worth 
while carrying out a trial investigation based on the 
effective inertia curve for the non-rotating air-screw. This 
will enable the relative magnitudes of the harmonic torque 
input energies at different order numbers to be evaluated 
approximately, and thus enable the more detailed calcula¬ 
tions to be confined to those orders likely to be troublesome. 
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Input Energy Due to Harmonic Torque.—Once the true 
natural frequencies of the complete system are known, the resultant 
harmonic torque input energy for unit amplitude at the free end 
of the crankshaft and for any order number is easily obtained by 
carrying out a frequency tabulation commencing at the free end of 
the shaft and using the phase velocity corresponding to the natural 
frequency given by the appropriate intersection on the resultant 
tuning curve. The relative magnitudes of the harmonic torque 
input energies for different order numbers are then obtained from 
phase and vector diagrams in the usual way. 

Caution .—Although it will be found that the value of the effective 
inertia given by the intersection on the resultant tuning curve 
is the value required to complete the frequency table correctly, 
this value cannot be used for calculating the equilibrium 
amplitude of the system, and so enable torsional vibration 
amplitudes to be determined. 

If it is required to determine these amplitudes, then the 
specific amplitude at all points in the oscillating system must 
be known. 

In the case of an air-screw the mass/elastic characteristics 
of the blades are so complex that the only reliable method of 
determining the actual vibratory amplitudes and stresses is 
by actual measurement under operating conditions. 

The vibratory stresses in the engine and air-screw shafts are 
most conveniently determined from torsiograph records taken at 
the free end of the engine crankshaft, since this is always an anti¬ 
node in the oscillating system, and is therefore a suitable point for 
favourable recording with inertia flywheel type instruments (see 
Chapter 8). Analysis of the records will reveal the amplitude and 
frequency in the important critical zones, and from these values 
the vibratory stress in any part of the shaft system is readily deter¬ 
mined by carrying out a frequency tabulation, using the phase 
velocity corresponding to the recorded frequency and commencing the 
table with the amplitude recorded at the free end of the crankshaft. 

Measurements of shaft vibration can also be made at the air¬ 
screw end of the shaft system, but these are not so reliable as those 
taken at the free end of the crankshaft. For example, if a torsio¬ 
graph is used, no measurable vibration will be recorded in those 
critical zones where the air-screw hub happens to be a node. Con¬ 
versely, if a torsionmeter is used no measurable vibration will be 
recorded in those critical zones where the air-screw hub happens to 
be an anti-node. 

The air-screw blade stresses can be measured by means of strain 
sensitive electrical pick-up units secured to the blades at intervals 
along their lengths. A description of these methods is outside the 
vol. i—45 
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scope of the present work, although some information is given in 
Chapter 8. The equipment used by the de Havilland Aircraft Co. 
is described in an article in The Aeroplane, 30 Aug., 1939, p. 281, 
entitled “ Measuring the Stresses in Vibrating Air-screws by 
Electricity.” 

Tuning Curves for Engines fitted with Rotating Pendulum 
Absorbers.—The rotating pendulum absorber is described in detail 
in Chapter 11, where it is shown that the effect of fitting this device 
to a crank element is to change the polar moment of inertia of the 
element to a value which can lie anywhere between positive and 
negative infinity, depending on the tuning of the absorber. More¬ 
over, the value of this equivalent inertia is different for different 
harmonic orders, as explained in Chapter n. It is therefore evident 
that when applying the effective inertia method of torsional vibration 
analysis to a system containing an engine fitted with rotating pen¬ 
dulum absorbers a separate engine tuning curve is required for all 
harmonic orders where the effect of the rotating pendulum is to 
change the polar moment of inertia of the crank masses appreciably. 

Thus an installation comprising an engine fitted with rotating 
pendulum absorbers driving an air-screw probably represents one 
of the most complex systems encountered in practice, since the 
correct disposition of the resonant zones can only be determined by 
the effective inertia method, and in applying this method it is 
necessary to plot separate resultant effective inertia curves for the 
air-screw as well as separate engine tuning curves, for each im 
portant harmonic order. 

The importance of knowing the shapes of the effective inertia 
curves for actual air-screws is only now becoming generally appreci¬ 
ated, so that information on this subject is unfortunately very 
meagre. The following values give a very approximate indication 
of the frequency bands in which various modes of blade vibration 
are likely to fall in practice:— 

1- node in blade, F = 2000 to 7000 vibs./min. 

2- nodes „ F = 5000 to 12000 „ 

3- nodes „ F = 7000 to 18000 

4- nodes „ F = 9000 to 24000 „ 

It has been estimated that if all vibratory excitation could be 
eliminated the specific weight of modem high-duty variable pitch 
air-screws could be reduced from its present value of about 0-33 lb. 
per horse-power to approximately 0-20 lb. per horse-power. The 
possibility of achieving even a proportion of this saving explains 
the very great attention which is being given to vibration problems 
associated with engine/air-screw installations both here and abroad. 
Most of the progress which has been made up to date is due to the 
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development of suitable vibration measuring technique during the 
last few years, notably by Hamilton Standard Propellers in the 
United States of America, by de Havilland Airscrews in this country, 
and by government establishments for aeronautical research in 
Great Britain, the United States, and Germany (see Bibliography), 

One of the difficulties in analysing the results obtained by different 
investigators is lack of uniformity of notation. The ef ective inertia 
method of analysis just described is perhaps the simplest possible 
treatment, since it leads to a simple and straightforward experi¬ 
mental procedure and at the same time gives an excellent physical 
interpretation of the exceedingly complex mathematical problem 
associated with vibration of rotating air-screws. 

Despite the great complexity of the problem, however, and 
despite the very large number of air-screws in service the number of 
failures of variable pitch air-screws in the air is quite negligible, 
which is a tribute to the wisdom of the makers in giving vibration 
study a prominent place in design and test procedure, as well as an 
excellent measure of the success of the methods adopted. 

Up to the present time experience has indicated the importance 
of carrying out a thorough series of vibration tests on each new 
engine/air-screw combination with the object of revealing any 
undesirable vibratory conditions and of obtaining information which 
will enable these conditions to be overcome. 

In this connection it is interesting to note that in a paper entitled 
" Vibration Characteristics of Aircraft Engine-Propeller Systems/' 
S.A.E. Preprint, May, 1939, Charles M. Kearns of Hamilton 
Standard Propellers states, as the result of extensive investigation, 
that air-screw blade design changes are inadequate as a general 
method for solving vibration problems, and that changes in the 
stiffness of the air-screw shaft of relatively small amount have been 
more effective in certain cases than any amount of blade design 
variation. Fundamental data of this kind is of the utmost value, 
and there is no doubt that the next few years will see the aero¬ 
engine/air-screw vibration problem placed on a sure foundation of 
observed facts. In some quarters it is considered that the ultimate 
solution will be to isolate the air-screw from the engine completely, 
and attempts in this direction, using long flexible air-screw shafts, 
are already being tried. Very effective isolation could be obtained 
by using hydraulic or electro-dynamic couplings between the engine 
and the air-screw, but it is doubtful whether these devices could 
be designed within the weight and space limitations imposed by 
aircraft. 
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Absorbers, vibration; See 
“ Dampers.” 

Acceleration, simple harmonic motion: 
angular lo, linear 8. 

Accessory drives ; See " Auxiliary 
drives.” 

Aero-engine/Air-screw systems 692 ; 
Counter-rotating air-screws 599; 
Direct-drive 95 ; Effective inertia 
method of analysis 670, 692; 
Geared 328, 340, 342, 386; See 
"Aero-engines ” and “ Air-screws.” 

AERO-ENGINES: Articulated con¬ 
necting rod systems 457, 486, 548, 
influence on engine torque 462, 470, 
486, influence on inertia torque 464, 
influence on piston displacement 
460, 466 ; Auxiliary drives 350, 
402, camshaft 402, 404, effective 
inertia of 680, supercharger 350; 
Balance weights 191, 494, 503, 514, 
526, 534. 543. 55 2 < 555. influence on 
frequency 347, 505 ; Crankshaft 
stiffness 184, 187, 189, influence 
on torsional vibration 97, 98, 105, 
341, 347, 349, 494 ; Flexible shafts 
and couplings 105, 281, 350; 

Forced vibration, tabulation method 
653; Frequency values 107, 342, 
347, influence of balance weights 
347 . 5°5 ) Friction damper, geared 
engines 350 ; Harmonic compon¬ 
ents of tangential effort, compres¬ 
sion ignition 453, 454, petrol 452, 
455, with articulated connecting 
rods 462, 464, influence of air-screw 
load 603, supercharged engines 
605 ; Mean indicated pressure, 
typical values 608 ; Moment of 
inertia of running gear 130 ; Test¬ 
bed couplings 283 ; Test-bed vibra¬ 
tion 353 ,* Torque curve 603 ; 
Types of aero-engine 95 ; Vibra¬ 
tion amplitudes and stresses at non¬ 
resonant speeds 4x0, 625, 660. 


In-line Engines : Balancing 
504; Crank arrangements and 
firing orders 493, 500, 584 ; Nor¬ 
mal elastic curves 100, 103, 126, 
343 . 355 >' Phase and vector dia¬ 
grams 471, 474, 500, 501. 

Direct-drive : Equivalent systems 
99; Frequency calculations 102 ; 
Frequency tabulations 107; 
Methods of tuning 104; Vibra¬ 
tion characteristics 99, 493. 

Geared: Equivalent systems 342, 
with flexible mountings 361 ; 
Frequency calculations 345, with 
flexible mountings 362; Fre¬ 
quency tabulations 346, with flexible 
mountings 363 ; Methods of tun¬ 
ing 347, 348, with flexible mountings 
388, 392, 394; Vibration char¬ 
acteristics 346, with flexible mount¬ 
ings 367, 392, 507; Wing mounted 
399 . 

Radial Engines : Balancing 488, 
490; Crank arrangements and 
firing orders 484; Double-row 
radials 488, location of master 
cylinders 489; Normal elastic 
curves 97, 355 ; Phase and vector 
diagrams 485, 487; Resultant 

harmonic components for 7- and 
9-cylinder engines 470; Two- 
stroke engines 485. 

Direct-drive : Equivalent systems 
25, 96; Frequency calculations 
25, 96, 97; Methods of tuning 
98 ; Vibration characteristics 96, 
486. 

Geared: Equivalent systems 333, 
with flexible mountings 361 ; 
Frequency calculations 338, 341, 
with flexible mountings 372, 380; 
Frequency tabulations 339, with 
flexible mountings 374, 377, 381, 
384 ; Methods of tuning 341, 342, 
with flexible mountings 388, 392, 
394; Vibration characteristics 
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341, with flexible mountings 367, 
392 , 507 - 

Vee-Engines : Balancing 5x4, 
532, 552, 553, influence of vee- 
angle 558; Connecting rod sys¬ 
tems 457 ; Crank arrangements 
and firing orders 548, 550, 561; 
Effect of altering vee-angle 574, 
575 ; Normal elastic curves 573, 
580, 581; Phase and vector dia¬ 
grams 573, 580, 581, influence 
of vee-angle 567; Vibration 
characteristics 548, 565, with 

different firing orders in each bank 
579 ; See “ In-line engines." 

Aeroplane fuselage, moment of inertia 
of 364. 

Air - screw, Counter - rotating 599 ; 
Effective inertia of 693 ; Experi¬ 
mental determination of effective 
inertia 698; Influence on tor¬ 
sional vibration, radial engines 98, 
in-line engines 104; Moment of 
inertia of 131, 136, 139, 142; 
Phasing of 599 ; Torque variation 
598 ; Weight of 141, 706. 

Air-screw blade: Flexibility of, 
influence on vibration 96, 142, 352, 
355 , 670, 692 ; Materials 153 ; 
Stresses, measurement of 705; 
Vibration of, edgewise and flatwise 
modes 696, fixed root modes 693 ; 
frequency values 706, influence of 
design changes 707, influence of 
pitch setting 695, influence of root 
fixation 698, influence of rotation 
700, non-effective orders 703, rock¬ 
ing hub modes 695, symmetrical 
modes 697. 

Air-screw drives: Armstrong Siddeley 
spring hub 281 ; Flexible shaft 
or coupling 105 ; Quill shaft 349, 
707. 

Aur-screw shaft: Influence on fre¬ 
quency 98, 105, 341, 348, 349; 
Quill drive 349, 707; Torsional 
rigidity 163. 

AMPLITUDE: Camshaft 405 ; Defi¬ 
nition 7 ; Engine, due to un¬ 
balanced parts 505 ; Equivalent, 
geared systems 288 ; Oscillation, 
with rigid shafting 631, 668 ; Per¬ 
missible, accessory drives 402, cam¬ 
shaft drives 405; Relationship 
between linear and angular 10; 
Simple harmonic motion, angular 
xo, linear 7; Specific 58, 60, 67, 
107. 


AMPLITUDE : Equilibrium : Com¬ 
plex systems 692 ; Marine engine / 

propeller system 594, influence of 
propeller phasing 596 ; Marine oil 
engine, one-node 612, 614, two- 
node 617; Marine steam engine 
620, 622; Multi-mass systems 

429, 431, 432, 433 ; Oil Engine/ 

. Generator set 608; Two-mass 
systems 414, 427, 432. 

Forced Vibration: 410, 625 ; 

Two-mass systems, torque at one 
mass 414, 626, torque at two masses 
634, torque at node 639 ; Three- 
mass systems 643 ; Multi-mass 
systems 429, 433, 653 ; Tabula¬ 
tion method, two-mass systems 627, 
three-mass systems 645, multi-mass 
systems 657. 

Relative: Geared systems, two- 
shaft 295, multi-shaft 310 ; Three- 
mass systems 37; Multi-mass, 
systems, approximate 42,47, tabula¬ 
tion method 58, 60, 67. 

Vibration : Definition 7 ; Marine 
steam engine 483 ; At non-reson¬ 
ant speeds ,* See " Forced vibra¬ 
tion Amplitude.” 

Analysis, harmonic ; See “ Harmonic 
analysis." 

Angular motion, relationship to linear 
motion 10. 

Apparent damping, 126. 

Armstrong Siddley flexible hub for 
air-screws 281, 282. 

Articulated connecting rods 457; 
Influence on engine torque 462, 470, 
486; Influence on inertia torque 
464 ; Influence on piston displace¬ 

ment 460, 466 ; Radial engines 461, 
486 ; Vee-engines 548, 

AUTOMOBILE ENGINES: Articu¬ 
lated connecting rods 457 ; Auxil¬ 
iary drives 402 ; Balance weights 
I 57 » I 94 : Balancing 504, 510 ; 
Crank arrangements and firing 
orders 493, 500 ; Crankshaft stiff¬ 
ness 193; Equivalent systems 
88; Flexible mountings 409; 
Frequency calculations 91 ; Fre¬ 
quency values 95 ; Harmonic com¬ 
ponents of tangential effort, com¬ 
pression ignition 453, 454, petrol 
436, 452, 455, influence of engine 
load 607 ; Mean indicated pres¬ 
sure, typical values 608 ; Methods 
of tuning 94, 408; Moment of 
inertia of running gear 130 ; Nor- 
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mal elastic curves 89, 126 ; Torque 
variation 407 ; Transmission sys¬ 
tems 88, 90, 299, 407; Vee- 
engines 548, influence of V-angle 
552 ; Vibration characteristics 88, 
299, with flexible mountings 409 ; 
See " Aero-engines.” 

Auxiliaries : Chain or belt driven 403 ; 
Effective inertia of 680 ; Engine 
driven 128, 402; Influence on 
vibration characteristics of main 
system 402 ; Lever driven 129 ; 
Moment of inertia of 128 ; Per¬ 
missible amplitudes 402, 405 ; 
Quill drive 350. 


RaCKLASH ; Camshaft drives 
405 ; Gears 351, 399 ; Splined 
and serrated shafts 163. 

Balance weights: Aero-engine 191, 
347 - 494 . 5 «> 3 . 5 <> 5 . 526; Auto¬ 
mobile engine 157, 194 ; In-line 
engines 495, 5*4. 534. 5431 In¬ 
fluence on frequency 79, 347; 
Influence on moment of inertia 
130 ; Marine oil engines 83, 87, 
88 ; Moment of inertia of 117, 
157; Oil engine /generator set 78, 
79; Vee-engines 514, 532, 552, 
555 - 

Balancing : Automobile engines 510 ; 
In-line engines 504, comparative 
calculations 507, influence of higher 
order forces and couples 513; 
Method of comparing engine balance 
505; Primary balancers 528; 
Radial engines 488, 490 ; Rela¬ 
tive importance of forces and 
couples 511, 513 ; Relative im¬ 
portance of primary and secondary 
unbalance 506; Secondary bal¬ 
ancers 514 ; Vee-engines 514, 532, 
552, influence of vee-angle 558. 

Bearing, influence of clearance and 
restraint, 186, 193, 205. 

Bearing loads 495, 523. 

Belt drives, engine accessories 403. 

Bibby flexible coupling 262 ; Design 
of 268 ; Proportions 263, 267 ; 
Resilience 265 ; Strength of 268. 

Bibliography 708. 

Blohm and Voss, torsionally rigid 
coupling 401. 

Branched systems ; See “ Geared 
systems.” 


Calculating machine, mechani¬ 
cal, use of 684. 

Camshaft drives 402 ; Amplitudes 
405 ; Torque variation 405 ; 
Tuning 404. 

Carburettor: See “Induction 
system.” 

Carter, empirical formula for crank¬ 
shaft stiffness 187. 

Chain drives 403. 

Coefficient of speed fluctuation ; See 
" Cyclic irregularity.” 

Coefficients for kinetic energy and 
moment of inertia of reciprocating 
masses 120, 121. 

Comparison of frequency calculations, 
multi-mass systems 43, 49, 

Compression ignition; See “ Oil 
engines." 

Concentration, Stress ; See “ Stress 
concentration.” 

Concentric gears ; See “ Gears.” 

Connecting rod: Big-end load, method 
of reducing 495 ; Effect of obli¬ 
quity 119 ; Equivalent dynamic 
system 117, 446; Moment of 
inertia 1x7; See "Articulated 
connecting rods.” 

Connecting rod couple, influence on 
tangential effort 445. 

Correction factors for multi-mass 
system frequency calculations 50, 
76. 

Correction for mass of shaft: One- 
mass system 14, 16 ; Two-mass 
system 25 ; Multi-mass system 
148. 

Counterweights; See “Balance 
weights.” 

Couple, vibration caused by 511. 

Coupled frequencies; Air-screw blades 
352, 692 ; Engine mountings 358, 
386 - 

Couplings : Flexible; Electro-dyna¬ 
mic 707 ; Hydraulic 408, 707 ; 
Keyed 163 ; Shaft, torsional ri¬ 
gidity of 162 ; Torsionally rigid 
type 400 ; Turbine claw type 401; 

See *' Flexible couplings.” 

Crank masses, moment of inertia, 129. 

Crank sequence and firing order ; See 
" Firing order.” 

Crankcase, vibration of 127, 523 ; 
Distortion of 400, 495; See 
“ Engine frame.” 
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Crankpin; Moment of inertia o 
113 ; Torsional rigidity of 185 
with eccentric bore 203. 

Crankshaft: Arrangements, in-lin< 
engines 493, 500, geared 584, vee 
engines 548, 550, 561; D.V.L 
fatigue testing machine 424 
Forgings 495, 530 ; Moment o: 
inertia of; See " Moment 0: 

inertia.” 

Crankshaft stiffness 184 ; Aero-en¬ 
gines 189; Automobile engine 

193 ; Carter formula 187; Em¬ 
pirical formula 192 ; Experimen¬ 
tal determination of 204; In¬ 
fluence of bearing clearance 186. 

■ 193, 205 ; Influence of web form 
200, 347 ; Method of altering 77 
Strain energy method 193 ; Various 
engines 189. 

Influence on torsional vibration 
50 ; Aero-engine, in-line 97, 98, 
105, 494, geared in-line 347, 349, 
radial 341 ; Automobile engine 
94, 408 ; Marine oil engine 81, 86, 
87 ; Oil engine/generator set 77. 

Crankweb : Influence of web form on 
stiffness 200,347; Moment of inertia 
of 114, 156, with integral balance 
weights 157; Torsional rigidity 
of 185, 200. 

Critical speeds : Definition 410 
Major 433. 

Cyclic irregularity : Calculation 633 ; 
Influence on governing character¬ 
istics 406 ; Marine oil engine 666, 
669 ; Two-mass system 633, 635, 
639; Three-mass system 648 
Multi-mass system 665. 

Cyclic variation of natural frequency, 
126. 

Cylinders, influence of number of 77. 

Daimler fluid flywheel 408. 

Damper, automobile system 408; 
Geared system 350; Rotating 
pendulum absorber 706. 

Damping: Apparent, due variation 
of moment of inertia 126 ; In ac¬ 
cessory drives 404 ; Influence on 
frequency 14; Proportional to 
velocity 14. 

Damping forces 14. 

Deflection of rubber-in-shear couplings 
283, 285. 

Deflection of shaft, torsional 3. 


Degree numbers, definition 52, 71, 437. 
Detonation, limitation on M.E.P. of 
aero engines 604. 

Detuning effect of reciprocating masses 
125. 

Diesel engine ; See " Engine.” 
Diesel-generator; See “Oil engine/ 
generator.” 

Direct-coupled generator sets 71 ; 

See “ Oil engine/generator.” 
Displacement, simple harmonic motion 
angular 10, linear 7; Relation¬ 
ship between linear and angular 10. 
Dyriaflex rubber-in-shear couplings 
282. 

Dynamic magnifier : Undamped 415, 
definition 415 ; Table of values, 
constant excitation 417, inertia 
excitation 418; Two-mass systems 
415 - 

Dynamic vibration absorber 650. 
Dynamometer, hydraulic, vibration 
originated by, 600. 

EfFECTIVE inertia curve ; Air¬ 
screw blades 694, correction for 
rotation700; Experimental 
method of determining 698 ; Fly¬ 
wheel with flexible spokes or over¬ 
hung rim 679; Heavy shaft 
system 690; Simple branched 
system 681; Two-mass system 
672; Three-mass system 675 ; 
Multi-mass system 685 ; Uniform 
rectangular beam 694. 

Effective inertia method of torsional 
vibration analysis 670 ; Aero¬ 
engine/air-screw systems 692,geared 
693 ; Engines with rotating pen¬ 
dulum vibration absorbers 706 ; 
Flywheel with flexible spokes 677 ; 
Heavy shaft system 685 ; Two- 
mass system 670; Three-mass 
system 674 ; Multi-mass system 
683 ; Simple branched systems 680. 
Effective momentof inertia, referred to 
free end of shaft, multi-mass systems 
432; Marine oil engine 615 ; 
Oil engine/generator set 610. 

Elastic deformation of shafts, laws 
governing 1. 

Elastic hysteresis ; See " Hysteresis.” 
Elastic limit, definition 1. 

Elastic moduli, table of values 164, 
233 - 

Dlastic vibrations 2; See “Vibrations. ” 
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Elastically connected mass, equiva¬ 
lent inertia of 209, 235, 670. 

Elasticity, definition x ; Equivalent 
159 ; See " Torsional rigidity.” 

Electrical generating sets ; See “ Oil¬ 
engine /generator. ’' 

Electrical strain gauge 705. 

Electro-dynamic couplings 707. 

ENERGY :• Kinetic, definition 4, 
clue to recip. masses 121 ; Poten¬ 
tial, definition 2 ; Strain, defini¬ 
tion 2, calculation of 18 ; Torque, 
multi-cylinder engines 470 ; Vi¬ 
bration, definition 4. 

Energy input, due to harmonic torque, 
heavy shaft systems 691, aero-engine 
/air-screw systems 705. 

ENGINES : Accessories, influence on 
torsional vibration 402 ; Balanc¬ 
ing 504. 553 I Dimensions, in¬ 
fluence on frequency 78 ; Frame 
vibration 127, 358, 513, 541, 543 ; 
Location of, to minimise structural 
vibration 512 ; Method of com¬ 
paring balance 505, 512 ; Moment 
of inertia of, on flexible mountings 
389 ; Similar, properties of, 78 ; 
Torque reaction 541, 543. 

Influence of Crank Sequence and 
Firing order on Vibration and 
Balance : Four-stroke cycle, single- 
acting, in-line engines 513 ; Two- 
stroke cycle, single-acting, in-line 
engines 528; Two-stroke cycle, 
double-acting, in-line engines 538 ; 
Vee-engines 548, choice of vee- 
angle 549 ; Tables 500, 501, 502, 
550 ; See “ Aero-engine,” " Auto¬ 
mobile engine,” “ Oil engine,” 
"Marine engine,” and " Vee-engine.” 

Engine mounts, flexible 358 ; Auto¬ 
mobile engine 409 ; Design of 367, 
389, 507 ; Force transmitted 508, 
510; Influence on torsional vibra¬ 

tion, direct-drive engines 359, geared 
engines 359, simple gears 360, con¬ 
centric gears 369, epicyclic gears 
378 . 

Epicyclic gears ; See " Gears.” 

Equilibrium amplitude ; See " Am¬ 
plitude.” 

Equilibrium stress ; See " Stress.” 

Equivalent amplitude, geared systems, 
288. 

Equivalent disc, method of determin¬ 
ing moment of inertia 132. 
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Equivalent elasticities 159. 

Equivalent inertia, geared systems 
288, 333 ; Elastically connected 
mass 209. 

EQUIVALENT LENGTH : 59, 159 ; 
Automobile crankshafts 193 ; Cast- 
iron and bronze shafts 164 ; Com¬ 
plex shaft 165 ; Shaft couplings 
162 ; Shaft fillets 162 ; Shafts 
of non-circular cross-section 167, 
l 7 °> x 73 I Shafts of varying dia¬ 
meter 162; Solid and hollow 
shafts 159 ; Tapered shafts 161 ; 
Various types of crankshafts 186. 

Equivalent masses in; Geared 
system 287. 

EQUIVALENT OSCILLATING 
SYSTEMS 109; Aero-engine/air- 
screw systems, direct drive 95, 96, 
99, geared in-line 342, geared radial 
333/ with flexible mountings 361 ; 
Air-screws 355 ; Automobile trans¬ 
mission systems 88, 90 ; Flywheel 
with flexible spokes 679 ; Geared 
systems 287, two-shaft 289, three- 
shaft 297, multi-shaft 303 ; Marine 
installations 38, 44, 50, oil engine 
64, 109, exhaust steam turbine, 
geared 299, geared turbine and 
reciprocating engines 315; Oil 
engine/generating sets 45, 50, 57, 
109 ; Two-mass system 38 ; Three- 
mass system 38. 

Equivalent torque, geared systems 
288. 

Equivalent torsional rigidity, geared 
systems 288, 333, 340 ; Influence 
of gear flexibility 350. 

Exciting forces ; See " Forces." 

Exhaust steam turbine systems 299, 
315 - 

Experimental demonstration of tor¬ 
sional vibration 5. 

Experimental determination of crank¬ 
shaft stiffness 204; Opposed- 
piston engine 204. 

Experimental determination of 
moment of inertia 145 ; Example 
147 - 

Experimental determination of re¬ 
sultant effective inertia in complex 
systems 698. 

Experimental determination of vi¬ 
bration amplitudes in aero-engine/ 
air-screw systems 705. 
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r AN drive, breakdown of, 483. 
Fatigue stress ; See “ Stress.” 
Fatigue testing machine, D.V.L., 424 
Fillets, shaft, influence on torsional 
rigidity 162, 

Firing angle, for cancellation of a par¬ 
ticular harmonic order; Between 
banks of vee-engines 568 ; Be 
tween cranks of geared engines 585 
587 ; Between master cylinders 0: 
double-row radial engines 491. 
Firing order, influence on torsional 
vibration 476, in-line engines 493. 
radial engines 484, vee-engines 548 : 
Influence on frame vibration 541, 
543 ; Influence on induction 517, 

563 ; Opposed-piston engines 528, 

53 °, 532 . 

Firing, simultaneous, of two cylinders 
of an in-line engine : Four-stroke 
engines 5x9, 526, 527; Two-stroke 
single-acting engines 533, 536, 538 ; 
Two-stroke, double-acting engines 
542, 544, 545, 546; Geared en¬ 
gines 586 ; Vee-engines 579. 
Flexible connection, reduction gear 
388. 

FLEXIBLE COUPLINGS: Aero¬ 
engine 105, spring hub 281 ; Bibby 
see " Bibby ” ; M.A.N. sleeve 
type 252, design of 255; Non¬ 
linear type, in geared systems 308 ; 
Resilience of 220; Rubber-in¬ 
shear type 270, design of 279 
Spring plate type 258, design of 
261; With flexible spokes 2x3 
design of 226 ; With helical springs 
243, design of 246, torsional rigidity 
of 245. 

Flexible mountings ; See " Engine 
mounts.” 

Flexible shafts, in aero-engine/air¬ 
screw systems 105; In geared 

marine installations 396. 

Flexible spokes 213; Fixed at 

both ends 214; Flywheel 213, 
235, 677, 680 ; Insecurely fixed 
215 ; Resilence of 220 ; Stresses 
in 221 ; Torsional rigidity of 221 ; 
Uniformly stressed 217. 

Flexibly connected mass 209. 

Flexual resilience 223. 

Fluctuating stress, 232. 

FLYWHEEL: Automobile engines 
92 , 93, 94 Camshaft drives 405 ; 
Daimler fluid 408 ; Dimensions, 1 


A.C. and D.C. generators 45, 75, 
marine engines 84, 87 ; Disposi¬ 
tion of, for cancellation of certain 
harmonic orders 87, 503, 315 ; 

Effective inertia method of analysis 
677, with bonded rubber between 
rim and hub 677, with flexible 
spokes 677, with overhung rim 680 ; 
Flywheels with flexible spokes 213, 
677, example 235 ; Moment of 
inertia 143, experimental deter¬ 
mination of 145. 

Influence on Torsional Vibration : 
Automobile engines 92, 93, 94 ; 
In-line engines 503 ; Marine in¬ 
stallations 81, 83, 84, 87; Oil¬ 
engine /generator sets 74, 78 ; One- 
mass systems 22 ; Two-mass 
systems 24.. 

Flywheel effect, definition xi. 

Forced vibration amplitudes, torques 
and stresses ; See " Amplitude,” 
" Stress,” " Torque,” and " Vibra¬ 
tion.” 

Forced vibrations 411; Two-mass 
system 411. 

Forces, damping, proportional to 
velocity 14 ; Transmitted to foun¬ 
dation from unbalanced engines 508, 
5io. 

Four-stroke, double-acting engines, 
rules for determining harmonic 
torque components 448. 

Frame, vibration of 127, 358, 5x3, 
541, 543; Influence of firing 
order 541, 543. 

Free torsional vibration 9 ; See also 
“ Vibration.” 

Frequency : Cyclic variation of 126 ; 
Definition 6 ; Errors between ob¬ 
served and calculated values 188 ; 
Influence of air-screw blade flex¬ 
ibility 96, 142, 352, 355, 670, 692 ; 
Influence of air-screw inertia 142 ; 
Influence of damping 14; In¬ 
fluence of engine mount flexibility 
359; Influence of gearing flex¬ 
ibility 350, 399; Methods of 
modifying, see " Tuning ” ; Simple 
harmonic motion, angular 13, linear 
9 ; Variation due to reciprocating 
masses 123. 

requency ratio, definition 416, 419 ; 
Influence on forced vibration ampli¬ 
tudes 420. 

REQUENCY CALCULATIONS 52; 
Aero-engine 95, in-line, direct- 
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coupled 102, geared 345, with 
flexible mountings 362, radial, 
direct-coupled 25, 96, 97, geared 
33 S. 3411 "with flexible mountings 
372, 380 ; Air-screw blade flex¬ 
ibility, influence of 357, 692 ; 

Effective inertia method, see “ Ef¬ 
fective inertia ” ; Engines with 
auxiliary drives 402, effective inertia 
method 680 ; Geared systems 287, 
two-shafts 292, three-shafts 302, 
multi-shafts 307, effective inertia 
method 680 ; Geared engines with 
flexible mounts 358 ; Geared 
marine steam turbine and recipro¬ 
cating engine 3x5 ; Heavy shaft 
system 685, 689 ; One - mass 
system 15, 21, shaft fixed at both 
ends 21, with shafts of non-circular 
cross-section 183; Two-mass 
systems 26, shaft fixed at one end 
27, shaft fixed at both ends 29; 
Three-mass systems 35 ; Rotating 
chain 700 ; Uniform rectangular 
beam 693. 

Approximate : Aero - engine /air¬ 
screw systems 356, in-line, direct- 
coupled 102, 103, geared 345, radial, 
direct-coupled 97, geared 341 ; 
Automobile transmission systems 
91 ; Engines with flexible mount¬ 
ings 395 ; Marine installations 40, 
85 ; Multi-mass systems 40, 45, 
correcting factors 50, 76; Oil 
engine/generator sets 45. 

FREQUENCY EQUATIONS: Auto¬ 
mobile transmission systems 91 ; 
Geared systems, two-shaft 290, 
three-shaft 298, multi-shaft 304, 
with power taken off at two points 
399 ; Heavy shaft systems 685 ; 
One-mass system 9, 12, 13, shaft 
fixed at both ends 19, mass con¬ 
trolled by helical springs 20 ; Two- 
mass systems 24, shaft fixed at one 
end 28, shaft fixed at both ends 30 ; 
Three-mass systems 33 ; Rotating 
chain 700 ; Uniform rectangular 
beam (air-screw blade) 695, 697, 
influence of rotation 701. 

Approximate : Aero - engine/air- 
screw systems 356; Aero-engines, 
in-line 101, 102, geared in-line 344, 
radial 25, 96, geared radial 340 ; 
Automobile transmission systems 
90 ; Engines on flexible mountings 
386 ; Marine oil engine 38, 80 ; 
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Multi-mass systems 38; Oil¬ 
engine/generator sets 76. 

FREQUENCY TABULATIONS 52 : 
Aero-engine, in-line type, direct- 
drive 107, geared 346, with flexible 
mounts, simple spur gear 363, 370, 
radial type, geared 339, with flexible 
mounts, concentric spur gear 374, 
377 * epicychc 381, 384 ; Geared 
systems 294, two-shafts 295, 296, 
multi-shaft 310 ; General remarks 
52, 69; Marine geared turbine 
and reciprocating engine 315; 
Marine installation 64, 67; Oil¬ 
engine/generator set 57, 58. 

FREQUENCY VALUES: Aero¬ 
engines, direct-coupled 107, geared 
in-line 347, geared radial 342 ; 
Air-screw blades 706 ; Automobile 
transmission systems 95 ; .In¬ 
fluence of balance weights 79, 347 ; 
Marine installations 83, 87 ; Oil¬ 
engine/generator sets 75. 

Frictional resistance 3, 5, 9, 14. 


CjEAR amplitudes, 360. 

Gear backlash, influence of 351, 399. 

Gear flexibility, influence of 350, 399. 

Gear ratios: Aero-engines 328; 
Concentric spur gear 329, 371 ; 
Epicyclic gear 331, 332, 333, 378 ; 
Equivalent systems 333 ; Simple 
spur gear 360. 

Gear tooth impact excitation 326, 328, 
59 * • 

GEARED SYSTEMS 287 : Equiva¬ 
lent systems 287, two-shafts 290, 
three-shafts 297, multi-shafts 303 ; 
Frequencies, see “ Frequency ” ; 
Nodal drive 302 ; Node at gears 
modes with identical prime movers 
299, 301, 583 ; Tabulation 

method, two-shafts 294 ; Torque 
reaction 328, 359; Two-shaft 

systems 289 ; Three-shaft systems 
297 ; Multi-shaft systems 303, 
effective inertia method 680. 

Geared drives : Marine installations 
397 ; Power taken from two points 

simultaneously 398 ; Special types 
of 397; Wing mounted aero¬ 
engines 399 ; With two identical 
prime movers 299, 301, 583. 

Geared turbine installations 299, 315, 
326. 
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Geared Aero-engine /air-screw systems 
328, approximate methods 340, with 
flexible mountings 358, approximate 
methods with flexible mountings 
386, effective inertia method 693, 
equivalent systems 333. 

Gearing, types of 328 ; Gearing with 
flexible connection in reaction 
member 388 ; Ratios obtainable 
with concentric spur gears 329; 
Ratios obtainable with epicyclic 
gears 331, 332, 333 ; Tooth im¬ 
pulse frequency 404 ; Torque re¬ 
lationships, simple spur gear 360, 
concentric spur gear 372, epicyclic 
gear 379. 

Governor drives, characteristics of 406. 

Guide vanes, marine propeller, in¬ 
fluence on impulse frequency 593. 

ARMONIC analysis, tangential j 
effort curve 437, with articulated 
connecting rods 457. 

Harmonic components, propeller 
torque 588, with variable load and 
speed 601 ; See “ Tangential 
effort.” 

Harmonic motion, simple 5 ; Ac¬ 
celeration 8 ; Amplitude 7 ; Re¬ 
lationship between linear and an¬ 
gular 10 ; Velocity 7. 

Harmonic torque energy, resultant 
470 ; In complex systems 691; 
Influence of air-screw blade flex¬ 
ibility 705. 

Heavy alloy; See " Tungsten alloy.” ! 

Heavy shaft systems 670, 685. 

Helical springs, design of 246, end 
connections 243, in flexible coup¬ 
lings 243, in torsional systems 19, 
243, safe stress ranges 248, strength 
of 245, Wahl factor 245. 

Hydraulic couplings 408, in aero¬ 
engine/air-screw systems 707, in 
automobile transmission systems 
408. 

Hydraulic dynamometers 600. 

Hysteresis 2, in crankshaft torsion 
tests 209. 

IMPULSE frequency, engine 367; 
Counter-rotating air-screws 599; 
Hydraulic dynamometer 600; 
Marine propeller 592, with guide 
vanes 593. 


Indicated pressure ; See " Mean in¬ 
dicated pressure.” 

Induction systems, in-line petrol en¬ 
gines 517, vee-engines 563. 

Inertia coupling, reciprocating masses, 
359 , 386. 

Inertia damper ; See ' Damper.” 

Inertia, moment of ; See “ Moment 
of inertia.” 

Inertia of reciprocating masses, in¬ 
fluence on tangential effort 442, 447, 
with articulated connecting rods 
464, 468. 

In-line engines ; See “ Aero-engines,” 
“ Automobile engines,” etc. 

Input energy ; See ” Energy input.” 

Interference diagram, engine/air-screw 
system 353, 354. 

Internal combustion engines ; See 
" Aero-engine,” “ Automobile en¬ 
gine,” etc. 

Internal friction, molecular 2 ; See 
“ Hysteresis.” 

KlEYED couplings, torsional rig¬ 
idity of 163. 

Keyways, influence on resilience i8r, 
influence on torsional strength 169, 
171, 181, stress concentration at 
169. 

Kinetic energy, definition 4, of recip¬ 
rocating parte of engine 121. 

LeNGTH, equivalent; See 

“ Equivalent length.” 

Lever-driven auxiliaries, moment of 
inertia of 129. 

Limit of proportionality ; See “ Elas¬ 
tic limit.” 

Linear motion, relationship to angular 
motion 10. 

Load, influence on harmonic com¬ 
ponents of tangential effort 601. 

Magnifier, dynamic; See 

“ Dynamic magnifier.” 

Major criticals ; See ” Critical 
speeds.” 

M.A.N. sleeve spring coupling 252, 
design of 255. 

Marine installations : Characteristics 
of 38, 44, 50, 80, 187, 514, 588, 612, 
geared systems 299, 315, with two 
identical prime movers 301, 583 ; 
Forced vibration in 4x1. 
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MARINE OIL ENGINE : Auxiliary j 
drives 128 ; Balance weights 83, 
87, 88 ; Balancing 504, opposed- 
piston type 528, 530, 532, 533 ; 
Coefficient of speed fluctuation 666 ; 
Crank arrangements and firing 
orders 493, 500, geared 584 ; Crank¬ 
shaft stiffness 184, 190, 194, 196, 
204 ; Equivalent systems 38, 44, 
50, 64, 109 ; Frequency calcula¬ 
tions 40, 82, 85 ; Frequency tabu¬ 
lations 64, 67 ; Frequency values 
83, 87 ; Geared systems 299, with 
two identical prime movers 301 ; 
Harmonic components of tangential 
effort 434, 450, 456, influence of 
mean indicated pressure 619 ; 
Mean indicated pressure, influence 
of propeller load 602, typical values 
608; Methods of tuning 81, 86, 
396, 5°3 J Moment of inertia of 
running gear 130 ; Normal elastic 
curves 65, 68, 72, 80 ; Phase and 
vector diagrams 473, 589 ; Vibra¬ 
tion amplitudes and stresses at non¬ 
resonant speeds 612 ; Vibration 
characteristics 80, 588, influence of 
propeller phasing and torque varia¬ 
tion 593, 616. 

Marine steam engine : Breakdown due 
to torsional vibration 483 ; Har¬ 
monic components of tangential 
effort curve 450, 481, 621 ; Stress 
calculations at non-resonant speeds 
620, influence of propeller phasing 
624 ; With exhaust steam turbine 
299 . 315 - 

Mass, effect of altering size and distri¬ 
bution of one-mass systems 13, 
two-mass systems 25, multi-mass 
systems 80, 82, 85; Elastically 
connected 209, 670. 

Mass of shaft, corrections for one- 
mass systems 14, 16, two-mass 
systems 25, 148 ; See " Heavy 
shaft.” 

Materials : crankcase 400 ; Elastic 
moduli 164, 233 ; Fatigue strength, 
torsion and bending 233 ; Speci¬ 
fic resilience 234 ; Tungsten alloy 
(Heavy metal) 153, 164 ; Weight 
of 153. 

Mean indicated pressure: Aero-en¬ 
gines 603 ; Influence of engine 
load 601 ; Influence on harmonic 
components of tangential effort 
601, 6x9, 623; Relationship to 


mean tangential effort 435; Typical 
values, various engines 608. 

Mean torque, influence of 232, 4x1. 

Metalastik rubber-in-shear coupling 
281. 

Mixture distribution; See " Induc¬ 
tion system.” 

Mixture strength, influence on excita¬ 
tion torque 455. 

Mode, fundamental, definition 33. 

Modes of free vibration : Aero-engine / 
air-screw systems 105, geared 340, 
346, geared with flexible mountings 
366, 376, 384 ; Air-screw blades 
357, fixed root 693, 695, rocking hub 
695, symmetrical 697 ; Automo¬ 
bile transmission systems 93; 
Geared systems, two-shaft 290, 294, 
with two identical prime movers 
584, three-shaft 298, multi-shaft 
305, 680; Heavy shaft system 
685 ; Marine geared turbine and 
recip. engine 322, 326 ; Two-mass 
systems 28, 30; Three-mass 

systems 33 ; Multi-mass systems, 

44 , 52. 

Moduli of elasticity and rigidity 
Tables 164, 233. 

MOMENT OF INERTIA 11 : Air¬ 
craft fuselage 364 ; Air-screws 131, 
142 ; Camshaft system 405 ; 
Conic frustum 154 ; Crank masses, 
typical values 129, 130, 131 ; 

Crankpins, solid and hollow 1x3 ; 
Crankshaft and running gear nx, 
resultant 129, typical values 129, 
131 ; Crankshaft balance weights 
xi7, 157; Crankshaft journals, 
solid and hollow xix, 112 ; Ec¬ 
centrics X13, 117 ; Effective, at 
free end of multi-mass system 432, 
610, 615; Engine accessories 128, 
402, lever driven 129; Engine 
on flexible mountings 389 ; Equi¬ 
valent, elastically connected mass 
209, geared systems 288 ; Experi¬ 
mental determination of 145 ; Fly¬ 
wheel 1x2,143 ; Gearing assemblies 
334 . 336, 373 ; Marine propellers 
131, 140, allowance for entrained 
water 135, small propellers 143 ; 
Reciprocating masses 1x8, 128 ; 

Rules for calculating 149; Run¬ 
ning gear of engines, recip. parts 
ix8, 128, revlg. parts 117, multi¬ 
bank engines 342, radial engines 
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131, vee-engines 131 ; Shaft coup¬ 
lings 1x2 ; Shafting, correction for 
mass of, see “ Mass of shafting ” ; 
Typical solids 150; Variation of, 
due to recipg. masses 118, 125, 
(Note : For Effective Inertia Method 
of Analysis see " Effective inertia.”) 

Motor car ; See " Automobile.” 

Mounts, engine; See " Engine 
mounts.” 

Multi-cylinder engines, forced vibra¬ 
tion amplitudes 433 ; See “ Aero¬ 
engines,” “ Automobile engines 
etc. 

Multi-mass systems 38 ; Equilibrium 
amplitude 429 ; Equivalent two- 
mass systems 40, 49 ; Equivalent 
three-mass systems 40, 46; In¬ 
fluence of shaft stiffness 50, 8o, 82. 

Multi-shaft systems; See “ Geared 
systems.” 


ATURAL frequency ; See 

*' Frequency.” 

Natural torsional vibration 9 See 

“ Vibration.” 

Nodal drive, geared systems 302. 

Node, definition 23 ; One - mass 
system 3 ; Two-mass system 23, 
24 ; Symmetrical disposition of, 
multi-cylinder in-line engines 88, 
503, 515 ; Virtual, forced vibra¬ 
tion 633. 

Node - at - gears mode of vibration, 
geared systems 299, 301, 583. 

Nodes: Aero-engine /air-screw systems, 
693; Automobile transmission 
systems 91; Geared systems 

297, two-shafts 291; Marine in¬ 
stallations 72, 81; Multi-mass 

systems 41, 42, 43, 48, 52 ; ' Oil 
engine/generator sets 72 ; Ship’s 
hull 512 ; Special two - mass 
systems 28 ; Three-mass systems 
33, 34, 37 ; See “ Normal elastic 
curves." 

Non-excitable harmonic orders: 

Air-screw blades 703 ; In-line 

engines 87, 500, 501, 502, 503, 515 ; 
Radial aero-engines 491 ; Vee-. 
engines 568. 

Non-excitable modes of vibration,! 
geared systems with duplicated j 
prime movers 585, 587. : 


Non-linear elasticity, shaft serrations 
and splines 163. 

Normal elastic curves : Aero-engine/ 
air-screw system 126, 355, in-line 
engines 100, 103, 343, 355, radial 
97 , 355 ! Automobile transmission 
systems 89, 126 ; Characteristics 
of 71, 77, 83 ; Complex systems 
690 ; Definition 52, 71 ; Geared 
systems 297, 300, with duplicated 
prime movers 584 ; Heavy shaft 
systems 691 ; Marine installa¬ 
tions 65, 68, 72, 80, geared turbine 
and reciprocating engine 322; One 
mass systems 3, 19 ; Two-mass 
systems 22, 28 ; Three - mass 
systems 31; Seven-mass systems 
39; Eight-mass systems 44 ; 
Multi - mass systems 52 ; Oil 
engine /generator sets 59, 63, 72, 
77, 126 ; Typical 53, 72 ; Vee- 
engines 573, 580, 581. 

Normal modes of vibration; See 
" Modes.” 

engines: Harmonic com¬ 
ponents of tangential effort curve, 
various engines 450, four-stroke, 
high-speed 453, 454, four-stroke, 
slow and medium speed 451, 456 ; 
four-stroke petrol 449, 452, 455, 
double-acting engines 448, 449, 
two-stroke engines 449 ; Geared 
engines, characteristics of 301, 583 ; 
Two or more pistons operating on 
each crankpin 484 ; Mean indi¬ 
cated pressures, typical values 608 ; 
See “ Aero-engines,” " Automobile 
engines,” etc. 

Oil engine/generator sets : Balance 
weights 83, 87, 88; Balancing 
504, 506, 514, 528; Crank ar¬ 
rangements and firing orders 493, 
500, geared 584 ; Crankshaft stiff¬ 
ness 184, 190, 204 ; Equivalent 
systems 45, 50, 57, 109; Fre¬ 
quency calculations 45, 80 ; Fre¬ 
quency tabulations 57, 58 ; Fre¬ 
quency values 75 ; Geared systems 
583 ; Harmonic components of 
tangential effort curve 434, 450, 
influence of mean indicated pressure 
609; Mean indicated pressure, 
typical values 608, influence of 
generator load 609 ; Methods of 
tuning 73, 77, 78; Moment of 
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inertia of running gear 129 ; 
Normal elastic curves 59, 63, 72, 77, 
126 ; Phase and vector diagrams 
472 ; Vibration amplitudes and 
stresses at non-resonant speeds 608, 
forced vibration tabulation 657; 
Vibration characteristics 45, 51, 71, 
77 . 5 * 4 - 

One-mass systems 3, 9 ; Correction 
for mass of shaft 14 ; Frequency 
equation 13 ; Mass controlled by 
helical springs 19 ; Shaft fixed at 
both ends 18; With various 
types of non-circular shafts 183. 

Opposed-piston oil engines : Balanc¬ 
ing 528, 530,532, 533 ; Crankshaft 
stiffness 190, 195, 196, 200, experi¬ 
mental determination of 204 ; 
Crank arrangements and firing 
orders 528, 530, 532, 533 ; Har¬ 
monic components of tangential 
effort curve 449, 45 ° > Mean 
indicated pressure, relationship to 
mean tangential effort 435 ; Mo¬ 
ment of inertia of running gear 130 ; 
Phase and vector diagrams 476. 

Order numbers : Definition 435 ; 
In geared systems 293; Non- 
effective harmonic orders, air-screw 
blades 703, in-line engines 84, 87, 
500, 501, 502, 503, 515, radial aero¬ 
engines 491, vee-engines 568. 

Oscillating systems, equivalent; See 
" Equivalent oscillating systems.” 

Jt" ENDULASTIC rubber - in- shear 
couplings 281. 

Pendulum, compound 146 ; Simple 
torsional; See " One-mass system.” 

Periodic time, definition 9; Simple 
harmonic motion 8. 

Periodic torque ; See " Tangential 
effort.” 

Petrol engine : Harmonic analysis of 
tangential effort curve 441, inertia 
correction 448; See "Aero¬ 
engine,” " Automobile engine,” and 
" Oil engine.” 

Phase, definition 9 - 

Phase angle; Definition 9 } n 
harmonic analysis of tangential 
effort curve 437 ; In radial engines 
491, 492 ; In vee-engines 549, 550 - 

Phase diagrams 471 ; Use of 546 ; 
Geared engines 584; In-line en¬ 
gines, double - acting 476, 502, four- 


stroke 471,500, two-stroke 474, 501, 
opposed-piston 476 ; Marine engine 
and propeller 589 ; Marine oil 
engine 473 ; Oil-engine/generator 
set 472, 480 ; Radial engines 483, 
487; Vee-engines 573, 580, 581, 
influence of vee-angle 567. 

Phase velocity, definition, angular 11, 
linear 6, 9. 

Phasing of aero-engines and air-screws 
599 ; Geared engines 301, 583 ; 
Marine engines and propellers 593, 
593, example 624. 

Piston displacement, with articulated 
connecting rods 460, 466. 

Poisson's ratio 165. 

Polyphemus, T.S.M.V., comparison 

between observed and calculated 
frequencies r88. 

Potential energy, definition 2. 

Pressure, mean indicated ; Oil en¬ 
gines, typical values 608 ; Rela¬ 
tionship to mean tangential effort 
435; Steam engines 451. 

Propeller: Aeroplane, see " Air¬ 
screw ”; Marine; Choice of 

number of blades 597 ; Impulse 
frequency 592, with guide vanes 
593 ; Influence on cyclic irregu¬ 
larity 669 ; Moment of inertia of 
131, 140, allowance for entrained 
water 135, small propellers 143; 
Torque variation 588, 616 ; Vibra¬ 
tion of 588 ; Weight of 139 - 

Propeller law, marine engines 602. 

Proportionality, limit of, definition 1. 

Radial aero - engines; See 

" Aero-engines.” 

Radius of gyration, marine propeller 
133, 139 ; See “ Moment of in¬ 

ertia.” 

Reciprocating masses : Correction for 
deadweight of 443, 447 ; Influence 
of inertia of on tangential effort 
442, 447, example 666 ; Influence 
of variation of moment of inertia of 
118, 125 ; Moment of inertia of 
1x8, 128. 

Relative amplitudes; See ‘ Ampli¬ 
tude.” 

Resilience: Comparative values of, 
torsion bars of various cross-sections 
181,. various types of spring elements 
230; Definition 2; Flexible 
couplings 220, with flexible spokes 
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223, 230 ; Flexural resilience 

223 ; Non-circular shafts in 
torsion 181 ; Specific resilience, 
various materials and spring, ele¬ 
ments, table of 234 ; Torsional 
resilience 179, 222, influence of 
discontinuities 181. 

Resistance, frictional, 3, 5, 9, 14. 

Resultant harmonic components ; See 
“ Tangential effort.” 

Resultant harmonic torque energy 
470; Aero-engine /air-screw systems 
705 ; Heavy shaft systems 691 ; 
Marine steam engine 621. 

Resultant tuning curves * Aero-engine 
/air-screw systems 704 ; Flywheel 
with flexible spokes 677; Heavy 
shaft systems 688; Simple branched 
systems 682 ; Two-mass system 
673 ; Three-mass systems 677; 
Multi-mass systems 683. 

Revolving masses: Correction for 
deadweight of 443. 

Rigidity, moduli of, 164, 233 ; See 
" Torsional rigidity.” 

Rubber : Ageing of 272 ; Bonding 
strength 277 ; Bulk modulus 272 ; 
Damping properties 276 ; Effect 
of oil 272 ; Effect of temperature 
273 ; Elastic moduli 164, 233 ;; 
Hardness of 274; Life of 273 ; 
Oil protection 272 ; Properties of, 
table 279 ; Resilience of 234 ; 
Weight of 153 ; Working stress 
277 ; See " Flexible couplings,” 
and “ Engine mounts.” 

Rubber belt drives 403. 

Rubber - in - shear engine mountings : 
Automobile engine 409 ; Design 
of 367, 389, 507; Force trans¬ 
mitted by 508, 510 ; Influence on 
torsional vibration, direct-drive en¬ 
gines 359, geared engines 359. 

Rubber - in - shear flexible couplings 
270 ; Deflection of 283 ; Design 
of 279 ; Test of 283. 

Rubber, flywheel mounting 677. 

Running gear, moment of inertia of, 
1x7, 118, 128, 129, multi-bank 
engines 342, radial engines 131, 
vee-engines 131. 

ShAFT : Complex, torsional rig¬ 
idity of 165; Couplings, see 
" Couplings " ; Expression for 
torsional deflection and stress 1; 


Fillet allowance 162 ; Influence of 
collars on torsional rigidity 163 ; 
Influence of sleeves and liners on 
torsional rigidity 163 ; Influence 
of splines and serrations on tor¬ 
sional rigidity 163 ; Quill shafts 
229, in geared drives 315, 349, 350, 
397 - 

Shafts : Cast iron or bronae, torsional 
rigidity of 164 ; Heavy shaft 
systems 670, 685 ; Non-circular, 
torsional rigidity of 167, 173; 

Tapered, hollow and solid, torsional 
rigidity of 161 ; Torsional re¬ 
silience of, comparative calcula¬ 
tions 181. 

Shafting: Correction for mass of, 
one-mass systems 14, x6, two-mass 
system 25, multi-mass system 148 ; 
Elasticity of 159; Equivalent 
length of, solid and hollow x6o ; 
Marine, influence on torsional vibra¬ 
tion 50, 81, 88. 

Ship's hull, vibration of 5x1, 5x3. 

Shrink fits, influence on torsional 
rigidity of shafts 163. 

Similar engines 78. 

Simple harmonic motion 5 ; See 
“ Harmonic motion.” 

Simultaneous firing, multi-cylinder 
engines, influence on torsional vibra¬ 
tion, four-stroke 519, 526, 527, 528, 
two-stroke 533,536, 538, two-stroke, 
double-acting 542, 544, 545, 546, 
vee-type 579, geared 586. 

Slit tube: torsional rigidity and 
strength of 170, 172. 

Soap film method of determining stress 
in non-circular shafts x68. 

Spark advance, influence on excitation 
torque 455. 

Spark ignition engines; See " Petrol 
engines.” 

Spark timing, irregular, due to tor¬ 
sional vibration 406. 

Speed variation; See " Cyclic irregu¬ 
larity.” 

Splines and serrations: Resilience 
181; Stress concentration 169, 

171; Influence on torsional rig¬ 
idity 163. 

Spokes, flexible, 2x3 ; Fixed at both 
ends 214 ; Flywheel 213, 235, 677, 
680 ; Insecurely fixed 215 ; Re¬ 
silience of 220, 230 ; Stresses in 
221; Torsional rigidity of 221 ; 
Uniformly stressed 217. 
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Spring drive 243 ; See " Flexible 
couplings,” and " Flexible shafts.” 

Spring plate flexible couplings 258, 
design of 261. 

Springs, helical; See 4 ' Helical springs.” 

Springs, steel, safe stress ranges 248, 

Steam engines, reciprocating; Example 
of breakdown due to torsional vibra¬ 
tion 483 ; Harmonic components 
of tangential effort curve 450, 621; 
Vibration stress calculations at non- 
rosonant speeds 620, influence of 
propeller phasing 624. 

Steam turbine, exhaust, in marine in¬ 
stallations 299, 315. 

Stiffness of shafting; See " Torsional 
rigidity.” 

Strain, definition 1. 

Strain energy ; Calculation of 18; 
Definition of 2 ; Method of deter¬ 
mining crankshaft stiffness 193. 

Strain gauge, electrical 703. 

STRESS ; Concentration of 106, in 
flexible spokes 228, helical springs 
245, at key-ways 169, in non¬ 
circular shafts 169, at splines and 
serrations 169; Definition 1 ; 
D.V.L. torsional fatigue testing 
machine 424 ; Fatigue, repeated 
flexural loading 232, repeated tor¬ 
sional loading 231; Fluctuating, 
influence of mean stress 232; 
Maximum, in non-circular shafts 
169, comparative calculations 175, 
in flexible spokes 217, 221, 229, in 
slit tubes 170, in one-mass systems 
17 ; Maximum permissible shear 
stress for various stress ranges 232 ; 
Maximum permissible working stress, 
torsion and bending fatigue, table 
of values 233 ; Specific, in multi¬ 
mass systems 58, 62, 67, 68. 

Equilibrium ; Definition 429; 
Marine oil engine, one-node 613, 
two-node 617, due to propeller 
torque variation only 616 ; Multi- 
' mass systems 429,433 ; Oil-engine 
/generator sets 608 ; Two-mass 
systems 4x4, 428. 

Forced Vibration 660; Re¬ 
sultant, duo to several component 
harmonics acting simultaneously 
663, 665 ; Resultant due to several 
different modes of vibration 664. 

Vibration at non-resonant speeds 
410, 6O0 ; Aero-engine/air-screw 
systems, experimental determina- 
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tion of 705 ; Marine oil engine 595, 
612, 618 ; Marine steam engine 
620, 622, 624 ; Oil-engine/genera¬ 
tor sets 608, 612; Two-mass 
systems 414, 428. 

Stroke, influence of 79. 

Summation, harmonic torque energy 
470 ; See " Phase diagrams,” and 
“ Vector diagrams.” 

Summation, vibration torque and 
stress 660, for several harmonic 
components of the same mode 663, 
for the same harmonic comment of 
several modes 663, practical method 
665. 

Supercharged engines 605. 

Supercharger drive, aero-engine 350. 

Superposition, linear, principle of 433. 

Swinging form, see " Normal elastic 
curves.” 

Tabulation: forced vibra¬ 
tion Amplitudes : Two - mass 
systems 628, forcing torque at node 
641; Three-mass systems 646, 
651; Multi-mass systems 657. 

Natural Frequencies 52 ; Aero¬ 
engine, • in-line type, direct drive 
107, geared 346, with flexible 
mounts, simple spur gear 363, 370, 
radial type, geared 339, with flexible 
mounts, concentric spur gear 374, 
377, epicyclic 381, 384 ; Geared 
systems 294, two-shafts 295, 296, 
multi-shaft 310 ; Marine geared 
turbine and reciprocating engine 
315 ; General remarks 52, 69 ; 
Marine installations 64, 67 ; Oil¬ 
engine/generator sets 57, 58. 

TANGENTIAL EFFORT : Har¬ 
monic Components of 412, 434 ; 
Correction for connecting rod couple 
445 , 447 . 44 8 J Correction for 
deadweight of reciprocating and 
revolving masses 443, 447, 448, 
radial and vee-engines 444 ; Cor¬ 
rection for inertia of reciprocating 
parts 442, 447, 448 ; Influence of 
articulated connecting rods 459, 
463 ; Influence of variable load 
and speed 601 ; Oil engines, 
four-stroke, compression ignition, 
high-speed 453, 454, slow and 
medium speed 456, double-acting 
448, petrol engine 436, 441, 449, 
452, 455, two-stroke 449, double- 
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acting 449, opposed-piston 449 
Reciprocating steam engine 451 
621 ; Relationship to mean tan¬ 
gential effort 455 ; Resultant for 
7 and 9 cylinder radial aero-engines 
470 ; Table of values, various 
engines 450. 

Mean: relationship to mean 
indicated pressure 435. 

Tapered shafting, solid and hollow, 
torsional rigidity of 161. 

Test report on rubber-in-shear coup¬ 
ling 283. 

Test-stand, aero-engine 353, with 
rubber-in-shear couplings 283. 

Three-mass systems 30 ; Effective 
inertia method 674. 

Throttle setting, influence on excita¬ 
tion torque 455. 

Timing, engine, influence on torsional 
vibration 406, 

TORQUE : Equilibrium 417; 

Equivalent, in geared systems 28 8 ; 
Fluctuation, in geared systems 287; 
Forced vibration 660 ; In simple 
harmonic motion 12 ; Maximum, 
in one-mass systems 17 ; Specific 
in multi-mass systems 38, 61, 67. 

Torque energy, resultant, multi- 
cylinder engines 470, 691, 705. 

Torque reaction, on engine frame 541, 
543, in geared systems 328, 359. 

Torque variation, accessory drives 
404; Air-screw 598; Automo¬ 
bile transmission systems 407; 
Marine propellers 588, 616, phasing 
of 593 . 624 ; Two-mass systems 
23. 4 11 - 

Torsiograph records, Aero-engine/air¬ 
screw systems 705; Camshaft 
drives 405 ; Geared systems 293 ; 
Use for determination of effective 
inertia of complex systems 698. 

Torsion of shafts, formula 1. 

Torsional deflection of crankshafts: 
Aero-engine 208 ; Opposed-piston 
oil engine 205. 

Torsional pendulum, simple; See 
“ One-mass system." 

Torsional resilience 179; Table of 
values 181; Non-circular shafts 

181. 

TORSIONAL RIGIDITY : Definition 
13 ; Equivalent, in geared systems 
288 ; Flywheel with flexible spokes 
2x3, 241 ; In three-mass -systems 
33 ; In multi-mass systems 61, 66. 


Crankshafts 184 ; Carter formula 
187, crankpins 185, crankwebs 185, 
empirical formula 192, experimental 
determination of 204, influence of 
web form 200, 347, journals 184, 
strain energy method 193; See 
“ Crankshaft." 

Shafts 159, air-screw 163, cast- 
iron or bronze 164, comparative 
calculations 175, complex shaft 165, 
influence of fillets 162, influence of 
shrink fits 163, non-circular shafts 
167, 173, shafts in series 160, shafts 
of varying diameter 162, shafts with 
sleeves or liners 163, splined and 
serrated shafts 163, slit tubes 170, 
172, tapered shafts, solid and hollow 
161. 

Shaft Couplings: flexible 2x3, 
flexible, in series 160, forged in¬ 
tegral 162,keyed 163]; Sec ‘‘Flexible 
couplings." 

Torsional vibration 1; See " Vibra¬ 
tion." 

Torsionmeter, use for determination 
of effective inertia of complex 
systems 698, 

Transmitted force, engine on flexible 
mountings, 508, 310, 

Tungsten alloy (Heavy metal), 153, 
164. 

TUNING CURVES; Acro-engine/ 
air-screw systems 692 ; Engine 
with rotating pendulum vibration 
absorbers 706; Flywheel with 
flexible spokes 679 ; Heavy shaft 
systems 685 ; Multi-mass systems 
684 ; Simple branched systems 
681; Two-mass systems 671, 
Three-mass systems 675. 

TUNING THE OSCILLATING 
SYSTEM, methods of: Accessory 
drives 404 ; Aero-engine /air-screw 
systems, in-line, direct-coupled 104, 
geared 347, 348, with flexible 
mountings 388, 392, 394, radial, 
direct-coupled 98, geared 341, 342, 
with flexible mountings 388, 392, 
394; Automobile transmission 
systems 94, 408 ; Camshaft drives 
404; Marine geared turbine 
systems 322, 326; Marine oil 
engines 81, 86, 396, 503 ; Oil¬ 
engine/generator sets 73, 77, 78; 
One-mass system 13, 22 ; Two- 
mass system 25. 
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Turbine, marine geared 299, 3x5, 326, 
nodal drive 302. 

Turning moment; See " Tangential 
effort.” 

TWO-MASS SYSTEMS: 22; cor¬ 
rection for mass of shaft 23, effec¬ 
tive inertia method 670, equivalent 
one-mass system 26, frequency 
equation 24, position of node 23, 24, 
shaft iixed at one end 27, shaft 
fixed at both ends 29, summary of 
formulae for natural and forced 
vibration 426. 

Two-stroke cycle, single- and double¬ 
acting engines, harmonic com¬ 
ponents of torque curve 449. 


V ALVE gear, steam engines, 
moment of inertia of 128. 

Vector diagrams 476, use of 546; 
Geared engines 584; Marine 
engine and propeller 589 ; Marine 
oil engine 473 ; Oil-engine/gene- 
rator set 472, 480 ; Radial engines 
487 ; Vee-engines 567, 573, 580, 
581 ; See “ Phase diagrams.” 

Vee-engines : Balancing 514, 532, 552, 
553, influence of vee-angle 558; 
Connecting rod systems 457 ; Crank 
arrangements and firing orders 548, 

' 550, 561 ; Effect of altering vee 1 
angle 574, 575 ; Normal elastic 1 
curves ,573, 580, 581 ; Phase and 1 
vector diagrams 573, 580, 581, 
influence of vee-angle 567 ; Vibra¬ 
tion characteristics 548, 565, with 
different firing orders in each bank 
579 ; See " In-line engines.” 

Velocity ; Phase, definition 6, 9, 11; 
Simple harmonic motion, angular 
to, linear 7. 

VIBRATION : Amplitude, definition 
7, to, see “ Amplitude ” ; Elastic 
2; Energy of 4; Engine frame 
127, relative importance of un¬ 
balanced forces and couples 51 x, 
513, relative importance of primary 
and secondary unbalance 506; 
Frequency, simple harmonic motion 
9, 13, effective inertia method, see 
” Effective inertia ” ; Hydraulic 
dynamometer (too ; Phase, defi¬ 
nition y ; Stress, see " Stress.” 

Characteristics: Aero-engine/air¬ 
screw systems 95, 598BE 
engines, in-line, direet-.ecfunlcd^ 


493. geared 346, with flexible 
mountings 367, 392, radial, direct- 
coupled 96, 486, geared 341, with 
flexible mountings 367, 392, 507 ; 
Automobile transmission systems 
88,299,407, with flexible mountings 
409 ; Geared installations 301, 
583 ; Engine accessories 402 ; 
Influence of crank sequence and 
firing orders, in-line engines 493, 
vee-engines 548 ; Marine installa¬ 
tions 38, 44, 50, 80, 187, 5x4, 588, 
612 ; Marine oil engines 80, 588, 
influence of propeller phasing and 
torque variation 593, 616 ; Marine 
steam engines 483, 620, influence 
of propeller phasing 624, with 
exhaust steam turbine 299, 3x5, 
322 ; Oil-engine/generator sets 45, 
51, 71, 77, 514 ; Similar engines 
78 . 

Forced 625 : Amplitudes, tabula¬ 
tion method, two-mass system 628, 
with forcing torque at node 641, 
three-mass system 646, 651, multi¬ 
mass systems 657; At non¬ 
resonant speeds 410; Damped 
14 ; Undamped 411. 

Torsional, free or natural x ; 
Aero-engine/air-screw systems 95 ; 
Automobile transmission systems 
88; Definition 9; Displace¬ 
ment, velocity and acceleration 
10 ; Experimental demonstration • 
of 5 ; Geared systems 287, two- 
shafts 289, three-shafts 297, multi¬ 
shafts 303 ; Modes of, see ‘ 'Modes” 
One-mass systems 9, 18; Two- 
mass systems 22, 27; Three- 
mass systems 30 ; Multi-mass 
systems 38. 

Vibration absorber, dynamic 650, 
employing helical springs 243, rotat¬ 
ing pendulum type 706. 

AHL factor, for stress in helical 
springs 245. 

Water, allowance for entrained in 
propeller 135. 

Weight, air-screws 141, 706, marine 
propellers 139, specific, various 
materials 153. 

Wing mounted aero-engines, arrange¬ 
ment of gearing 399. 

f%tfiaj?»a^Oark, nodal drive, geared 
302 • 



